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Abstract

Closenesgentralityis animportantconceptin social network analysis. In a graphrepresenting
socialnetwork, closenessentralitymeasurefiow closea vertex is to all otherverticesin thegraph.In
this paper we combineexisting algorithmson calculatingboth exactvaluesandapproximatevaluesof
closenessentralityandpreseninew algorithmsin rankingthetop k verticeswith the highestcloseness
centrality We show that undercertainconditions,our algorithmis moreef cient thanthe brute-force
algorithmthatcalculateghe closeness-centralitiexf all vertices.

1 Intr oduction

Socialnetworkshave beenthe subjectof studyfor mary decadeén socialscienceaesearchin recentyears,
with therapidgrowth of InternetandWorld Wide Web, mary large-scaleonline-basedocialnetworkssuch
asFacebookFriendsterappearandmary large-scalesocialnetwork data,suchascoauthorshipmetworks,
becomeeasily available online for analysis[5, 11,12,14]. A social network is typically representecs
a graph,with individual persongepresenteds vertices,the relationshipsetweenpairs of individualsas
edgesandthe strengthf therelationshipsepresentedsthe weightson edgegfor the purposeof nding
the shortestweighteddistance we cantreatlowerweight edgesas strongerrelationships). Centrality is
animportantconceptin studyingsocialnetworks[8,13]. Conceptuallycentalitymeasuresion centralan
individual is positionedin a socialnetwork. Within graphtheoryandnetwork analysis,variousmeasures
of the centrality of a vertex within a graphhave beenproposedo determinethe relatve importanceof a
vertex within the graph. Four measure®f centralitythat arewidely usedin network analysisare deggree
centrlity, betweennessentality?, closenessentility, andeigervectorcentility?. In this papeywe focus

P .
'ForagraphG = (V; E) with n verticesthe betweennessentralityCg (v) for vertex v is Cg (V) = S1:56 16 v V((sf£‘)) where
(s;1) is thenumberof shortesgeodesigathsfrom s to t, and (s;t) is the numberof shortesgeodesigathsfrom s to t that
passthroughavertex v.

2GivenagraphG = (V;E) with adjaceng matrix A, let x; be the eigetvector centrality of the ith nodev;. Thenvector

x = (X1;X2; ;Xn)" isthesolutionof equationAx = x,where isthegreateseigevalueof A to ensurethatall valuesx; are
positive by the Perron-Frobeniutheorem .Googles PageRanK3] is a variantof theeigevectorcentralitymeasureThe PageRank
vectorR = (r1;r2; ;rn)T,wherer; is thePageRanlof webpagé andn is thetotal numberof webpagesis the solutionof the
equation
= 1—d 1+ dLR:
n

Hered is adampingfactorsetarounq_f,):85, L is amodi ed webpage-adjacepamatrix: l;; = O if pagej doesnotlink toi,
and nBrmaIisedsuchthat, foreachj, [l = Lie,ly = ad% wherea;; = 1 only if pagej haslink to pagei, and
d = ', a; istheout-degreeof pagej.



on shortest-patitlosenessentality (or closenessentralityfor short)[1,2]. The closenesgentralityof a
vertex in a graphis the inverseof the averageshortest-pathlistancefrom the vertex to ary othervertex in
thegraph.lt canbeviewedastheef ciency of eachvertex (inidividual) in spreadingnformationto all other
vertices. Thelargerthe closenesgentralityof a vertex, the shorterthe averagedistancefrom the vertex to
ary othervertex, andthusthebetterpositionedheverte is in spreadingnformationto othervertices.

The closenessentrality of all verticescanbe calculatedby solving all-pairs shortest-pathgroblem,
which canbe solved by variousalgorithmstakingO(nm + n?logn) time[7,10], wheren is the numberof
verticesandm is the numberof edgesof the graph.However, thesealgorithmsarenot ef cient enoughfor
large-scalesocialnetworkswith milions or morevertices.In [6], EppsteimandWangdevelopedanapproxi-
mationalgorithmto calculatethe closenessentralityin time O( Io—%ﬂ(n logn + m)) within anadditive error
of  for theinverseof the closenessentrality (with probability at leastl %), where > OQand isthe
diameterof thegraph.

