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Abstract

Orthogonal Variable Spreading Factor (OVSF) CDMA code has
the ability to support higher and variable data rates with a sin-
gle code using one transceiver. A number of CDMA code as-
signment algorithms have been developed and studied for cel-
lular wireless networks, however, little is known about the ad
hoc wireless networks. In this paper, we propose several distrib-
uted CDMA/OVSF code assignment algorithms for wireless ad
hoc networks modelled by unit disk graph (UDG). We first study
how to assign CDMA/OVSF code such that the total throughput
achieved is within a constant factor of the optimum. Then we
give a distributed method such that the minimum rate achieved
is within a constant factor of the minimum rate of any valid code
assignment. A distributed method that can approximate both the
minimum rate and total throughput is also presented. Finally,
we present a post processing method to further improve these
code assignments. All our methods use onlyO(n) total mes-
sages (each withO(log n) bits) for an ad hoc wireless network
of n devices modelled by UDG.
Keywords: CDMA, code assignment, vertex coloring,
throughput, bottleneck, interference graphs, wireless ad
hoc networks.

1 Introduction

Mobile ad hoc wireless networking has received signif-
icant attentions over the last few years. To increase the
capacity of the network, frequency spectrum has to be
reused as it is one of the scarcest resources available.
Several multiple access methods are used in wireless net-
works, e.g., conventional FDMA (frequency division mul-
tiple access) and TDMA (time division multiple access),
and recently developed CDMA (code division multiple
access). Same channel is not assigned to two wireless
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devices if it causes interferences. Here the interferences
could beprimary interferenceor secondary interference.
Primary interference occurs if two wireless devices use
the same channel and one is inside the transmission re-
gion of the other. And the secondary interference (or
called hidden terminal problem) occurs if a third device is
within the common transmission regions of two nodes us-
ing the same frequency channel. Theinterference graph
is the graph over all wireless nodes and has an edgeuv
if two wireless nodesu andv will generate interference
when they are assigned the same channel. Assigning fre-
quency channel efficiently in unit disk graphs has been
well-studied [12, 17] but little is known about assigning
CDMA/OVSF code for wireless ad hoc networks while
achieving some global quality such as the total throughput
or the bottleneck of the networks. In this paper, we are in-
terested in assigning CDMA/OVSF codes to ad hoc wire-
less devices such that either the total network throughput
or the bottleneck or both are maximized approximately.

CDMA provides higher capacity, flexibility, scalabil-
ity, reliability and security than conventional FDMA and
TDMA. In a CDMA system, the communication channels
are defined by the pseudo-random codewords, which are
carefully designed to cancel each other out as far as possi-
ble. Every bit of data is multiplied by the codeword used
by the wireless communication channel. The number of
duplicates, which is equal to the length of the codeword, is
known as thespreading factor. The inverse to the length
of the codeword is known as therate of the codeword.
There is a trade-off on the length of the codewords. On
one hand, longer codewords can increase the number of
channels and the robustness of the communications. On
the other hand, since the raw rate seen by the user is in-
verse to the codeword length, longer codewords would re-
sult in lower data rate of the communication channels. For
example, the Walsh code, used by the cdmaOne cellular
system, consists of 64 codewords, each 64-bits long.

Motivated by the support of variable rate data service
at low hardware cost, a variable-length code, known as
orthogonal variable-spreading-factor(OVSF) code, was
developed in 1997 [1]. The idea of the OVSF code is to
allow the codewords in the CDMA code to have variable
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lengths, and a higher-rate request is assigned with a single
shorter codeword. The generation of OVSF code can be
depicted by the code-tree structure as shown in Figure 1
(a). The code-tree is a balanced binary tree, whose ver-
tices represent the codewords. The root, which is at the
level 0, is associated with the codeword1. Recursively,
if a vertex has a codewordC, then its two children will
have codewordsCC andCC respectively, whereC is the
complement ofC. Thus, at level̀ there are2` codewords,
each2` bits long. Notice,not all codewords in an OVSF
code are orthogonal to each other. Two OVSF codewords
are orthogonal to each other if and only if neither is an an-
cestor, or equivalently, a prefix of the other. In a CDMA
system, two nodes possibly interfering each other should
use two codes that are orthogonal.

(b)
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Figure 1: OVSF code: (a) code-tree structure; (b) binary
color representation.

As always, it is convenient to represent the channels by
colors. For the channelization by OVSF code, a represen-
tation of the channels or the codewords by positive binary
integers (called colors hereafter) is given in Figure 1 (b).
Two binary colors are said to beprefix-freeif neither is a
prefix of the other. Then, two binary colors are prefix-free
if and only if the corresponding codewords are orthogo-
nal. Additionally, we associate each binary color with a
rateattribute, which is equal to the rate of the correspond-
ing codeword. Thus, the rate of an`-bit binary color is
equal to2−`+1. We also say that aǹ-bit color is in the
`-th layer of the CDMA/OVSF code tree structure. The
root has layer1.

All prior studies of conflict-free CDMA/OVSF code
assignment have been restricted tocompletegraphs in
the context of channel assignment to nodes in a single
cell of an CDMA/OVSF cellular networks [2, 5, 9, 18].
The CDMA/OVSF code assignment of complete graphs is
fairly easy. Indeed, since each node must receive a unique
code different from others, a CDMA/OVSF code assign-
ment can thus be represented by a binary tree with one-
to-one correspondence between the nodes (or their col-
ors) and the leaves of the tree. Every binary tree with
n leaves leads to a valid CDMA/OVSF code assignment.
If the binary tree is full, then the corresponding code as-

signment achieves the maximum throughput one. If the
binary tree is full and balanced, the corresponding code
assignment achieves both the maximum throughput and
maximum bottleneck. Furthermore, if each node specifies
a demand equal to a power of1/2, then as an immediate
application of Kraft’s inequality, all demands can be sat-
isfied if and only if the total demands is at most one. The
dynamic reassignment of colors to meet a new demand is
addressed in [18].

