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Abstract—In this paper, we focus on the networking-theoretic
multicast capacity for both random extended networks (REN) and
random dense networks (RDN) under Gaussian Channel model,
when all nodes are individually power-constrained. During the
transmission, the power decays along path with the attenuation
exponent α > 2. In REN and RDN, n nodes are randomly
distributed in the square region with side-length

√
n and 1,

respectively. We randomly choose ns nodes as the sources of
multicast sessions, and for each source v, we pick uniformly at
random nd nodes as the destination nodes. Based on percolation
theory, we propose multicast schemes and analyze the achievable
throughput by considering all possible values of ns and nd. As
a special case of our results, we show that for ns = Θ(n), the
per-session multicast capacity of RDN is Θ( 1√

ndn
) when nd =

O( n
(log n)3

) and is Θ( 1
n
) when nd = Ω( n

log n
); the per-session

multicast capacity of REN is Θ( 1√
ndn

) when nd = O( n
(log n)α+1 )

and is Θ( 1
nd

· (log n)−
α
2 ) when nd = Ω( n

log n
).

Index Terms—Multicast Capacity, Percolation, Wireless ad hoc
networks, Random networks, Achievable throughput

I. INTRODUCTION

The problem of asymptotic scalability of capacity for wire-
less networks has received much attention recently, especially
after the pioneer work by Gupta and Kumar [1]. They de-
fined two types of networks: arbitrary networks and random
networks. For random networks, two typical network models,
extended networks and dense networks were studied in the
literature. Most of the succeeding network capacity results
follow those network models, and they differ from each other
because of the diversity of analytical models and assump-
tions to be used. There are generally two levels of capacity
bounds. The first level is information-theoretic bounds that
are obtained by allowing arbitrary (physical layer) cooperative
relay strategies [2]. The issue was first addressed by Xie
and Kumar [3]. The second is networking-theoretic bounds in
which we assume that the signals received from nodes other
than one particular transmitter are interference to a receiver,
degrading the communication link. For networking-theoretical
capacity bounds, there are in general three types of channel
models used. The first is the threshold-based channel model
under which if the value of a given conditional expression
is beyond a threshold, the transmitter can send successfully
to the receiver at a specific constant data rate; otherwise, it
can not send any. The protocol interference model (PrIM)
and physical interference model (PhIM) defined in [1] both

belong to the threshold-based channel model. The second is
the probability-based channel model used in [4] under which
the receiver can receive packets at a specific rate successfully
if the probability that SINR is below the threshold is less
than a certain value. The third is the rate-based channel
model that determines the transmission rate at which the
transmitter can send its data to the receiver reliably, based
on a continuous function of the receiver’s SINR. Generally,
any communication pairs vi and vj can establish a direct
communication link, over a channel of bandwidth B, of rate
R(vi, vj) = B log(1 + (1/η)SINR(vj)). When η > 1, the
receiver can achieve the maximum rate that meets a given BER
requirement under a specific modulation and coding scheme.
When η = 1, the receiver achieves Shannon’s capacity for
a wireless channel with additive Gaussian white noise, [5],
[6]. For this case, rate-based channel model can be called
Gaussian channel model.

In this paper, we study the networking-theoretic multicast
capacity for both random extended networks (REN) and ran-
dom dense networks (RDN) under Gaussian Channel model.
We present both improved lower bound and improved upper
bound on multicast capacity, compared with previous liter-
atures. See Section III for our main results. As we know,
unicast and broadcast can be regarded as two specific cases of
multicast corresponding to the case nd = 1 and nd = n − 1,
respectively, where nd is the number of destinations for each
multicast session. Some existing results can be derived by our
result as the specific cases, such as [2], [7]–[9].

For studying the lower bound of multicast capacity, we
design two types of multicast schemes for REN and RDN.
In one type of scheme, we construct the routing based on
percolation theory and schedule respectively short-hops and
long-hops. In the other type, we construct the routing without
using the percolation theory in order to avoid the bottleneck on
the accessing path into highways [7]. Combining with the two
types of schemes, we obtain the achievable throughput as the
lower bounds of multicast capacity. A characteristics of this
paper is that we take account of all cases of ns and nd, without
any assumption of ns and nd as in most other literatures, which
contributes to the generality of the paper. Our lower bounds on
multicast capacity improve the previously best known results.
We design our routing and schedule schemes based on several
innovative techniques: using both backbone highway system
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and second highway systems based on percolation theory, and
parallel scheduling of nearby links. Using second highway
systems and parallel scheduling of nearby links, to the best
of our knowledge, are not used in previous studies.

On the other hand, using new analyzing techniques, we
derive upper bounds on multicast capacity of REN. Our upper
bounds also rely on several new techniques. Two different
approaches are proposed in the paper to study the upper bound.
The first approach partitions the region into cells with constant
side length and we show that some of these cells will have
large load, regardless of the routing and scheduling schemes.
The second approach is to study the bottleneck on some links.
We show that there exist some special links that will be used
by many multicast sessions (thus high load) and its own data
rate is relatively small, thus, implying an upper bound on per-
session multicast capacity.

The rest of the paper is structured as follows. In Section II,
we introduce the network model. Main results are presented
in Section III. We design the multicast schemes and analyze
the achievable throughput for random extended networks and
random dense networks respectively in Section IV and Section
V. In Section VI, we discuss the upper bound of the multicast
capacity. In Section VII, we present a review of existing results
on the capacity scaling of multihop wireless networks. In
Section VIII, we conclude the paper.

II. NETWORK MODEL

We focus on two typical random networks, i.e., the random
extended network (REN) and random dense network (RDN).
We construct the former by placing nodes according to a
Poisson point process (p.p.p.) of unit intensity on the square
An = [0,

√
n] × [0,

√
n]. Similarly, we construct the latter

by placing nodes according to a p.p.p. of intensity n over
the square A1 = [0, 1] × [0, 1]. According to Chebyshev’s
Inequality, we can easily obtain the number of nodes in An

(or A1) is within ((1 − ε0)n, (1 + ε0)n). To simplify the
description, we assume that the number of nodes are n, without
changing our results in order sense.