However, applicationamay be moreinterestedn rankingverticeswith high closenesgentralitiesthan
the actualvaluesof closenessgentralitiesof all vertices. Supposeve wantto usethe approximationalgo-
rithm of [6] to rankthe closenessentralitiesof all vertices. Sincethe averageshortest-patlilistancesare
boundedabore by |, the averagedifferencein averagedistance(the inverseof closenesgentrality) be-
tweentheith-ranledvertex andthe (i + 1)th-ranledvertex (foraryi = 1;:::;n 1) is O(+). Toobtaina
reasonableankingresult,we would like to controltheadditive errorof eachestimateof closenessentrality
to within O(+ ), whichmeanswe set to ( %). Thenthealgorithmtakes ( n?logn(nlogn + m)) time,
whichis worsethanthe exactalgorithm.

Thereforewe cannotuseeitherpurelytheexactalgorithmor purelytheapproximatioralgorithmto rank
closecentralitiesof vertices.In this papey we shav a methodof rankingtop k highestclosenesgsentrality
vertices,combiningthe approximatioralgorithmandthe exactalgorithm. We rst provide a basicranking
algorithmRANK, andshav thatundercertainconditions,the algorithmranksall top k highestcloseness
centralityvertices(with high probability)in O((k + ns Iog% n)(nlogn + m)) time,whichis betterthan
O(n(nlogn + m)) (whenk = o(n)), thetime neededy a brute-forcealgorithmthatsimply computesall
averageshortestistancesaindthenranksthem. We thenusea heuristicto furtherimprove the algorithm.
Ourwork canbeviewedasthe rst steptowarddesigningandevaluatingef cient algorithmsin nding top
rankingverticeswith highestclosenessentralities We discussn theendseveralopenproblemsandfuture
directionsof this work.

2 Preliminary

We considera connectedveightedundirectedgraphG = (V; E) with n verticesandm edges((jV) =
n;jEj = m)). Weused(v; u) to denotethelengthof a shortest-patibetweenv andu, and to denotethe

diameterof graphG, i.e., = maxy:.;2v d(v;u). Theclosenessentality c, of vertex v [2] is de ned as
n 1
= — 2.1
uzv d(v; u) 1)

In otherwords,the closenessentralityof v is the inverseof the average(shortest-pathglistancefrom v to

ary othervertex in thegraph. The higherthe c,, the shorterthe averagedistancefrom v to othervertices,
andv is moreimportantby thismeasureOtherde nitions of closenessentralitiesxist. For example some
de ne theclosenessentralityof avertex v as - L ) [15], andsomede ne the closenessentralityas

d(v;u
the meangeodesidistance(i.e the shortespath)zgetweera vertex v andall otherverticesreachabldrom
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it, i.e.,w, wheren 2 is the sizeof the network's connectedcomponen¥ reachabldromv. In

this paperwe will focuson closenessentralityde nedin Equation(2.1).

The problemto solwe in this paperis to nd the top k verticeswith the highestclosenessentralities
andrank them, wherek is a parameteiof the algorithm. To solve this problem,we combinethe exact
algorithm[10] andthe approximatioralgorithm[6] for computingaverageshortest-pathlistancego rank
verticeson the closenessentrality The exact algorithm iteratesDijkstra’s single-sourceshortest-paths
(SSSPfor short)algorithm[7] n timesfor all n verticesto computethe averageshortest-pathdistances.
Dijkstra's SSSPalgorithmcancomputeall shortest-patidistancegrom onevertex in O(n logn + m) time.