A proper vertex coloring is to assign each vertex a color
such that two adjacent vertices receive different colors.
The minimum (proper) vertex coloring of the interference
graph has been studied in the context of channel assign-
ment in wireless ad hoc networks channelized by FDMA,
TDMA or CDMA/OVSF [6, 7, 8, 11, 19, 20, 23, 22].
The majority of these works simply presented network-
ing protocols to obtain a proper vertex coloring without
addressing the computational complexity and/or the opti-
mization. Sen and Huson [21] gave a proof of the NP-
hardness of the vertex coloring in interference graph even
when all nodes are located in a plane and have the same
transmission radii. Muqattash and Krunz [16] studied the
power control for wireless ad hoc networks using CDMA
based MAC. Several CDMA code assignment methods
were proposed for wireless ad hoc networks [10, 13], but
no theoretical analysis of their performances was given.

A problem related to the vertex coloring of the interfer-
ence graphs is thedistance-2 vertex coloringof a graph
[14]. A distance-2 vertex coloringof a graphH is a
proper vertex coloring ofH2, the square graphof H,
which is the graph obtained by creating an edge between
each pair of vertices ofH separated by at most two hops in
H. However, the CDMA/OVSF code assignment problem
possesses several unique features that makes itself differ-
ent from the distance-2 vertex coloring. The colors as-
signed to two adjacent nodes inH2 should only be differ-
ent for a vertex coloring problem, while these two colors
should further be prefix-free for CDMA/OVSF code as-
signment.

The main contributions of this paper are as follows.
We propose several efficient distributed CDMA/OVSF
code assignment algorithms for wireless ad hoc networks
modelled by unit disk graph. We first study how to as-
sign CDMA/OVSF code such that the total throughput
achieved is within a constant factor of the optimum. Then
we give a method such that the minimum rate achieved is
within a constant factor of the minimum rate of any valid
code assignment. A method that can approximate both the
minimum rate and total throughput simultaneously is also
presented. Finally, we present a post processing method
to further improve the performance of these code assign-
ments. All our methods use onlyO(n) total messages
(each withO(log n) bits) for an ad hoc wireless network

2



of n devices modelled by UDG. We also conducted exten-
sive simulations to study the practical performances of our
methods. Our methods not only have theoretically proven
performance bounds but also perform close to optimum
practically.

It will be seen that the correctness of the protocols pre-
sented in this paper does not require that the wireless net-
works are modelled by UDG. Out methods apply to all
wireless networks when the communication channels are
varying with distance, with time, and with obstacles. The
UDG network model only enables us to prove that our
methods have theoretical performance guarantees. The
correctness of our methods also do not depend on the
node positions. The usage of the node positions enables
us to show that the total messages needed by each of our
method isO(n). The position error will not affect our
methods as long as the position error will not change the
topology of the network, i.e., the UDG topology derived
from the perceived nodes’ positions is the same as the ac-
tual physical network topology.

This paper is not intended to solve all critical issues in
CDMA based wireless ad hoc networks. In addition to the
code assignment problem, there are several other impor-
tant issues that should be addressed so the CDMA/OVSF
code can be used practically for wireless ad hoc networks.
The first issue is about how the communication of code
assignment methods is performed before a CDMA/OVSF
code is assigned to nodes (sort of chicken and egg prob-
lem here). For this, we assume that there is already a
separated control channel available for communication
when the wireless network is deployed. Another issue
is the mobility of wireless nodes. When wireless nodes
move around and in consequence of the movement the
interference graph is changed, we should re-assign the
CDMA/OVSF codes to wireless nodes. The algorithms
proposed in this paper mostly use the information local to
each node to select its CDMA/OVSF code. Consequently,
when nodes are mobile, we could update the codes fairly
quickly. The moving node will check if movement causes
its code to be invalid. If so, it will run our methods to
find the new code and inform its neighbors about this new
code. Here, instead of letting the ID be the rank in assign-
ing code, we will use the updating time as the rank or the
moving speed of a node as the rank (slow moving node
will have chance to get higher rate code). To maintain a
good performance, we may need to re-assign the codes pe-
riodically for all nodes after the codes are updated locally
for a while.

The third issue is the time synchronization among the
mobile wireless nodes. In MANET, it is impossible to
have a common time reference for all the transmissions
that arrive at an intended receiver, since signals originate
from different transmitters. Equipping the mobile wire-

less nodes with GPS receivers can reduce some asynchro-
nizations but cannot eliminate it. In addition, these trans-
missions suffer different time delays since they propagate
through different paths, which introduces another domain
of difficulty of synchronization. In an asynchronous sys-
tem, it is thus impossible to design spreading codes that
are orthogonal forall time offsets [16]. The synchro-
nization of wireless ad hoc networks is thus not an easy
task, which should be addressed by further research. A
possible direction is to design code assignment methods
to assign codes that can tolerate the asynchronization to
some extent while it still achieves some sort of perfor-
mance bounds.

The remainder of the paper is organized as follows.
In Section 2, we present several efficient distributed
CDMA/OVSF code assignment methods. We conclude
our paper in Section 3 with a discussion of possible future
works.

2 Distributed Code Assignment

We consider a wireless ad hoc network consisting of a set
V of n nodes distributed in a two-dimensional plane. The
nodes are assumed to be static or can be viewed as static
during a reasonable period of time. We assume that the
omnidirectional antenna is used by the wireless devices.
The transmission range of a node is thus often modelled
as a disk centered at this node. Assume all nodes have
the same transmission radiusr, thus, wireless ad hoc net-
works are modelled by unit disk graphs (UDG), in which
two nodes are connected iff their Euclidean distance is no
more thanr. Obviously, if there is a nodew inside the
common transmission region of two nodesu andv, then
w is a hidden terminal. From now on, we will letG denote
the interference graph, which models the primary interfer-
ence or both the primary interference and the secondary
interference.