A. Capacity Definition

Assume that V = {v1, v2, · · · , vn} is the set of nodes in the
network, and S ⊆ V is the set of source nodes of multicast,
denote the number of multicast sessions as |S| = ns. For each
source node, we randomly select nd nodes as destinations
from the other nodes. Let ΛS,nd

= (λS,1, λS,2, · · · , λS,ns
)

be the rate vector of the multicast data rate of all multi-
cast sessions. Define the total multicast throughput capacity
of such feasible rate vector as ΛT

S,nd
(n) = Σns

i=1λS,i, de-
fine the average per-session multicast throughput capacity as
ΛP
S,nd

(n) = 1
ns

Σns
i=1λS,i, and define the minimum per-session

multicast throughput capacity as ΛM
S,nd

(n) = minvS,i∈S λS,i.
In this paper, we consider the minimum per-session capacity,
see the formal definitions of capacity in [10] and [11].

B. Channel Model

We assume all nodes are individually power-constrained,
i.e., for any node vi, it transmits at constant power Pi ∈

[Pmin, Pmax], where Pmin and Pmax are some positive con-
stants. Node vj receives the transmitted signal from node vi

with power Pi · �(vi, vj), where �(vi, vj) indicates the path
loss between vi and vj . We restrict ourselves to a model
of communication where the interference at the receiver is
simply regarded as noise, i.e., we focus on the networking-
theoretic bounds. Hence, any two nodes can establish a direct
communication link, over a channel of bandwidth B, of rate

R(vi, vj) = B log(1 +
Pi · �(vi, vj)

N0 +
∑

vk∈A(i) Pk · �(vk, vj)
),

where N0 is the ambient noise power at the receiver, and A(i)
is the set of nodes that transmit when vi is scheduled.

C. Useful Known Results

We recall some related results to be used in the paper.
Lemma 1 (Tail on Chernoff Bounds): For a Poisson ran-

dom variable X of parameter λ, we have

Pr(X ≥ x) ≤ e−λ(eλ)x/xx, for x > λ,
Pr(X ≤ x) ≤ e−λ(eλ)x/xx for 0 ≤ x < λ.

Lemma 2 (Azuma’s Inequality): Suppose that random vari-
ables X0, X1, X2, · · · , Xn, · · · are martingale and |Xk −
Xk−1| ≤ ak almost surely for any k ≥ 1. Then for all positive
integers N and all positive real number δ, we have

Pr(|XN − X0| ≥ δ) ≤ 2 exp

(
− δ2

2
∑N

i=1 a2
k

)

Recall that a sequence of random variables Xi, 0 ≤ i, are
called martingale if they satisfy that

E(XN+1 | X0,X1, · · · ,XN ) = XN .

NOTATIONS: Throughput the paper, for a 2-dimension line
segment L = uv, |L| represents the Euclidean distance
between u and v; for a discrete set U , |U | represents its
cardinality. For a continuous region A, we use ‖A‖ to denote
its area; for a tree T , we use ‖T‖ to denote its total Euclidean
edge lengths; x → ∞ denotes that variable x takes value to
infinity. To facilitate the expression, define a function as

max
order

{ϕ(n), φ(n)} =

{
Θ(ϕ(n)), if ϕ(n) = Ω(φ(n))
Θ(φ(n)), if φ(n) = Ω(ϕ(n))

Similarly, we define another function as

min
order

{ϕ(n), φ(n)} =

{
Θ(ϕ(n)), if ϕ(n) = O(φ(n))
Θ(φ(n)), if φ(n) = O(ϕ(n))

To simplify the description, let θ(n): [θ1(n), θ2(n)] represent
that θ(n) = Ω(θ1(n)) and θ(n) = O(θ2(n)); let θ(n):
(θ1(n), θ2(n)] represent that θ(n) = ω(θ1(n)) and θ(n) =
O(θ2(n)).
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III. MAIN RESULTS

Let dij be the Euclidean distance between two nodes vi

and vj . Let the power attenuation function be �(vi, vj). We
study the capacity issue taking account of all ns and nd under
Gaussian channel model. The general results are presented in
Theorem 6 and Theorem 7. Here, we present the results under
the popular assumption that ns = Θ(n) as the specific cases
of our general results.

A. Random Extended Networks

For random extended networks, we assume that �(vi, vj) =
min{1, d−α

ij } with α > 2 and N0 > 0.
Theorem 1: The achievable per-session multicast through-

put for random extended networks is of order⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

Ω( 1√
ndn ) when nd : [1, n

(log n)α+1 ]
Ω( 1

nd(log n)
α+1

2
) when nd : [ n

(log n)α+1 , n
(log n)2 ]

Ω( 1
√

nnd·(log n)
α−1

2
) when nd : [ n

(log n)2 , n
log n ]

Ω( 1

nd(log n)
α
2

) when nd : [ n
log n , n]

(1)

For the upper bound, we have
Theorem 2: The per-session multicast throughput for ran-

dom extended networks is of order{
O( 1√

ndn ) when nd : [1, n
(log n)α ]

O( 1

nd(log n)
α
2

) when nd : [ n
(log n)α , n] (2)

Combining Theorem 1 and Theorem 2, we obtain
Theorem 3: The per-session multicast capacity for random

extended networks is of order{
Θ( 1√

ndn ) when nd : [1, n
(log n)α+1 ]

Θ( 1

nd(log n)
α
2

) when nd : [ n
log n , n] (3)

B. Random Dense Networks

For the random dense network, we assume that �(vi, vj) =
d−α

ij with α > 2.
Theorem 4: The achievable per-session multicast through-

put for random dense networks is of order⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

Ω( 1√
ndn ) when nd : [1, n

(log n)3 ]
Ω( 1

nd(log n)
3
2
) when nd : [ n

(log n)3 , n
(log n)2 ]

Ω( 1√
nnd log n

) when nd : [ n
(log n)2 , n

log n ]

Ω( 1
n ) when nd : [ n

log n , n]

(4)

Combining with the upper bound proposed in [8] (as in
Lemma 13), we obtain

Theorem 5: The per-session multicast capacity for random
dense networks is of order{

Θ( 1√
ndn ) when nd : [1, n

(log n)3 ]
Θ( 1

n ) when nd : [ n
log n , n]

(5)

IV. LOWER BOUND FOR RANDOM EXTENDED NETWORKS

In this section, we focus on the lower bound of multicast
capacity for REN. We will propose two multicast schemes,
denoted as F and F̄ respectively. Combining the throughput
achieved by them, we obtain the achievable throughput for
REN that acts as the lower bound for multicast capacity.

c i

(a) First-class highway (b) Second-class highways

Fig. 1. (a) The bold polygonal line represents an open path consisting of
open edges. A vertical first-class highway is described as a polygonal line
whose inflexions are called first-class stations. (b) The bold lines connecting
the nodes called second-class stations represent second-class highways.