TheapproximatioralgorithmRAND givenin [6] alsouseDijkstra's SSSPalgorithm.RAND samples
verticesuniformly atrandomandcomputesSSSPfrom eachsamplevertex. RAND estimateshe closeness
centralityof a vertex usingthe averageof * shortest-patldistancesrom the vertex to the™ samplevertices
insteadof to all n vertices.Thefollowing boundontheaccurag of theapproximatioris givenin [6], which
utilizesthe Hoefiding's theorem9]:

1 1 2
Prif~ = g ——pr (2.2)
& o n2 g r (")
for ary small positive value , whereg, is the estimatedclosenesgentrality of vertex v. Let a, be the

averageshortest-patldistanceof vetex v, i.e.,

_ uzvd(viu) _ 1.
v n 1 o
Usingthe averagedistancejnequality(2.2) canberewritten as

2

N 2 1 '
n2 log n (nT)Z

Priia, ayj g (2.3)

whered, is the estimatedveragedistanceof vertex v to all othervertices.If thealgorithmuses' = log n

sampleq > 1is aconstannumber)which will causethe probabilityof  errorat eachvertex to be
boundedabore by nlz the probability of error arywherein the graphis thenboundedfrom above by
% (1 (2 ﬁlz)”). It meanghatthe approximatioralgorithmcalculateghe averagelengthsof shortest-
pathsof all verticesin O('°%4"(n logn + m)) time within anadditive errorof ~ with probability at least
1 % i.e.,with high probability (w.h.p.).

3 Ranking algorithms

Our topk rankingalgorithmis basedon the approximatioralgorithmaswell asthe exactalgorithm. The
ideais to rst usethe approximationalgorithmwith = samplesto obtain estimatedaveragedistancesof
all verticesand nd a candidatesetE of topk° verticeswith estimatedshortestdistances. We needto
guaranteghatall nal topk verticeswith the exact averageshortestdistancesreincludedin setE with
high probability Thus,we needto carefullychoosenumberk®> k usingthe boundgivenin formula(2.3).
Oncewe nd setE, we canusethe exactalgorithmto computethe exactaveragedistancedor all vertices
in E andrankthemaccordinglyto nd the nal topk verticeswith the highestclosenesgentralities. The
key of thealgorithmis to nd theright balancebetweersamplesize” andthe candidatesetsizek® If we
useatoo smallsamplesize”, the candidatesetsizek® couldbetoo large, but if we try to make k®small,the

3



Algorithm RANK

1 UsetheapproximatioralgorithmRAND with asetS of * sampledverticesto obtainthe estimatedaveragedistancey for every vertex v.
/I Renameall verticesto ¢1; %2, :::; ¥n suchthatéy, &g, 8¢, .

2 Find¥y.

3 Let” = 2minyss maxyay d(u; v).
I/ d(u; v) forallu 2 S;v 2 V havebeencalculatecatstepl and " is determinedn O('n) time.

4 ComputecandidatesetE asthesetof verticeswhoseestimatedweragedistancesrelessthanor equalto 8y, + 2f (7)

5 Calculateexactaverageshortest-patiistance®f all verticesin E .

6 Sorttheexactaveragedistancesind nd thetopk verticesastheoutput.

N

Figurel: Algorithm for rankingtopk verticeswith the highestclosenessentralities.

samplesize” maybetoo large. Ideally, we wantanoptimal” thatminimizes™ + k° sothatthe total time
of both the approximationalgorithmandthe computationof exact closenesgentralitiesof verticesin the
candidatesetis minimized.In this sectionwe will shav the basicalgorithm rst, andthenprovide afurther
improvementof the algorithmwith a heuristic.

3.1 Basicranking algorithm

We namethe verticesin V asvi;vy;:::; Vv, suchthata,, ay, ay, . Let &y, betheestimated
averagedistanceof vertex v usingapproximationalgorithmbasedon sampling. Figure 1 shavs our basic
ranking algorithm RANK. The algorithm hasparameter, which is the numberof samplesusedby the
RAND algorithmin the rst ﬁep.We will specifythevalueof * in Lemmaz2. Functionf (°) in step4 is

de ned asfollows: f (') = © 29" (where © > 1is aconstanhumber) suchthatthe probability of the

estimatiorerrorfor ary vertex isatleastf ()  is boundedabove by 2# , basedninequality(2.3) (when
setting = f(°)).