In a CDMA/OVSF wireless ad hoc network, a channel
assignment must beconflict-free, i.e., any pair of neigh-
boring nodes in the interference graph must receive or-
thogonal codewords. A CDMA/OVSF code assignment is
said to bevalid if its is conflict-free. With the representa-
tion of the codewords by the binary colors, a conflict-free
channel assignment is equivalent to a vertex coloring of
the interference graph by positive binary colors such that
adjacent nodes in the interference graph receive prefix-
free colors. We propose to study various optimization
problems on prefix-free vertex coloring of the interference
graphs. Specifically, we will address how to maximize the
total throughput, the minimum rate, and both at the same
time.
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Given a conflict-free CDMA/OVSF code assignment

{cv | v ∈ V, ∀ uv ∈ G, cu andcv are orthogonal}

of the interference graphG, its throughputandbottleneck
are defined as

∑
v∈V 2−|cv|+1 andminv∈V 2−|cv|+1 re-

spectively, where|cv| denotes the number of bits of the
color cv. In other words, the throughput of a conflict-free
CDMA/OVSF code assignment is the sum of the rates of
the assigned codes, and its bottleneck is the minimum
of the rates of the assigned codes. Thethroughput of
an interference graphG, denoted byτ (G), is then the
maximum of the throughput over all possible conflict-free
CDMA/OVSF code assignments ofG. Similarly, thebot-
tleneck of an interference graphG, denoted byβ (G), is
then the maximum of the bottleneck over all conflict-free
CDMA/OVSF code assignments ofG.

Let Nk(u) be the set of all wireless nodes that are at
mostk hops away from nodeu in the original unit disk
graph, dk(u) be the cardinality ofNk(u). Obviously,
nodes that can have primary interference with a nodeu
areN1(u) only; the nodes that can have either primary
interference or secondary interference (hidden terminal)
with u areN2(u) only. Consequently, we are interested
in Nk(u) for k = 1 if primary interference is concerned,
andk = 2 if secondary interference is concerned. Letting
every node broadcast its identity to its one-hop neighbors
enables all nodes to find their one-hop neighbors using
only totaln communications. If every node knows its ex-
act geometry location, a communication efficient protocol
[3] is known to find all two-hop neighbors of all nodes us-
ing at mostO(n) communications. Thus, we assume that
each node knowsNk(u) and thendk(u) for k = 1, 2.

2.1 Maximize Throughput τ (G)

Greedy algorithms have been used and proved to be
efficient in many problems and we found that greedy
CDMA/OVSF code assignment method also generates a
code assignment that is almost as good as the optimum.
First-fit coloring is a class of greedy algorithms for vertex
coloring. Assume that there is an ordering of all wire-
less nodes. We then assign code to the wireless devices
sequentially according to the associated ordering by as-
signing each device the shortest possible CDMA/OVSF
code. In particular, in any first-fit coloring, all nodes re-
ceiving the same smallest CDMA/OVSF code must form
a maximal independent set. Such maximal independent
set is desirable to be a small constant approximation of a
maximumindependent set to maximize the total through-
put intuitively.

Clearly, the performance of a first-fit code assignment
depends on the node ordering used. Indeed, there always
exists a node ordering in which the first-fit coloring gen-

erates an optimal CDMA/OVSF code assignment. How-
ever, such node ordering is unlikely to be found in poly-
nomial time due to the expected NP-hardness of the max-
throughput CDMA/OVSF code assignment. So we seek
some node ordering that produces a CDMA/OVSF code
assignment approximating well the optimal assignment
in terms of the maximum throughput; such node order-
ing should be generated efficiently. We propose several
different node orderings for CDMA/OVSF code assign-
ment. We show that all of them produce a code assign-
ment with total throughputO(τ(G)) and use total com-
municationsO(n). Hereafter, we assume that each mes-
sage hasO(log n) bits. Notice that all node orderings used
in this paper are just partial ordering computed locally.
To compute such ordering, we assume that a synchronous
communication is used.

Our code assignment methods compute a partial order-
ing based on the node ID, or degree, or the node posi-
tion. Here we assume that every node has a distinctive
ID and knows its position if communication efficient pro-
tocol is needed. The algorithms first construct the inter-
ference graph and then construct a maximal independent
set based on ID, or degree, or the node’s geometry posi-
tion. Nodes in the computed maximal independent set are
assigned the shortest code10. For the remaining nodes,
we assign code using the first fit heuristics based on the
partial ordering from the ID, or degree, or node position.
Algorithm 1 presents our method (run by every nodeu) of
assigning CDMA/OVSF code based on ordering by ID to
maximize the throughput.

Finding a maximal independent set (MIS) for a wire-
less ad hoc network modelled by UDG is well-studied.
For completeness of presentation, we review the general
distributed method that computes a MIS based on a rank.
Algorithm 2 reviews the distributed method run by every
nodeu. We define three marks for nodes:White, InIS
andNotInIS. Initially, all nodes are marked asWhite. A
node already in the computed maximal independent set is
markedInIS and the node that is ruled out of the max-
imal independent set is markedNotInIS. All nodes with
markInIS form a maximal independent set and it is known
[15, 25] that its size is within a constant factor of the max-
imum independent set whenG is UDG.

Obviously Algorithm 1 generates a conflict-free
CDMA/OVSF code assignment since, for each pair of
neighboring nodesu andv in the interference graph, the
node with larger ID can only assign code after it gets the
code of the other node. The total communication cost is
O(n) since we use communication efficient protocol to
collect N2(u) for all nodes and to inform the assigned
CDMA/OVSF code to its neighbors in the interference
graph.

Notice that our method basically first computes a
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Algorithm 1 Max-Throughput Using ID-ordering byu
1: Nodeu sends a message to tell its ID to all nodes in-

side its transmission region. If secondary interference
is not permitted, nodeu findsN2(u) using a commu-
nication efficient method [3].

2: All nodes collectively find a maximal independent set
(MIS) based on ID using Algorithm 2.

3: Nodeu assigns a CDMA/OVSF code represented by
binary 10 (see Figure 1 (b) for illustration) ifu is
in the maximal independent set. Nodeu then in-
forms its neighbors in the interference graph about its
CDMA/OVSF code.

4: If node u receives a CDMA/OVSF code from its
neighbor in the interference graph,u marks the corre-
sponding codeusedin the CDMA/OVSF tree struc-
ture stored locally.

5: We then assign code to the remaining nodes. If node
u has the smallest ID among all its neighboring nodes
in the interference graph without CDMA/OVSF code,
then nodeu finds the smallest layerh > 0 in the
CDMA/OVSF tree structure stored locally such that
layerh has at least2 free codes1 not used by its neigh-
bors inG. Nodeu then picks the first unused code in
layerh and informs its neighbors in the interference
graphG about its CDMA/OVSF code. The picked
code is called thefirst fit code for nodeu.