A. Highways System

Highway system consists of two levels of highways. The
first is the first-class highway (FH), it is indeed the highway
constructed in [7]. The second is the second-class highway
(SH) that is built without using percolation theory as FH.

1) First-class highways: We use the same method in [7]
to construct FHs. As an illustration for the discrete edge-
percolation model in Fig.1(a), if a cell ci contains at least
one node, it is called open and its specific diagonal line is
called open edge. An open path consists of open edges. A
first-class highway is built based on an open path crossing the
area from a bound to its opposite, see Fig.1(a).

Density of FHs: We partition the region An into subsquares
with a constant side length c to obtain m2 cells and the
grid graph Cn, where m =

⌈√
n/

√
2c
⌉
. We call these cells

percolation-cells. For a given κ > 0, we partition the grid
graph Cn into horizontal (vertical) rectangle slabs with the
horizontal (vertical) width of m subsquares and the vertical
(horizontal) width of κ log m − εm subsquares, denoted as
Rh

i (Rv
i ). Denote the number of disjoint open paths contained

in slab Rh
i (Rv

i ), i.e., the number of disjoint horizontal
(vertical) first-class highways in each slab, as Nh

i (Nv
i ). Let

Nh = min
i

Nh
i , Nv = min

i
Nv

i . From [7], we get

Lemma 3: ( [7]) For all κ and p ∈ (5/6, 1) satisfying 2 +
κ log(6(1 − p)) < 0, there exists a constant δ(κ, p) such that

lim
m→∞Pr(Nh ≥ δ log m) = 1; lim

m→∞Pr(Nv ≥ δ log m) = 1.
Notations of FHs: We assume that there are just δ log m

horizontal (vertical) first-class highways in each horizon-
tal (vertical) slab, which does not degrade the derived
throughput in order sense. From lemma 3, we can sub-
divide each slab into δ log m slices with width l, where
l = (κ log m − εm)/δ log m. Hence, we can define a bijec-
tive mapping from horizontal slices to horizontal first-class
highways, denoted as gh : Sh → Hh, where Sh represents the
set of all horizontal slices and Hh represents the set of all
horizontal first-class highways. Similarly, we can define the
bijective mapping from vertical slices to vertical first-class
highways, denoted as gv : Sv → Hv , where Sv represents
the set of all vertical slices and Hv represents the set of all
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Algorithm 1 Multicast Routing Scheme FR

Input: The multicast session Mk and EST(Uk).
Output: A multicast routing graph G(Uk).

1: For each link vi → vj of EST(Uk), implement the
following sub-steps to realize the routing vi → vj .
(1) By a single hop, vi drains the packet into the VSH
f̄v(vi) via w̄v

i that is the closest second-class station in
f̄v(vi) with the distance of |viw̄

v
i | = Θ(

√
log n) to vi.

(2) Along the VSH f̄v(vi), the packet is drained into the
HFH fh(vi) via wh

i that is the closest first-class station
(Fig. 2(c)) to the intersection point of f̄v(vi) and fh(vi).
(3) The packet is transmitted along fh(vi) to uh

ij that is
the closest first-class station on fh(vi) to uij , where uij

denotes the intersection point of fh(vi) and fv(vj).
(4) By a single hop, the packet is transported from uh

ij to
uv

ij that is the closest first-class station on fv(vj) to uij .
(5) The packet is transmitted along fh(vi) to wv

j that is
the closest first-class station to the intersection point of
the HSH f̄h(vj) and the VFH fv(vj).
(6) Along the HSH f̄h(vj), the packet is delivered to w̄h

j

that is the closest second-class station in f̄h(vj) with the
distance of |vjw̄

h
j | = Θ(

√
log n) to vj .

(7) By a single hop, w̄h
j delivers the packet to vj .

2: Consider the next link of EST(Uk) (go to step 1), until
all the links in EST(Uk) are checked.

3: Considering the resulted routing graph, we merge the same
edges (hops), remove those circles which have no impact
on the connectivity of the communications for EST(Uk).
Finally, we obtain the multicast routing graph G(Uk).

vertical first-class highways. Notice that any slice can and only
can project to the first-class highway contained in the slab
that posses the slice, which ensures that the distance from any
points in the slice to the corresponding highway is at most
κ log m− εm. Based on the two mappings, we can define two
functions as fh : V → Hh and fv : V → Hv , where V is
the set of all nodes in region An. The two functions satisfy
the condition: For a node v and a horizontal slice sh

i ∈ Sh (or
vertical slice sv

i ∈ Sv), if v locates in the region sh
i (or sv

i ),
then fh(v) = gh(sh

i ) (or fv(v) = gv(sv
i )).

2) Second-class highway (SHs): We partition the region
An into subsquares of a side length σ

√
log n − εn to obtain

n/(σ
√

log n − εn)2 cells, as depicted in Fig.1(b). We denote
these subsquares as c̄j and call them connected-cells.

Density of SHs: Let N(c̄j) be the number of Poisson
points inside the connected-cell c̄j . Furthermore, we define
the uniform lower bound of N(c̄j) as Nc̄. We firstly show

Lemma 4: For any �, 2� > 1 + log � and σ, σ2 ≥
4�

(2�−log �−1) , w.h.p., each connected-cell contains no less than

θ1 log n nodes, where θ1 = σ2

2� is a constant.
It is proved based on lemma 1. See detail in our report [12].
Each row (column) is called row-slab (column-clab). De-

noted them as R̄h
i (R̄v

i ). We construct the SHs within each
row-slab (column-slab) by the method illustrated in Fig.1(b).