Lemma 1 AlgorithmRANKgivenin Figure 1 ranksthetopk verticeswith thehighestclosenessentialities
correctlyw.h.p.,with any parameter .

Proof. We shav thatthe setE computedat step4 in algorithmRANK containsall topk verticeswith the
exactshortestlistancesv.h.p.

Let T = fvg;:::;wg and T = f{q;:::;9¢g.  Since for ary vertex v, the probabil-
ity of the estimate &, exceedingthe error range of f (°) is bounded above by 2# , e,
Pr(f a, f() a a+f() 0 57 wehae

!
N
Pr f a ay+ () ay + () g W; and
v2T
0 1
" k
Pr @f as At () &, + () oA oz
2T
k

The latterinequalitymeansthat, with error probability of at most o>, thereareat leastk verticeswhose
realaveragedistancesirelessthanor equalto 8y, + f (") ,whichmeansa,, 8¢ +f (')  witherror
probability boundedabaove by anz Thena, a,, +f() Qg + 2f () forallv 2 T with error
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probabilityboundedabore by n—kz Moreover, we have " becausdor ary u 2 S, we have

max d(v;v9

max (d(u;v) + d(u; v9)

max d(u;v) + max d(u;v%
vivo2v vvo2 Vv

2maxd(u; v):
v2V

andthus

2min maxd(u;v) = ":
u2s v2v

Thereforeforallv2 T,&, &y + 2f () ™ with probabilityatleast(1 %) (becaus& n). Hence,
RANK includesall topk verticeswith exactaveragedistancesn E in step4, andRANK nds theseexact
k verticesin stepsb and6, with high probability This nishes the proofof thelemma. 2

We now evaluatethe compleity of algorithmRANK. The majorcomputatiortasksare™ computations
of SSSHn stepl andjEj computation®f SSSHn step5. We needto chooseanappropriaté to minimize
thesumof thesecomputationsThenumberof computation®f SSSHn step5 depend®nthedistribution of
estimatedweragedistance®f all vertices.The following lemmaprovide an answemwhenthis distribution
is uniform.

Lemma 2 If the distribution of estimatedavemage distancesis uniform with range ¢ (c is a constant
number) thenRANKtakesO((k + ns Iog% n)(nlogn + m)) time whenwechoose = ( ns Iog% n).

Proof. RANK takesO("(nlogn + m)) time atstepl because&sSSPalgorithmtakesO(n logn + m) time
andRANK iteratesSSSPalgorithm™ times.

Becausef thecondition(i), therearen Zfﬁ—)A verticesbetweerdy, andég, + 2f () " andn
is O(nf (7)) because” = 2ming,s Maxyoy d(u; v)) 2maxyy2v d(u;v) = 2 . So, the numberof
verticesin E isk + O(nf (7)) andRANK takesO((k + O(nf (*)))(nlogn + m)) time atstepb.

Therefore,we selectan ~ that could minimize the total running time at step1 and 5. In other

words, we choose™ to minimize ~ + nf (7), which implies ™ = ( ns Iog% n). Then RANK takes
O(n% Iog% n(nlogn + m)) time at step1, andtakes O((k + ns Iog% n)(nlogn + m)) at step5.
Obviously RANK takes O(n% Iog% n (nlogn + m)) time at the other steps. So, RANK takes
O((k + ns Iog% n)(nlogn + m)) totalrunningtime. 2

260C) "
C

CombiningLemmatal and2, we arrive atthe following theorem.

Theorem 1 If thedistribution of estimatediverage distancess uniformwithrangec (cisaconstanhum-
ber), thenalgorithmRANKgivenin Figure 1 ranksthetopk verticeswith the highestclosenessentalities
. 1 . N 1

in O((k + ns logz n)(nlogn + m)) timew.h.p.,whenwechoose = ( ns logs n).

Theoreml only addressethe casewhenthe distribution of estimatedaveragedistancess uniform. In
this case the compleity of RANK is betterthana brute-forcealgorithmthatsimply computesall average
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Algorithm RANK2
1 UsetheapproximatioralgorithmRAND with asetS of * sampledverticesto obtainthe estimatedaveragedistancey for every vertex v.