Algorithm 2 Compute a MIS based on arank by a node
u

1: mark(u) ← White;
2: Nodeu sendsrank(u) to its one-hop neighbors inG.
3: while nodeu received a message from its neighbors

do
4: if message isrank(v) then
5: Nodeu storesrank(v); mark(u) ← InIS if u

has thesmallestrank among all itsWhiteneigh-
bors inG.

6: Nodeu sends a messageInIS(u) to its neigh-
bors inG using a communication efficient pro-
tocol [3].

7: else ifmessage isInIS(v) then
8: mark(u) ← NotInIS; Nodeu then sends a mes-

sageNotInIS(u) to its neighbors inG using a
communication efficient protocol [3].

9: else ifmessage isNotInIS(v) then
10: Nodeu updates the mark ofv stored locally.

maximal independent set and then assigns the shortest
CDMA/OVSF code to the nodes in this independent set.
For the remaining nodes, we assign codes in the order of
increasing node ID. Notice that the throughput generated
by such method would be larger if the size of the com-
puted independent set is larger or the number of nodes
assigned before each node is smaller. Intuitively, we
could further improve the throughput if we use an order-
ing based on the node degree in the interference graph:
using the increasing order of the node degree for comput-
ing a maximal independent set and assigning codes to the
remaining nodes. The algorithm is described as follows.

Algorithm 3 Max-Throughput Assignment by Degree

1: Each nodeu computes its degreed(u) in the interfer-
ence graphG and informs its neighbors inG about its
degreed(u) using a communication efficient protocol
[3].

2: All nodes together compute a maximal independent
set using the degree as selecting criterion: node with
smaller degree has a higher priority and ties are bro-
ken by smaller ID.

3: A node assigns CDMA/OVSF code10 if it is in the
maximal independent set.

4: All other nodes assign thefirst fit code in theincreas-
ing order of degree using method similar to the last
step of Algorithm 1.

We then show that the above methods indeed approx-
imate the optimum throughputτ(G). To analyze the ap-
proximation ratio of different methods on the throughput,
we first study the structure of some optimum CDMA code
assignment, calledcanonical coloring. In [24], we de-
fined thecanonical coloringas follows. Given a graph
G = (V,E), partition the vertex setV into independent
setsV1, V2, · · · , Vk with

V1 ≥ V2 ≥ · · · ≥ Vk.

Let G0 = G andGi be the graph of removing the vertices
Vi and the incident edges from graphGi−1, for 1 ≤ i ≤
k. Vertex setVi is a maximum independent set of graph
Gi−1. For1 ≤ i ≤ k− 1, all nodes inVi receive the code
1i0, and all nodes inVk receive the code1k. Obviously,
the throughput of such canonical coloring is

k−1∑

i=1

|Vi|
2i

+
|Vk|
2k−1

.

Notice that, If there are multiple maximum indepen-
dent setsV1, we have to choose the one that produces the
largest maximum independent setV2. Similarly, the selec-
tion of the firsti maximum independent setsV1, V2, · · · ,
Vi produces the largest maximum independentVi+1, for
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1 ≤ i < k. Call such sequence of maximum independent
set ascanonical maximum independent set decomposition
and the corresponding coloringcanonical coloring.

Theorem 1 [24] The canonical coloring maximizes the
throughput.

This theorem implies that the maximum throughput of
any code assignment is at most the independence number
α(G) of the interference graphG. Based on this observa-
tion, we can assign the code as follows. First, compute a
maximal independent set that approximates the maximum
independent set (with approximation ratio%). Then assign
the nodes in the maximal independent set a code10 (its
rate is1/2). For the remaining nodes, we can recursively
find the maximal independent set and assign code1i0 for
the maximal independent set retrieved in theith iteration
but the messages of this approach could be very large.
To optimize the message complexity, Algorithms 1 and
3 used a different approach for the remaining nodes (actu-
ally any conflict-free CDMA/OVSF code assignment for
the remaining nodes works here). Obviously, the through-
put generated by assigning nodes in maximal independent
set a code10 is at least% · α(G)/2. In other words, a%-
approximation algorithm for the maximum independent
implies a%/2 approximation algorithm for the maximum
throughput CDMA code assignment algorithm. This im-
plies the following theorem (see appendix for the proof).

Theorem 2 Algorithm 1 and 3 generate a code assign-
ment whose throughput is at least%/2, where% = 1/5 if
only primary interference is concerned and% = 1/13 if
secondary interference is also concerned.

When every node knows its position, we can further
improve the theoretical lower bounds on the throughput
of the assigned CDMA/OVSF codes as follows. We still
construct a maximal independent set first, but instead of
using the node ID or the degree as selection criterion, we
select a nodeu to the maximal independent set if all unas-
signed neighboring nodes are inside one half of the disk
centered atu. Notice that such nodeu always exists since
the most left undecided node trivially satisfies this condi-
tion.

Theorem 3 Algorithm 4 generates a code assignment
whose throughput is at lease%/2, where% = 1/3 if only
primary interference is concerned and% = 1/7 if sec-
ondary interference is also concerned.

The proof of this theorem is similar to the proof of The-
orem 2 and thus is omitted. The approximation ratio could
be further improved to be better than%/2, which is ana-
lyzed as follows. The new approach will compute a max-
imal independentV ′

1 , and then compute a maximal inde-
pendentV ′

2 for the remaining nodes. Clearly, the total

Algorithm 4 Max-Throughput Using Position-ordering
by u

1: Every node finds its neighbors in the interference
graph using a communication efficient protocol in [3].

2: All nodes together compute a MIS based on rank
(x(u), y(u), ID(u)) using Algorithm 2, wherex(u),
andy(u) are thex-coordinate andy-coordinate of a
nodeu.

3: Nodeu gets code10 if it is in the computed MIS.
4: All nodes not in MIS get thefirst fit code in an

increasing ordering of (x(u), y(u), ID(u)) using
method similar to the last step of Algorithm 1.

communication cost is stillO(n). The nodes inV ′
1 will

receive a code10 and the nodes inV ′
2 will receive a code

110. We then assign codes to other nodes using a method
that is similar to the last step of Algorithm 1.

Theorem 4 An %-approximation algorithm for the maxi-
mum independent set gives a5

8%-approximation algorithm
for the maximum throughput CDMA code assignment.