According to Lemma 4, w.h.p., each connected-cell contains at
least θ1 log n nodes, then we can construct 2θ1 log n disjoint
SHs in each row-slab (column-slab). Here, we say two second-
class highways are disjoint if there is no common second-class
station shared by them.

Notations of SHs: Assume that there are just 2θ1 log n
horizontal (vertical) second-class highways in each R̄h

j (R̄v
j ),

then we can subdivide every R̄h
j (R̄v

j ) into 2θ1 log n slices
with width l̄ and length

√
n, where l̄ = σ/(2θ1

√
log n).

We call these slices as row-slices (column-slices). Hence, we
can define a bijective mapping from row slices to horizontal
second-class highways, denoted as ḡh : S̄h → H̄h, where S̄h

represents the set of all row slices and H̄h represents the set of
all horizontal second-class highways. Similarly, we can define
the bijective mapping from column slices to vertical second-
class highways, denoted as ḡv : S̄v → H̄v, where S̄v represents
the set of all vertical slices and H̄v represents the set of all
vertical second-class highways. Notice that any slice can and
only can project to the second-class highway contained by
the slab that passes the slice, which ensures that the distance
from any points in the slice to the corresponding highway is
at most σ

√
log n. Based on the two mappings, we can define

two functions as f̄h : V → H̄h and f̄v : V → H̄v , where V is
the set of all nodes in region An = [0,

√
n]× [0,

√
n]. The two

functions satisfy the condition: For a node v and horizontal
slice s̄h

i ∈ S̄h (or vertical slice s̄v
i ∈ S̄v), if v belongs to region

s̄h
i (or s̄v

i ), then f̄h(v) = ḡh(s̄h
i ) (or f̄v(v) = ḡv(s̄v

i )).

B. Multicast Scheme F

Denote the routing and transmission scheduling of the
scheme F as FR and FT .

1) Transmission scheduling scheme FT : We make all nodes
transmit at a constant power P ∈ [Pmin, Pmax], and schedule
FHs and SHs respectively, i.e., without any overlapped time
slot, by which the rate along them can be achieved of Ω(1) (
[7]) and Ω((log n)−

α
2 ) (Lemma 5), respectively.

First-class scheduling: Since the first-class highways are
indeed highways in [7], we can adopt the same scheduling
scheme as that in [7]. Specially, because we only schedule the
short links with constant distance, we can use a TDMA scheme
with constant scheduling period, for example, a 9-TDMA, to
obtain the constant rate of FHs. See detail in [7].

Second-class scheduling: We adopt 16-TDMA scheme to
schedule the transmissions of second-class highways. The
main trick here is: Instead of scheduling only one link starting
at each activated (scheduled) cell in each time slot, we
consider scheduling a set of links which initiate from the
same connected-cell together. Specially, after we partition the
deployment region into connected-cells, we further divide time
into a sequence of 16 successive slots. In each time slot, we
consider disjoint sets of connected-cells that are allowed to be
activated simultaneously, as depicted in Fig. 2(b). Notice that
if a connected-cell is activated, θ1 log n links initiating from
the connected-cell can transmit simultaneously. Obviously,
compared with only scheduling one link in each connected
cell, this modification increase the total bit-rate by order of
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v0 e1

e2 v2

v1

e4

v3

v5

v4

e5

e3

vertical slab
column−slab

3

2

1

7
6

4

5

w̄v
i

vj

wv
j

vi

wh
i

vij

uh
ij

fh(vi)

uv
ij

uij

fv(vj)

κ log m − εm

f̄v(vi)

σ

√
log n − εn

f̄h(vj) w̄h
j

(a) Parallel transmission scheduling (b) Overview of multicast routing FR (c) Routing for communication-pairs

Fig. 2. (a) Gray squares can be scheduled simultaneously. Around each gray square there is a silence region of squares in which nodes are prohibited to
transmit in a given time slot. In any time slot, there are Θ(log n) concurrent links initiated from every activated connected-cell. (b) The EST consists of edges
e1 ∼ e5. vi drains packets into the specific first-class highway (bold solid curves) via the second-class highway (the thin solid curves with arrows). (c) Two
bold solid curves represent the first-class highways fh(vi) and fv(vj), respectively. Two thin solid curves represent the second-class highways f̄v(vi) and
f̄h(vj), respectively. The path consisting of the solid curves with arrows represents the routing from vi to vj .

log n if the total interference is still bounded. So can we prove
that the total interference is still bounded? Fortunately, the
proof of Lemma 5 give us a positive answer. We further derive
the data rate of the second-class highways.

Lemma 5: Along each second-class highway, the achiev-
able rate is of order Ω((log n)−

α
2 ).

Proof: For any link along second-class highways in any
time slot, since the length of the link is at least σ

√
log n− εn,

we obtain the sum of interference to the receiver as:

I(n) ≤ P · (θ1 log n − 1) · �(σ√log n − εn)

+
n∑

i=1

8iP (θ1 log n) · �((4i − 3) · (σ√log n − εn))

≤ P · 2αθ1σ
−α(log n)1−

α
2 ·
(

1 + lim
n→∞

n∑
i=1

8i
(4i−3)α

)

The latest limitation is obviously converges when α > 2. Since
the distance of every hop is at most

√
10 · (σ

√
log n − εn),

we have the signal S(n) at the receiver can be bounded
as S(n) ≥ P · 10−

α
2 σ−α(log n)−

α
2 . Then, the rate along

the SH is achieved of R̄(n) = 1
16 log

(
1 + S(n)

N0+I(n)

)
. By

α > 2 and N0 > 0, we have S(n)
N0+I(n) → 0. Hence,

R̄(n) = Ω((log n)−
α
2 ).