/I Renameall verticesto ¢1; %2, :::; ¥n suchthatéy, &g, 8¢, .
2 Find¥y.
3 Let” = 2minyss maxyay d(u; v).
4 ComputecandidatesetE asthesetof verticeswhoseestimatedveragedistancesrelessthanor equalto 8y, + 2f () "
5 repeat
6 p JEj
7 Selectadditionalq verticesS* asnew samplesuniformly atrandom.
8 Updateestimatedaveragedistance®f all verticesusingnew samplesn S* .
9 S S[S*;" “+q” min(";2min,,gs maxyzy d(u; v))

/I Renameall verticesto %1 ; ¥2; 1 :; ¥n suchthatéy, 8¢, &y, -

10  Find¥y.

11 ComputecandidatesetE asthesetof verticeswhoseestimatedveragedistancesrelessthanor equalto &, + 2f (7) N

12 p® JEj

13 ountlp p° q

14 Calculateexactaverageshortest-patldistance®f all verticesin E .

15 Sorttheexactaveragedistancesind nd thetopk verticesastheoutput.

Figure2: Improvedalgorithmfor rankingverticeswith topk closenessentralities

shortestistanceandranksthem,whichtakesO(n(n logn + m)) time (assuming = o(n)). Eventhough
the theoremis only for the caseof uniform distribution, it could be appliedto moregeneralsituations,as
explainednow. Given an estimatedaveragedistancex, its densityd(x) is the numberof verticeswhose
estimateaveragedistanceis aroundx. The uniform distribution meansthat the densityd(x) is the same
arywherein therangeof x. For ary otherdistribution, it hasan averagedensityof d, which is the average
of d(x) overall x's. Supposehatthe distribution is suchthatwhenx is sufciently small,d(x) d (this
propertyrequiresfurther investigationbut we believe it is reasonabldor socialnetworks). Let X be the
largestvaluesuchthatfor all x ~ Xo, d(x)  d. Then,in ouralgorithm,aslongaséy, + 2f () " Xo, the

numberof verticesbetweerty, andég, + 2f () " isatmostn ng—)A asgivenin theproofof Lemmaz2.
Thus,Lemma2 usesa conserative upperboundfor this numbey andit will still hold for the distributions
with theabove property
Even with the abore generalizationhowever, the savings from O(n(nlogn + m)) to O((k + ns

Iog% n)(nlogn + m)) is still not very signi cant. Ideally, we would like a ranking algorithm that is
O(poly(k)(nlogn + m)), wherepoly(k) is a polynomial of k, which meansthe numberof SSSPcal-
culationsis only relatedto k, notn. Thisis possiblefor smallk whenthedistribution of estimatedwerage
distancess not uniform but other distributions like the normal distribution. In this case,the numberof
additionalSSSPcomputationdor verticesin therangefrom 8y, to &g, + 2f (7) " couldbesmallandnot
relatedto n. We leave this asa futureresearclwork (seemorediscussiorin Sectiorn4).

3.2 Improving the algorithm with a heuristic

Thealgorithmin Figurel spendsts majority of computatioron thefollowing two steps:(1) stepl comput-
ing SSSHor * samplesand(2) step5 computingSSSHor all candidatesn setE. Thekey in reducingthe
runningtime of the algorithmis to nd theright samplesize™ to minimize™ + jEj, thetotal numberof of
SSSRealculationsHowever, thisnumbertis dif cult to obtainbeforerunningthealgorithm,especiallywhen
thedistribution of averagedistancess unknavn. In this sectionwe improve the algorithmby a heuristicto
achieve theabove goal.