See appendix for the proof. We then summarize our
results in the following main theorem.

Theorem 5 If node position is known, we can produce
a CDMA/OVSF code assignment, usingO(n) total mes-
sages, whose total throughput is at least5/24 of the op-
timum when only primary interference is concerned, and
5/56 of the optimum when secondary interference is con-
cerned.

Notice that our theoretical analysis is pessimistic and
our simulations show that the practical performances of
our methods are much better than these pessimistic analy-
sis.

2.2 Maximize Bottleneckβ(G)

In previous sections, we showed how to assign
CDMA/OVSF codes to wireless nodes such that the to-
tal throughput of the network is maximized. We con-
tinue to study how to assign CDMA/OVSF codes such
that the minimum rate of all nodes is maximized. Intu-
itively, to maximize the throughput, from the canonical
code assignment discussion, the assigned codes should
be imbalanced. However, to maximize the minimum rate
of the network, the assigned codes should be as balanced
as possible. Clearly, the previous greedy methods do not
generate a balanced code assignment. In this section, we
present a novel distributed method to assign a balanced
CDMA/OVSF code.
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Our method is based on the following observation.
Consider a nodeu and all its neighbors in the interfer-
ence graphG. If all such neighbors andu form a clique,
then the minimum rate is approximately1/d, whered is
the size of the clique. This is achieved when all nodes use
the code in levellog d. In other words, to maximize the
minimum rate assigned, nodeu cannot choose the first fit
code; it has to use a code in level close tolog d. Putting in
other way, nodeu cannot be too greedy and it has to leave
good codes for its neighbors. The following Algorithm 5
details our method.

Algorithm 5 Max-Bottleneck by Degree-ordering byu
1: All nodes together compute the interference graphG

using a communication efficient protocol. Assume
that each nodeu knows its degreed(u) in G. Each
nodeu informs its neighbors inG its degreed(u).

2: Nodeu constructs a local binary code treeT .
3: If nodeu has thelargestdegreed(u) among all neigh-

bor nodes inG without CDMA/OVSF code, where
ties are broken by smaller ID, nodeu picks the first
unmarked code in the code treeT stored locally from
layer`, where

2`−2 < d(u) + 1 ≤ 2`−1.

Node u informs all its neighbors inG the selected
code using a communication efficient protocol.

4: If a nodeu receives a CDMA/OVSF code from its
neighbor inG, u marks the corresponding codeused
in T , and marks all prefix-codes of this codecon-
flicted in T .

Here we say a code is marked if it is either marked as
usedor conflicted. Later, we will describe how to com-
press the code to improve the throughput and bottleneck.
That method actually requires that, for each used code, the
nodev will remember how many times this code is used
by its neighbors. We first show that every nodeu can find
an unmarked code in layer`. Notice that the number of
total CDMA/OVSF codes in layer̀ is 2`−1.

Theorem 6 Algorithm 5 generates a conflict-free
CDMA/OVSF code assignment.

PROOF. It is obvious that if nodeu can find a
CDMA/OVSF code, then the found code does not conflict
with the code assigned to any other neighbor. It remains to
show thatu can find an unmarked CDMA/OVSF code in
layer`. Notice that when we assign code to nodeu, node
u has the largest degreed(u) among all neighbors without
CDMA code in the interference graph. This implies that
all neighbor nodes with assigned code must have degree at
leastd(u). Thus, the codes already used by its neighbors,

at the moment of assigning code foru, are on or below
layer`. Since there is only one code at layer` that is the
prefix of a code on or below layer`, the number of codes
at layer` that are marked and thus cannot be used byu
is at mostd(u). Notice that at layer̀ , there are at least
d(u) + 1 codes by the selection of layer`. Clearly, there
is still one unused CDMA/OVSF code when processing
nodeu. This finishes the proof.

We then show that the above Algorithm 5 generates a
conflict-free CDMA/OVSF code assignment whose mini-
mum rate is within a constant factor of the optimum.

Theorem 7 Algorithm 5 generates a code assignment
whose minimum rate is within a constant factor of any
conflict-free CDMA/OVSF code assignment.

PROOF. Consider a nodeu with the largest degreed(u)
in the interference graph. If primary interference is con-
cerned, we partition the diskD(u, 1) into 6 equal-sized
sectors. If secondary interference is also concerned, we
partition the diskD(u, 2) into 13 equal-sized sectors. We
already showed that all neighbors ofu inside one sector
form a complete subgraph inG. Using the pigeonhole
principle, it is easy to show that among the neighbors ofu
in the interference graph andu, the minimum clique size
is at leastc · d(u) + 1, wherec = 1/6 for primary inter-
ference graph, andc = 1/13 for secondary interference
graph. For a clique of sizeq, the minimum rate of nodes
in the clique is obviously at most2−dlog2 qe. Thus, for any
assignment, the minimum rate among neighbors ofu and
nodeu is at most2−dlog2(c·d(u)+1)e. Obviously, the rate
by our approach is2−dlog2(d(u)+1)e. It is easy to show that

2−dlog2(d(u)+1)e ≥ 2−dlog2 ce · 2−dlog2(c·d(u)+1)e

In other words, the minimum rate achieved by Algorithm
5 is at least1/8 of the optimum if only the primary in-
terference is concerned and1/16 of the optimum if the
secondary interference is also concerned. This finishes
the proof.

Notice that, the assigned codes can be further im-
proved. For example, if every neighboring node ofu in
the interference graph already has a CDMA/OVSF code
assigned, nodeu can pick the first fit code from the small-
est layer. We will discuss in detail how to further compact
the assigned CDMA/OVSF code to improve the perfor-
mance later.

2.3 Maximizeτ(G) and β(G)

In previous two subsections, we have described sev-
eral methods to assign CDMA/OVSF code to wireless
nodes in a distributed manner to maximize either the total
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throughput or the bottleneck rate of the network, but not
both. As we discussed before, to maximize the through-
put, the assigned codes should be as imbalanced as pos-
sible, while to maximize the bottleneck rate, the assigned
codes should be as balanced as possible. It seems impossi-
ble to have a CDMA/OVSF code assignment that approx-
imates both the total throughput and the bottleneck rate.
In this subsection, we show that by retreating little bit of
both requirements, we can achieve this. Our method is al-
most a straightforward combination of previous methods.
We first assign the shortest code to the nodes in a maxi-
mal independent set. For the remaining nodes, we assign
a balanced code.