2) Routing scheme FR: Considering a multicast session
Mk, k = 1, 2, · · ·ns, we denote the set of nodes as Uk =
{vk0} ∪ {vk1 , vk2 , · · · vknd

}, where vk0 is the source node
and {vk1 , vk2 , · · · vknd

} is the set of destinations. We firstly
construct the Euclidean spanning tree (EST) based on Uk

using the method in [10], denoted as EST(Uk). Based on
EST(Uk), we propose Algorithm 1 to construct the multicast
routing graph G(Uk). To simplify the notation, we denote the
multicast session Mk as Uk = {v0} ∪ {v1, v2, · · · vnd

} and
reaffirm that HSH (VSH) and HFH (VFH) are respectively
the abbreviations of horizontal (vertical) second-class highway
and horizontal (vertical) first-class highway.

C. Multicast Throughput Achieved by F

For the seven phases of routing for a communication-pairs
(See illustration in Fig.2(c)), we successively analyze the
achievable total rate and relay burden of each cell (or station)
for every phase. In Phase 3 and Phase 5, the packet is both
transmitted along the first-class highways (FHs). From Lemma
7, we know a constant rate can be achieved along FHs. For
Phase 4, the analysis of rate and relay burden is similar to that
of Phase 3 and Phase 5, because the single hop in Phase 4 has
no difference from the hops in the HFH and VFH. Thus, we
do not individually analyze Phase 4, and call generally Phases
3, 4 and 5 as first-class highway phase (FH-Phase). For FH-
Phase, we state Lemma 7. Before presenting the lemma, we
recall a result proposed in [11].

Lemma 6: For EST built by the method in [11], we have
‖EST(Uk)‖ ≤ 2

√
2
√

nd
√

n, where k = 1, 2, · · · , ns and
‖EST(Uk)‖ denotes the total Euclidean edge lengths.

Lemma 7: During FH-Phase, the per-session throughput is
achieved of order{

Ω(n/(nsΓ(n, nd))) when nsΓ(n, nd)/n = Ω(log n)
Ω(1/ log n) when nsΓ(n, nd)/n = O(log n) (6)

where Γ(n, nd) = minorder{√nnd + nd log n, n}.
Proof: Since the rate along first highways can be achieved

of a constant order, we need only to prove the maximum relay
burden of first-class stations is w.h.p.,{

O(nsΓ(n, nd)/n) when nsΓ(n, nd)/n = Ω(log n)
O(log n) when nsΓ(n, nd)/n = O(log n) (7)

with Γ(n, nd) = minorder{√nnd + nd log n, n}.
By Lemma 6, upper tail on Chernoff bound (Lemma 1) and

union bounds, we can prove the result in Equation (7), which
completes the proof.

The detailed proof can be seen in our report [12].
Subsequently, we consider Phase 2 and Phase 6. We have

the following two results.
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Lemma 8: During Phase 2, the per-session throughput is
achieved of order⎧⎨

⎩
Ω( n

nsnd(log n)
α+1

2
) when nsnd = Ω(n

√
log n)

Ω( 1

(log n)1+
α
2

) when nsnd = O(n
√

log n)
(8)

Proof: By Lemma 5, the rate along SHs is achieved of
order Ω((log n)−

α
2 ) . Using the similar way to Lemma 7, we

can prove that the maximum relay burden of the second-class
stations during Phase 2 is w.h.p., of order{

O(ns·nd·
√

log n

n ) when nsnd = Ω(n
√

log n)
O(log n) when nsnd = O(n

√
log n)

(9)

Then, we complete the proof.
Lemma 9: During Phase 6, the per-session throughput is

achieved of order as in Equation (8).
In Phase 1 and Phase 7, as in Phase 2 and Phase 6, we

can use 16-TDMA scheme to schedule the links with distance
of Θ(

√
log n) in parallel, by which the rate of every link can

be achieved of Ω((log n)−
α
2 ). On the other hand, there is no

relay burden for the transmitters in Phases 1 and 7 due to the
method of single-hop, thus, the following result holds.

Lemma 10: For all seven phases, it holds that Phases 1 and
7 must not be the bottleneck of the whole routing as long as
Phases 2 and 6 are not the bottleneck.

We consider the bottleneck of the whole routing scheme FR

that can be regarded as the per-session multicast throughput.
For the Phases 3, 4 and 5, we have the result of Lemma 7. For
Phases 2 and 6, we have the result of Lemma 8 and Lemma
9. For Phases 1 and 7, we have the result as in Lemma 10.

Based on an overall consideration of all phases of the
routing FR, we can obtain

Lemma 11: By the multicast scheme F, the per-session
multicast throughput is achieved of order
When nd = O(n/

√
log n),⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

Ω( 1

(log n)1+
α
2

) when ns : (1, n log n
Γ ]

Ω(min
order

{ n
nsΓ , 1

(log n)1+
α
2
}) when ns : [n log n

Γ ,
n
√

log n

nd
]

Ω(min
order

{ n
nsΓ , n

nsnd(log n)
α+1

2
}) when ns : [n

√
log n

nd
, n]

When nd = Ω(n/
√

log n),⎧⎨
⎩

Ω( n

nsnd(log n)
α+1

2
) when ns : (1, n

√
log n/nd]

Ω( 1

(log n)1+
α
2

) when ns : [n
√

log n/nd, n]

where Γ is defined as Equation (11).

D. Multicast Throughput Achieved by F̄

We design the routing scheme of F̄, denoted as F̄R, totally
based on the SHs. Each edge vi → vj in EST of a multicast
session realizes the routing between them via a specific pair
SHs: firstly, vi drain the packet in SH f̄v(vi) by a single
hop. Secondly, the packet is transmitted along SH f̄v(vi).
Thirdly, the packet is carried from SH f̄v(vi) to SH f̄h(vi).
Forthly, the packet is transmitted along SH f̄h(vi). Finally,

the packet is delivered to vi. The single hops in Phase 1 and
Phase 4 will not become the bottleneck due to their same
hop length as that of links along SHs and having not heavier
relay burden than second-class stations. For the transmission
scheduling of F̄, denoted as F̄T , we only need implement
second-class scheduling for no other types of hops exist. It can
be shown when the bottleneck of FR locates in SH-Phase, no
poorer performance of throughput may be derived by scheme
F̄ than that derived by scheme F. Subsequently, we consider
the throughput achieved by F̄.