The ideaof the heuristicis to incrementallyadd nev samplego computemore accurateaveragedis-
tancesof all vertices.In eachiteration,q new sampleverticesareadded.After computingthe nev average
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distanceswith theseq new vertices,we obtaina new candidatesetE. If the size of the candidatesetE
decreasemorethang, thenwe know thatthe savzings by reducingthe numberof candidate®utweighthe
costof addingmoresamplesIn this case we continuethe next iterationof addingmoresamplesThis pro-
cedureendswhenthe costof addingmoresampleutweighsthe savings obtainedoy thereducechumber
of candidatesFigure2 providesthis heuristicalgorithm. Essentiallythis is thedynamicway of nding the
optimal” tominimize™ + jJEj (ortomale ~ = jEj, where " isthesmallchangen ™ and jEjisthe
correspondinghangen jEj).

Theinitial valueof * in stepl canbe obtainedbasedon Theoreml if we know thatthe distribution of
theestimatedweragedistancess uniform. Otherwisewe canchooseabasicvalue,for examplek, sincewe
needto computeat leastk SSSHn stepl4in ary case.Theincrementalinit g could be a smallvalue,for
example logn. However, we do notknow yetif jEj strictly decreasewhenthesamplesize™ for estimating
averagedistancedncreasesandif the rate of decreasef jEj slows down whenaddingmore and more
samplevertices.Thereforejt is not guaranteedhatthe heuristicalgorithmwill alwaysstopat the optimal
samplesize™. An openproblemis to studythe conditionsunderwhich thechangeof jEj with respecto the
changeof samplesize™ indeedhasthe above propertiesandthusthe heuristicalgorithmindeedprovides
themostef cient solution.

4 Conclusionand Discussions

Thispapercanbeviewedasthe rst steptowardsthedesignof moreef cient algorithmsn obtaininghighest
ranked closenesgentralityvertices. By combiningthe approximationalgorithmwith the exactalgorithm,
we obtainanalgorithmthathasbettercompleity thanthe brute-forceexactalgorithm.

Thereare mary directionsto extend this study First, as mentionedin the previous section,we are
interestedn moreefcient algorithmssuchthatthe numberof SSSPcomputationss only relatedto k, not
to n. This may be possiblefor someclassef social networks with certainpropertieson their average
distancdlistributions. Secondthe conditionunderwhich the heuristicalgorithmresultsin theleastnumber
of SSSPcomputatioris anopenproblemandwould be quiteinterestingto study Third, we maybeableto
obtainfasteralgorithmif we canrelaxthe problemrequirement.insteadof nding all topk verticeswith
high probability we may allow the outputto have an error boundt, which is the numberof verticesthat
shouldbe ranked within topk verticesbut are missedin the output. Suchrelaxationin the requirement
may allow muchmoreef cient algorithms,sincewe obsere thatthe compleity of ouralgorithmis mainly
becauseve needto includeall verticesin the extrarangefrom &y, to &, + 2f (') " in ordertoincludeall
topk verticeswith high probability Fourth,we would like to studythe stability of our algorithmsfor topk
queryusingrandomsampling. Costenbadeet al. [4] studiedthe stability of variouscentralitymeasures.
Their study shavs that, with a 50% sampleof the original network nodes,averagecorrelationsfor the
closenesmeasureangedrom 0.54to 0.71. Finally, we canlook into othertype of centralitiesandseehow
to rankthemef ciently usingthetechniqudn this paper

To concludewe wouldliketo provide a brief comparisorof ouralgorithmswith thewell knowvn PageR-
ankalgorithm[3]. PageRanks analgorithmusedto ranktheimportanceof thewebpageswhichareviewed
asverticesconnectedy directededgeqhyperlinks).As explainedin Footnote2, PageRanks a variantof
the eigemwvector centrality Thus,it is a differentmeasurdrom closenessentrality More importantly by
de nition the PageRanlof a vertex (a webpageldependn the PageRank®f otherverticeslinking to it,
sothe PageRanlcalculationrequirescomputingall PageRankvaluesof all vertices,evenif only the topk
PageRankverticesare desired. However, for closenesgentrality measurepur algorithmsdo not needto
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computeclosenessentralitiesfor all vertices.Insteadwe may startwith roughestimate®f closenessen-
tralities of vertices,andthroughre nding the estimatesve reducethe candidateset containingthe topk
vertices.This resultsin reducedime compleity in our computation.
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