Algorithm 6 Max-Throughput and Bottleneck by a node
u

1: All nodes together compute the interference graphG.
Each nodeu computes its degreed(u) in G and in-
forms its neighbors inG about its degreed(u).

2: All nodes together compute a MIS based on the
rank by degree using Algorithm 2. Node ID or
(x(u), y(u), ID(u)) can also be used as the rank cri-
terion. Nodeu gets CDMA/OVSF code10 if it is in
the computed MIS. The remaining steps will assign
code for other nodes.

3: Each nodeu constructs a binary code treeT .
4: If node u is not assigned and has the largest degree

d(u) among all its neighbors inG without a CDMA
code, nodeu picks the first unmarked code from layer
` in T , where2`−3 < d(u) ≤ 2`−2. Nodeu informs
all its neighbors inG the selected code using a com-
munication efficient protocol.

5: If nodeu receives a message from its neighborv in-
forming the CDMA/OVSF code ofv, u marks this
codeused, and marks all prefix-codes of this code
conflictedin treeT .

Similar to Theorem 6, Algorithm 6 also generates a
conflict-free CDMA/OVSF code assignment. A subtle
difference is that, in Algorithm 6, nodeu chooses code
from layer` that has2`−1 ≥ 2d(u) codes, while in Al-
gorithm 5, nodeu chooses code from layer̀ that has
at leastd(u) + 1 codes. This is because each nodeu
not in the maximal independent set is connected to some
node, sayv, in the maximal independent set, and nodev
already uses CDMA/OVSF code10. Thus, nodeu can
only use the bottom half codes in Figure 1 (b), i.e., all
CDMA/OVSF codes starting with11. In other words,
we push the code to one layer below. Since for neigh-
boring nodes ofu, at least one node is already assigned
a CDMA/OVSF code10, the number of nodes that need
balanced codes is thus at mostd(u), includingu itself, in-
stead ofd(u) + 1 for Algorithm 5. It is not difficult to

prove the following theorem about the quality of assigned
CDMA/OVSF codes.

Theorem 8 Algorithm 6 generates a conflict-free code
assignment whose total throughput is within%/2 of the
optimum, and whose minimum rate is within2−dlog2 ce−1

factor of the optimum, where% is the approximation ratio
of the maximum independent set algorithm,c = 1/6 for
primary interference andc = 1/13 for secondary inter-
ference.

Remember that, using the geometry information, the
maximum independent set of the interference graph can
be approximated within1/3 for primary interference
graph and1/7 for secondary interference graph. If node
position is unknown, the approximation ratio becomes
1/5 and1/13 respectively.

2.4 Post Processing

Although we proved that all our algorithms generate a
conflict-free CDMA/OVSF code assignment either whose
total throughput or whose minimum rate, or both, is
within a constant factor of the optimum, the assigned code
can still be improved. We then present a communication
efficient method to further improve the code assignment
generated by previous algorithms. We assume that orig-
inally every node has a mark to indicate whether it has
performed the improvement. We also assume that, for
each codeC, each nodeu stores the number of timest(C)
the codeC is used by its neighboring nodes when assign
CDMA/OVSF code, and stores the number, denoted by
p(C), of children codes that are used by its neighbors.
Obviously, if eithert(C) > 0 or p(C) > 0 this code
C cannot be used by nodeu since it causes interference
with neighboring nodes inG. Whenp(C) > 0, we say
the codeconflictedand whent(C) > 0 we say the code
used. Whent(C) = 0 andp(C) = 0, we say the code is
unmarked. Our code compressing method basically will
move the code to the upper layer as much as possible.

Algorithm 7 will be used for the CDMA/OVSF code
improvement for the algorithms presented in the pre-
vious subsections. Notice that, when we improve the
CDMA/OVSF code assignment, we start from the node
with the smallest degree. The reason is as follows. As-
sume a node with the smallest degree improves the as-
signed code to some code of upper layer. This node cannot
further improve the code after some of its neighbors im-
prove their assigned CDMA/OVSF codes since the codes
in upper layer cannot be freed by its neighbors. This im-
plies that the code generated by Algorithm 7 is locally op-
timum. Our simulations show that Algorithm 7 improves
the performance by a factor of almost2.
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Algorithm 7 Compress Assigned CDMA/OVSF Code by
u

1: Each nodeu has a binary code treeT . For each code
C, it already has correctt(C) andp(C). All node are
initially unmarked.

2: while u is unmarked andd(u) ≤ d(v) (ties are broken
by ID) for all its unmarked neighborsv do

3: FromT , nodeu picks the first unmarked code, say
Cn, from the smallest layer that has at least one
unmarked code.

4: Node u informs its neighbors in the interference
graph its new codeCn and its old codeCo using
a communication efficient protocol. Nodeu also
marks itselfimproved.

5: When nodeu receives a pair of the new codeCn and
old codeCo from its neighborv, u increasest(Cn)
by 1 and decreasest(Co) by 1. Nodeu also increases
p(C) of all prefix-codeC of codeCn by 1 and de-
creasesp(C) of all prefix-codeC of codeCo by 1.

2.5 Build Interference Graph Efficiently

So far we always assumed that all nodes can collect
the neighbors in the interference graphG efficiently
in a distributed manner and can inform its assigned
CDMA/OVSF code to all its neighbors inG efficiently.
Here, we will describe in detail how to perform these us-
ing totalO(n) number of messages if the wireless ad hoc
networks are modelled by unit disk graphs and each node
knows its geometry position.

When only the primary interference is concern, then the
interference graph is the unit disk graph itself. Obviously,
a node can inform all its neighbors in the unit disk graph
about its assigned CDMA/OVSF code by using only one
message to all nodes inside its transmission range.