Lemma 12: By the multicast scheme F̄, the per-session
throughput is achieved of order{

Ω( n

(log n)
α
2 ns·φ(n,nd)

) when ns · φ(n, nd)/n = Ω(log n)

Ω(1/(log n)1+
α
2 ) when ns · φ(n, nd)/n = O(log n)

where φ(n, nd) = minorder{√nnd/
√

log n + nd, n}.
Proof: The throughput in Phase 1 and Phase 5 is not less

than that in other phases, which means the bottleneck of the
whole routing locates on second-class highways. According
to Lemma 5, the rate along the second-class highways can
be achieved of Ω((log n)−

α
2 ). On the other hand, using the

similar way to the proof of Lemma 7, we can obtain that the
maximum relay burden of the second-class stations is w.h.p.,{

O(nsφ(n, nd)/n) when nsφ(n, nd)/n = Ω(log n)
O(log n) when nsφ(n, nd)/n = O(log n) (10)

with φ(n, nd) =

{
Θ(
√

ndn
log n ) when nd = O( n

log n )

Θ(nd) when nd = Ω( n
log n )

Combining the rate and relay burden, the lemma is proved.

E. General Result for Random Extended Networks

Combining Lemma 11 and Lemma 12, we can obtain the
general result in Theorem 6. To simplify the description, let

λ1(n) := 1

(log n)1+
α
2

λ2(n) := n
nsΓ

λ3(n) := n

nsnd(log n)
α+1

2
λ4(n) := n

(log n)
α
2 nsΦ

and let Ψ := nd · √log n,

Γ :=

⎧⎨
⎩

Θ(
√

ndn) when nd : [1, n
(log n)2 ]

Θ(nd log n) when nd : [ n
(log n)2 , n

log n ]
Θ(n) when nd : [n/ log n, n]

Φ :=

{
Θ(
√

ndn
log n ) when nd : [1, n/ log n]

Θ(nd) when nd : [n/ log n, n]

(11)

Theorem 6: The achievable per-session throughput for ran-
dom extended networks is of order Ω(λ(n)) as in Table I.

By Theorem 6, Theorem 1 is obtained by letting ns = Θ(n).

V. LOWER BOUND FOR RANDOM DENSE NETWORKS

In this section, we consider random dense networks (REN).
We set the side length of the percolation-cell and connected-
cell as c/

√
n and (σ

√
log n − εn)/

√
n, respectively. We can

obtain the first-class highways with the same density and rate
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TABLE I
PER-SESSION THROUGHPUT FOR Random Extended Networks

Range of nd Order of λ(n)

[1, n
(log n)3

]

⎧⎪⎨
⎪⎩

λ1(n) if ns : (1, n log n
Γ

]

min
order

{λ1(n), λ2(n)} if ns : [n log n
Γ

, n log n
Ψ

]

min
order

{λ2(n), λ3(n)} if ns : [n log n
Ψ

, n]

[ n
(log n)3

, n
(log n)2

]

⎧⎪⎨
⎪⎩

λ1(n) if ns : (1, n log n
Φ

]

min
order

{λ1(n), λ2(n)} if ns : [n log n
Φ

, n log n
Ψ

]

min
order

{λ2(n), λ3(n)} if ns : [n log n
Ψ

, n]

[ n
(log n)2

, n]

{
λ1(n) if ns : (1, n log n

Φ
]

λ4(n) if ns : [n log n
Φ

, n]

as that in REN, and we obtain the second-class high system
with the same density but with different rate as REN. The
multicast scheme F and F̄ are still applicable to RDN, and we
can show that the parallel scheduling technique in FT indeed
has no effect in RDN. Due to space limitation, we only list
the main results as follows. See detail in our report [12].
Let Ψd = nd(log n)

3
2 and

Φd =
{

Θ(
√

n · nd · log n) when nd = O(n/ log n)
Θ(n) when nd = Ω(n/ log n)

Theorem 7: The achievable per-session throughput for ran-
dom dense networks is of order Ω(λd(n)) as in Table II.

TABLE II
PER-SESSION THROUGHPUT FOR Random Dense Networks

Range of nd Order of λd(n)

[1, n
(log n)3

]

{
Ω(1/ log n) if ns : (1, n log n

Φd
]

Ω( n
ns·√nnd

) if ns : [n log n
Φd

, n]

[ n
(log n)3

, n
(log n)2

]

{
Ω(1/ log n) if ns : (1, n log n

Φd
]

Ω( n

nsnd(log n)
3
2

) if ns : [n log n
Φd

, n]

[ n
(log n)2

, n
log n

]

{
Ω(1/ log n) if ns : (1, n log n

Ψd
]

Ω(
√

n

ns

√
nd log n

) if ns : [n log n
Ψd

, n]

[ n
log n

, n]

{
Ω(1/ log n) if ns : (1, n log n

Ψd
]

Ω( 1
ns

) if ns : [n log n
Ψd

, n]

Based on Theorem 7, Theorem 4 can be obtained by letting
ns = Θ(n).

VI. UPPER BOUND FOR MULTICAST CAPACITY

In this section, we consider the upper bounds for both
random extended networks and random dense networks under
the assumption that ns = Θ(n). Note that we revoke the
meaning of all variables and number labels in above sections,
unless we explicitly use them.

A. Random Dense Networks

Based on a novel technique called arena exploited in [9],
Keshavarz-Haddad et al. have proposed the upper bound of
the multicast capacity for dense networks in [8]. That is,

Lemma 13: The per-session multicast capacity for dense
networks is at most of order⎧⎪⎨

⎪⎩
O( 1√

ndn ) when nd : [1, n
(log n)2 ]

O( 1
nd·log n ) when nd : [ n

(log n)2 , n
log n ]

O( 1
n ) when nd : [ n

log n , n]

B. Random Extended Networks

In this subsection, we give an upper bound for multicast
capacity for random extended networks.

Firstly, by partitioning the region A(a) = [0, a]× [0, a] into
cells of side length g, we obtain a grid graph consisting of
Θ(a2

g2 ) cells, denoted as L(a, g). Based on L(a, g), we propose
a result for arbitrary multicast trees.

Lemma 14: Given a multicast session Mk, let Tk be the
multicast tree for Mk and N(Tk) denote the number of cells
used in Tk, then we have N(Tk) = Ω( 1

g · ‖EMST(Mk)‖)
when nd = O(a2

g2 ), where ‖EMST(Mk)‖ denotes the total
length of Euclidean Minimum Spanning Tree spanning Mk.

Let a =
√

n and g = c, where c > 0 is a constant, we
obtain a grid graph L(

√
n, c) consisting of m2 = Θ( n

c2 ) cells.
Firstly, we give the following lemma.

Lemma 15: The throughput capacity of any cell in the grid
graph L(

√
n, c) is of order O(1).

Proof: For any cell ci in L(
√

n, c), and in any time t,
define the set of all links that are scheduled simultaneously
and initiate from (or terminate in) ci as Πi(t). Since the
number of nodes in any cell of L(

√
n, c) is of order O(log n)

(by Lemma 1), we have maxi{πi(n, t)} = O(log n), where
πi(n, t) = |Πi(t)|. Denote the transmitting power, length
and rate of the links in |Πi(t)| as Pi(j) ∈ [Pmin, Pmax],
li(j) and λi(j) for 1 ≤ j ≤ πi(n, t). Therefore, λi(j) ≤
B log(1+

Pi(j)·min{1,l−α
i(j)}

N0+min{1,(li(j)+
√

2c)−α}
∑

k �=j
Pi(k)

). Thus, we have

λi(j) = O(
Pi(j)·min{1,l−α

i(j)}
N0+min{1,(li(j)+

√
2c)−α}

∑
k �=j

Pi(k)
). Since c > 0 is

a constant, it holds that λi(j) = O(
Pi(j)·min{1,l−α

i(j)}
N0+min{1,l−α

i(j)}
∑

k �=j
Pi(k)

).

Furthermore, we have λi(j) = O( 2Pi(j)∑πi(n)

k=1
Pi(k)

). Obviously,∑πi(n)
j=1 λi(j) = O(1), which completes the proof.
Based on Lemma 14 and Lemma 15, we can obtain an upper

bound of multicast capacity for random extended networks.
Lemma 16: The minimum per-session multicast throughput

that can be supported by using any multicast scheme is of order
O(

√
n

ns
√

nd
).

Furthermore, we will derive another upper bound on a result
in [13]. That is, for the random extended network, the nearest
neighbor graph has w.h.p., an edge of length Ω(

√
log n). By

exploring this long edge, we can derive another upper bound
on multicast capacity.

Lemma 17: The minimum per-session multicast throughput
that can be supported by using any multicast scheme is of order
O( n

nsnd

(
log n)−

α
2
)
.

Proof: Assume that the longest edge in the nearest
neighbor graph of the random network is uv. Then the length
of uv is of order l(u, v) = Ω(

√
log n) ( [2]). Thus, the capacity

of the link uv is C(u, v) ≤ B log(1 + Pmaxl−α
Ait

N0
) (in absence

of interference). That is, C(u, v) = O((log n)−
α
2 ). On the

other hand, for node v, the probability p that it is chosen as
a terminal of a given multicast flow is p = nd

n . It is easy to
show that, with high probability, the number of multicast flows
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that will choose the node v as a terminal is at least nsp/2.
Then, combining with the fact that C(u, v) = O((log n)−

α
2 ),

we obtain that the minimum per-session multicast data rate is
of order O( 1

nsp · C(u, v)), which completes the proof.
Combining Lemma 16 and Lemma 17, we get Theorem 2.

VII. LITERATURE REVIEWS

In this section, we mainly review the networking–theoretic
capacity bounds for wireless networks. We classify them in
terms to the diversity of sessions.

Unicast Sessions: Gupta and Kumar [1] studied the unicast
capacity for dense network under the threshold-based channel
model. They show that classical multihop architectures with
conventional single-user decoding and forwarding of packets
can achieve the per-session throughput of order O(1/

√
n), and

that a scheme of nearest neighbor communication can achieve
a throughput of order Θ(1/

√
n log n). Later, Franceschetti et

al. [7] showed the per-session throughput for random extended
networks and random dense networks can both be achieved
of order O(1/

√
n). Note that their results are derived under

the Gaussian Channel model. Xie and Kumar [3] have shown
that the information-theoretic upper bound of unicast capacity
for extended networks is also of order O(1/

√
n) when the

power path loss exponent α > 6, which means that the classic
multihop scheme is in fact order-optimal for α > 6, [14]. In
fact, Xie and Kumar [15] successively improved the threshold
on α for which multihop is order-optimal from 6 to 4.

Broadcast Sessions: Under the threshold-based channel
model, Keshavarz-Haddad et al. [16] studied the broadcast
capacity of an arbitrary network. They showed that the per-
session broadcast capacity is only of Θ(1/n). The same
bound is proposed in [17]. In [18], Keshavarz-Haddad et
al. studied the broadcast capacity with dynamic power ad-
justment for physical model. Under the Gaussian Channel
model, Zheng [2], [19] proved that the per-session broadcast
capacity for extended networks is 1

n (log n)−
α
2 . Wu et al. [20]

generalize the result to a general sized deployment square.
The gap between the results of [2] and that of [16] means that
for extended networks the assumption of the threshold-based
channel model that each successful transmission can sustain
a constant rate W is over-optimistic, because the value of W
depends on n under more realistic channel models. The same
effect could occur in unicast and multicast sessions.