We will thus concentrate on how to do so if the sec-
ondary interference is concerned. Clearly, the interference
graph has exactly all linksuv, wherev ∈ N2(u). We
briefly review the communication efficient method pre-
sented in [3] to collectN2(u) for every nodeu. Assume a
maximal independent set is computed. Each node uses its
adjacent node(s) in the MIS to broadcast over a larger area
relevant information. Listening to the information about
other nodes broadcast by the MIS nodes enables a node
to compute its 2-hop neighborhood. We start from the
moment the virtual backbone is already constructed by an
efficient method such as [25], and every node knows the
ID and the position of its neighbors. The responsibility
for announcing the ID and position of a nodev is taken
by the MIS nodes adjacent tov. Each such MIS node as-
sembles a packet with the ID and position ofv and a vari-
ablecounterbeing set to2. The MIS node then broad-
casts the packet. A connector node is used to establish

a link in between several pairs of virtually-adjacent MIS
nodes, and will not retransmit packets which do not travel
in between these pairs of MIS nodes. The connector node
will rebroadcast packets with nonzero counter originated
by one of the nodes in a pair of virtually-adjacent MIS
nodes, thus making sure the packet advances toward the
other MIS node in the pair. When an MIS node receives a
packet it checks whether this is the first message with this
ID andcounter > 0, and if yes, it decreases the counter
variable and rebroadcasts the packet. A node listens to the
packets broadcast by all the adjacent MIS nodes, and, us-
ing its internal list of 1-hop neighbors, checks if the node
announced in the packet is a 2-hop neighbor or not - thus
constructing the list of 2-hop neighbors.

The above approach can also be used by each node to
inform the assigned CDMA/OVSF code to its neighbors
in the interference graph.

3 Conclusion

We presented several efficient distributed CDMA/OVSF
code assignment algorithms for wireless ad hoc networks
modelled by unit disk graph. We first studied how to as-
sign CDMA/OVSF code such that the total throughput
achieved is within a constant factor of the optimum. Then
we gave a method such that the minimum rate achieved
is within a constant factor of the minimum rate of any
valid code assignment. A method that can approximate
both the minimum rate and total throughput was also pre-
sented. Finally, we presented a post processing method to
further improve the code assignment. If every node knows
its position, we showed how to produce a CDMA/OVSF
code assignment in a distributed manner, usingO(n) total
messages, whose total throughput is at least5/24 of the
optimum when only primary interference is concerned,
and5/56 of the optimum when secondary interference is
concerned.

Notice that our methods can also be used to generate
conflict-free CDMA/OVSF code assignment for wireless
ad hoc networks that are not modelled by unit disk graphs.
However, it is unclear how the number of messages in the
protocol could be bounded byO(n): how to collectN2(u)
efficiently and how to inform the assigned CDMA/OVSF
code to the neighbors of interference graph efficiently.
If the network is not dense enough, a straightforward
method by letting all nodes inside the transmission range
of u to relay the message may be good enough practically.
When the network is dense, such flooding could be very
expensive. Selective forwarding [4] could be one way to
save the messages but it cannot guarantee linear number of
messages. We leave it as a future work to design commu-
nication efficient protocol to assign CDMA/OVSF code
for heterogeneous wireless ad hoc networks, in which dif-
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ferent nodes may have different transmission ranges.
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4 Appendix

This section contains the proofs of several theorems pre-
sented in this paper.
Theorem 1 The canonical coloring maximizes the
throughput.

PROOF. Let S be the set of all colors used by a coloring,
each of which represents a distinctive CDMA code. For
each itemx in S, let `(x) denote the code length of the
colorx. Thus, its rate is2−`(x).

Consider any optimum coloring that maximizes the
throughput. For each itemx in S, let ω(x) denote
the number of mobile hosts receiving the corresponding
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CDMA codex. Consequently, the total rate (throughput)
of such coloring is

∑
x∈S ω(x)·2−`(x). Since the coloring

must be prefix-free, the colors used by any valid coloring
can be represented by a binary treeT with |S| leaves rep-
resenting all used colors. Obviously, the treeT of any
optimal coloring is always a full binary tree: if there is
one leave node is used and its sibling node is not used,
we can use its parent node instead, which improves the
throughput.

It is easy to prove that for every optimal coloring, the
least frequent used colorx, i.e.,ω(x) is minimum among
all used colors inS, has the longest codè(x). This can
be proved by a simple contradiction. Assume thatω(x) is
the smallest and there is another codey ∈ S with larger
code length, i.e.,̀ (y) > `(x), but ω(x) < ω(y). By
swapping the codex andy, the throughput is improved by
ω(x)·2−`(y)+ω(y)·2−`(x)−ω(x)·2−`(x)−ω(y)·2−`(y).
This is equal to(ω(y)− ω(x)) · (2−`(x) − 2−`(y)) > 0.

For the two longest sibling codex andy, if we merge
them to its parent nodez by settingω(z) = (ω(x) +
ω(y))/2, and removing codesx andy, the total through-
put does not change. Additionally, sincex andy have the
lowest weights (because they have the longest codeword),
nodez has the smallest weight in the new tree. It implies
that nodez has the largest height in the new tree. This
implies that the imbalanced full binary tree shown in the
following Figure 2 is an optimal. It is easy to show that

Figure 2: Canonical coloring is optimum.

the number of nodes using the code in leveli must be|Vi|.
This finishes the proof.

Theorem 2 Algorithm 1 and 3 generate a code assign-
ment whose throughput is at lease%/2, where% = 1/5 if
only primary interference is concerned and% = 1/13 if
secondary interference is also concerned.

PROOF. Let’s consider all nodes, denoted byV1, that re-
ceive code10. Clearly,V1 is an independent set. We will
show thatV1 is within % factor of the maximum indepen-
dent set.

If only primary interference is concerned, the interfer-
ence graph is the original unit disk graph and it is well-
known that each presented greedy method generates a
maximal independent set whose size is at least1/5 of the
maximum independent set. Obviously, the total through-

put generated by our approach is at least|V1|/2 and the
optimum throughput is at mostα(G) ≤ 5|V1|.