Multicast Sessions: Earlier, Jacquet and Rodolakis [21]
studied the scaling properties of multicast for random wireless
networks. They showed that the maximum rate at which a
node can transmit multicast data at rate of O(1/

√
ndn log n)

order. Li et al. [10] and Shakkottai et al. [22] proposed
results for multicast throughput of networks, respectively. Li
et al. showed that, assuming that the number of multicast
sessions is ns = Ω(log nd ·√n log n/nd) [11], for random
networks, the per-session capacity of ns multicast sessions
is Θ(1/

√
ndn log n) when nd = O(n/log n), and is Θ(1/n)

when nd = Ω(n/log n). Shakkottai’s result can be regarded as
a special case of Li’s [11]. They studied the multicast capacity
of random networks when the number of multicast sources is

nε for some ε > 0, and the number of receivers per multicast
session is n1−ε. They proposed a novel routing scheme, called
comb scheme, by which the per-session throughput can achieve
order Θ(1/

√
ndn log n). All above results for multicast capac-

ity is derived under the threshold-based channel model.
Recently, Li et al. [23] studied the multicast capacity of

random networks under Gaussian Channel Model. They show
that, when nd = O( n

(log n)2α+6 ) and ns = Ω(n
1
2+θ), the

per-session multicast throughput can be achieved of order
Ω(

√
n

ns
√

nd
), where θ > 0 is any positive constant. Keshavarz-

Haddad et al. [9] proposed a technique called arena that is
a novel tool to study upper bounds of capacity for wireless
networks. Successively, they [8] studied the multicast capacity
for dense networks. They also sketched schemes and estimated
the throughput achieved by their method.

VIII. CONCLUSION

In this paper, we focus on the networking-theoretic multicast
capacity bounds for both random extended networks (REN)
and random dense networks (RDN) under Gaussian Channel
model. Based on percolation theory, we propose two multicast
schemes for REN and derive the achievable throughput taking
account of all ns and nd. We show that under the assumption
of ns = Θ(n), the per-session multicast throughput derived by
our scheme is order-optimal when nd = O( n

(log n)α+1 ) or nd =
Ω( n

log n ). When the schemes are extended to random dense
networks, we analyze the difference between REN and RDN
in terms of capacity and adapt the schemes for RDN. We show
that for RDN, the per-session multicast throughput derived
by our scheme is order-optimal when nd = O( n

(log n)3 ) or
nd = Ω( n

log n ). There are still gaps between the lower bounds
and upper bounds of multicast capacity for some ranges of nd,
i.e., nd : [ n

(log n)3 , n
log n ] for RDN and nd : [ n

(log n)α+1 , n
log n ]

for REN. An interesting and challenging issue is to close the
gaps on multicast capacity by presenting possibly new tighter
upper bounds, and lower bounds, and designing corresponding
algorithms to achieve the asymptotic multicast capacity.
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APPENDIX

Proof of Lemma 14: We prove the lemma using some
existing results under protocol model, especially the area argu-
ment in [10]. Based on the original network under Gaussian
channel model, we construct a new network under protocol
model as follows.

1) Set each node’s transmission range as g, i.e., the side
length of each cell in L(a, g).

2) Add some artificial “additional relay nodes” va such that
any pair of nodes will have enough relay nodes along its
link to make sure that the minimum number of cells the
routing path crosses under protocol model is no more than

the number of cells the direct link will cross in Gaussian
channel model. Notice that va cannot be selected as
source or receivers, they can only act as relay nodes.

Let T be any multicast tree in original network under Gaussian
channel model and Tp denote the corresponding multicast
tree (spanning the same multicast session) constructed on the
network under protocol model. Denote the area covered by
the multicast tree Tp, i.e., the union of its nodes’ transmitting
disks as |D(Tp)|. We have two important observations here:

1) Our preceding two modifications will not affect the proof
for Lemma 11 in [11]. In other words, the lower bound
on |D(Tp)| still holds,

2) Furthermore, any link in Gaussian channel model can
be simulated by using these artificial “additional relay
nodes” in the protocol model such that the number of
cells it will cross is not increased. So the lower bound of
N(T ) is no smaller than the lower bound of N(Tp).

According to Lemma 11 of [11], we get that D(Tp) = Ω(
√

nd·
a · g). Since one transmitting disk can cover no more than 4
cells. We have, w.h.p., N(Tp) = Ω( 1

g · √nd · a). Hence, when

nd = O(a2

g2 ), w.h.p., N(T ) = Ω( 1
g ·√nd · a). Combining with

the fact that |EMST | ≤ 2
√

2
√

nd · a for any given multicast
session ( [11]), we complete the proof.

Proof of Lemma 16: Firstly, we define a random variable
�:=

∑ns

k=1 N(Tk). Based on Lemma 14, we have that there
exists a constant ν1 > 0 such that w.h.p.,

� ≥ ν1 ·
∑ns

k=1
|EMST(Mk)| (12)

Define a sequence of random variables:

Xq =
∑q

j=1
(|EMST(Mj)| − E(|EMST(Mj)|))

Then E(Xq+1|X1, · · · ,Xq) = Xq, which means that the vari-
ables Xi are martingale (Lemma 2). In addition, Xq−Xq−1 =
|EMST(Mq)|−E(|EMST(Mq)|). Combining Lemma 9 and
Lemma 10 in [11], we have |Xq−Xq−1| = O(

√
nnd). Hence,

let X0 ≡ 0, from Azuma’s Inequality, there exists a constant
ν2 > 0 such that

Pr(|Xns
− X0| ≥ δ) ≤ 2 exp(− δ2

2ν2
2 · ns · nd · n ). (13)

Let δ = 1
2 ·∑ns

i=1 E(|EMST(Mi)|). Then, there are some
constant ν3 and ν4 such that ν3·ns ·√nnd ≤ δ ≤ ν4 ·ns ·√nnd.
By Equation (13), we have

Pr(
∑ns

k=1
|EMST(Mk)| ≤ δ) ≤ 2 exp(− ν2

3

2ν2
2

· ns) (14)

According to Equation (12) and Equation (14), we can obtain
that Pr(� ≥ ν1ν3 · ns

√
ndn) ≥ 1 − 2 exp(− ν2

3
2ν2

2
· ns). Thus,

by pigeonhole principle, w.h.p., there is at least one cell that
will be used by at least Ω(ns

√
ndn

m2 ), i.e., Ω(ns
√

nd√
n

) flows.
By Lemma 15, the total throughput capacity of any cell in
L(

√
n, c) is of order O(1). Thus, due to the congestion in

some cells, the minimum per-session throughput that can be
supported by using any strategy is of order O(

√
n

ns
√

nd
).

This full text paper was peer reviewed at the direction of IEEE Communications Society subject matter experts for publication in the IEEE INFOCOM 2009 proceedings.
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