If the secondary interference is also concerned, we will
prove thatV1 has size at least1/13 of the maximum in-
dependent set of the interference graph by showing that,
for every nodeu ∈ V1, there are at most13 independent
nodes in the interference graph. LetD(x, r) be the disk
centered at a pointx with radiusr hereafter. Consider a
diskD(u, 2) centered at nodeu with radius2. Then all its
neighborsN2(u) are inside the diskD(u, 2). Partition this
disk into13 equal-sized sectors, each with angle2π/13.
It is easy to show that the chordab defined by the sec-
tor ]aub has length4 sin(π/13) < 1. We will show that
all neighboring nodes in one sector are connected. Con-
sider any two nodesx andy from N2(u). We actually will
prove a stronger result: any two neighbors ofu in the sec-
tor ]aub with ‖ab‖ = 1 are connected in the interference
graph.

If x andy are insideD(u, 1), then obviously‖xy‖ < 1.
Thus,x andy are connected in the interference graph.

If y is insideD(u, 1) but x is not, then there exists a
nodew connected to bothx andu. Clearly,y andw are
all insideD(u, 1) now, thus, edgeyw exists in the origi-
nal unit disk graph. Thus, nodew is inside the common
transmission range of nodesy andx. It implies thatx,
y are connected in the interference graph (concerning the
secondary interference).

Finally, we consider the case when bothx andy are not
inside the diskD(u, 1). Assume that nodew is connected
to bothx andu, and nodev is connected to bothy andu.
See Figure 3 for an illustration.
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Figure 3: All neighbors in the sector conflict with each
other. Here‖uc‖ = ‖ud‖ = ‖ab‖ = 1 and ‖ua‖ =
‖ub‖ = 2. Left: wx andvy intersect. Right:wx andvy
do not intersect.

We will then show that either‖yx‖ ≤ 1, or ‖yw‖ ≤ 1,
or ‖vx‖ ≤ 1. Notice that, if any one is true, thenx, y
are connected in the interference graph. For the sake of
contradiction, assume that‖yx‖ > 1, ‖yw‖ > 1, and
‖vx‖ > 1. We partition the region]aub − ]cud into
6 regions. Figure 4 illustrates such six partitions. Here
segmentsca, db, ab, eb, am have length1.
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Figure 4: Left: Six possible regions we can place nodex
ory. Right: node two independent nodes can be in regions
2 and5.

We then prove that any two nodes in regionefa∪mfb
have distance at most1 and any two nodes in region
efbha have distance at most1. Consider any two nodesx
andy in the regionefa∪mfb. If both are in the same tri-
angle, then clearly‖xy‖ < 1 since the edges of the trian-
gles have length less than1. Otherwise, letx′ andy′ be the
intersection point of linexy with segmentea and segment
mb respectively. Figure 4 illustrates the proof that fol-
lows. Obviously,‖xy‖ ≤ ‖x′y′‖ ≤ min(‖ey′‖, ‖ay′‖).
Note that‖ey′‖ ≤ min(‖em‖, ‖eb‖) < 1 and similarly
‖ay′‖ ≤ min(‖am‖, ‖ab‖) = 1. Thus,‖xy‖ ≤ 1. Sim-
ilar proof will reveal that any two nodes in regionefbha
have distance at most1.

If nodex is in region2, then nodey cannot be in region
3, 5, and6 since we can show that otherwise‖xy‖ ≤ 1. In
other words, nodey must be in region1 or 4 in this case.
Similarly, if nodex is in region3, 5, or 6, nodey must be
in region1 or 4 in this case. Thus, we assume that either
nodex or y (sayx w.l.o.g) is in region1 by symmetry.
Obviously, nodey cannot be inside the diskD(x, 1) since
we assume thatxy 6∈ G. Thus, we have to place node
v inside the sector]cud but not inside the diskD(x, 1)
and placey inside regionefmbha but not inside the disk
D(x, 1) while still maintain‖yv‖ ≤ 1. We then show that
this is impossible.
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Figure 5: No two independent nodes can be placed in re-
gion 1.

If the disk D(x, 1) contains the regioncgdbha =
]aub − ]cud, then clearly nodey is inside the disk
D(x, 1). It implies thatxy is an edge in the interference
graph. Letp and q be the points on lineub such that
‖xp‖ = ‖xq‖ = 1. Let s be the point onub such that
xs is perpendicular to segmentpq and t be the point on
ub such thatet is perpendicular to segmentpq. Clearly,
‖xs‖ ≤ ‖et‖ sincex is inside the triangle4eub. It is
not difficult to show that‖ce‖ = ‖ea‖ = 1/2. Then,
‖et‖ = ‖ue‖ · sin(∠aub) < 3

2 sin(π
6 ) = 3/4 <

√
3/2.

It implies that∠xqp = arcsin(‖xt‖/‖xq‖) < π
3 . Thus,

edgepq is the longest in triangle4xpq. Consequently,
‖pq‖ > 1. It is easy to show that, for any two-hop neigh-
bor y of u connected through nodev, ‖yv‖ ≥ ‖pq‖ if
both v andy are not inside the diskD(x, 1). This is a
contradiction to‖yv‖ ≤ 1.

This finishes the proof of the theorem.

Theorem 4 An %-approximation algorithm for the maxi-
mum independent set gives a5

8%-approximation algorithm
for the maximum throughput CDMA code assignment.

PROOF. Consider a canonical maximum independent
decompositionV1, V2, · · · , Vk of all nodesV . Here

|V ′
1 | ≥ % · |V1|. Let ti,j = |V ′i ∩Vj |

|Vj | , i.e., the portion of
Vj is used inV ′

i . After V ′
1 is generated, we know that

the maximum independent set in the remaining graph has
size at leastmax((1− t1,1) · |V1|, (1− t1,2) · |V2|), since
V1 − V ′

1 ∩ V1 and V2 − V ′
1 ∩ V2 are still independent

sets. Notice thatt1,1 · |V1| + t1,2 · |V2| ≤ V1. Then
(1− t1,1) · |V1|+(1− t1,2) · |V2| ≥ |V2|. It implies thatV ′

2

has size at least%·|V2|/2. Consequently, the throughputτ ′

generated by partitionV ′
1 , V ′

2 , · · · , V ′
k,· · · , V ′

k2
is at least

%·( |V1|
2 + |V2|

2·22 ). Remember that the canonical coloring has

throughputτ at most|V1|
2 + 2 · |V2|

22 using fact|Vi| ≤ |V2|.
From|V2| ≤ |V1|, it is easy to show thatτ ′ ≥ 5

8% · τ . This
finishes the proof.
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