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Abstract

Closenesscentrality is an importantconceptin socialnetwork analysis. In a graphrepresentinga
socialnetwork, closenesscentralitymeasureshow closea vertex is to all otherverticesin thegraph.In
this paper, we combineexisting algorithmson calculatingbothexactvaluesandapproximatevaluesof
closenesscentralityandpresentnew algorithmsin rankingthetop k verticeswith thehighestcloseness
centrality. We show that undercertainconditions,our algorithmis moreef�cient thanthe brute-force
algorithmthatcalculatesthecloseness-centralitiesof all vertices.

1 Intr oduction

Socialnetworkshavebeenthesubjectof studyfor many decadesin socialscienceresearch.In recentyears,
with therapidgrowth of InternetandWorld WideWeb,many large-scaleonline-basedsocialnetworkssuch
asFacebook,Friendsterappear, andmany large-scalesocialnetwork data,suchascoauthorshipnetworks,
becomeeasily available online for analysis[5, 11,12,14]. A social network is typically representedas
a graph,with individual personsrepresentedasvertices,the relationshipsbetweenpairsof individualsas
edges,andthestrengthsof therelationshipsrepresentedastheweightson edges(for thepurposeof �nding
the shortestweighteddistance,we can treat lower-weight edgesas strongerrelationships).Centrality is
an importantconceptin studyingsocialnetworks [8,13]. Conceptually, centalitymeasureshow centralan
individual is positionedin a socialnetwork. Within graphtheoryandnetwork analysis,variousmeasures
of the centralityof a vertex within a graphhave beenproposedto determinethe relative importanceof a
vertex within the graph. Four measuresof centralitythat arewidely usedin network analysisaredegree
centrality, betweennesscentrality1, closenesscentrality, andeigenvectorcentrality2. In thispaper, we focus

1For agraphG = (V; E ) with n vertices,thebetweennesscentralityCB (v) for vertex v is CB (v) =
P

s;t :s6= t 6= v
� v ( s;t )
� ( s;t ) where

� (s; t) is thenumberof shortestgeodesicpathsfrom s to t, and� v (s; t) is thenumberof shortestgeodesicpathsfrom s to t that
passthrougha vertex v.

2Given a graphG = (V; E ) with adjacency matrix A, let x i be the eigenvector centralityof the i th nodevi . Thenvector
x = (x1 ; x2 ; � � � ; xn )T is thesolutionof equationAx = � x , where� is thegreatesteigenvalueof A to ensurethatall valuesx i are
positiveby thePerron-Frobeniustheorem.Google'sPageRank[3] is avariantof theeigenvectorcentralitymeasure.ThePageRank
vectorR = (r 1 ; r 2 ; � � � ; r n )T , wherer i is thePageRankof webpagei andn is thetotalnumberof webpages,is thesolutionof the
equation

R =
1 � d

n
� 1 + dLR :

Hered is a dampingfactorsetaround0:85, L is a modi�ed webpage-adjacency matrix: l i;j = 0 if pagej doesnot link to i ,
andnormalisedsuchthat, for eachj ,

P n
i =1 l i;j = 1, i.e., l i;j = a i;j

d j
whereai;j = 1 only if pagej haslink to pagei , and

dj =
P n

i =1 ai;j is theout-degreeof pagej .
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on shortest-pathclosenesscentrality (or closenesscentralityfor short)[1,2]. Theclosenesscentralityof a
vertex in a graphis the inverseof theaverageshortest-pathdistancefrom thevertex to any othervertex in
thegraph.It canbeviewedastheef�ciency of eachvertex (inidividual) in spreadinginformationto all other
vertices.Thelarger theclosenesscentralityof a vertex, theshortertheaveragedistancefrom thevertex to
any othervertex, andthusthebetterpositionedthevertex is in spreadinginformationto othervertices.

The closenesscentralityof all verticescanbe calculatedby solving all-pairsshortest-pathsproblem,
whichcanbesolvedby variousalgorithmstakingO(nm + n2 logn) time [7,10], wheren is thenumberof
verticesandm is thenumberof edgesof thegraph.However, thesealgorithmsarenot ef�cient enoughfor
large-scalesocialnetworkswith milionsor morevertices.In [6], EppsteinandWangdevelopedanapproxi-
mationalgorithmto calculatetheclosenesscentralityin timeO( log n

� 2 (n logn + m)) within anadditiveerror
of � � for theinverseof theclosenesscentrality(with probabilityat least1 � 1

n ), where� > 0 and� is the
diameterof thegraph.

However, applicationsmaybemoreinterestedin rankingverticeswith high closenesscentralitiesthan
theactualvaluesof closenesscentralitiesof all vertices.Supposewe want to usetheapproximationalgo-
rithm of [6] to rank theclosenesscentralitiesof all vertices.Sincetheaverageshortest-pathdistancesare
boundedabove by � , the averagedifferencein averagedistance(the inverseof closenesscentrality)be-
tweenthei th-rankedvertex andthe(i + 1)th-rankedvertex (for any i = 1; : : : ; n � 1) is O( �

n ). To obtaina
reasonablerankingresult,wewould like to controltheadditiveerrorof eachestimateof closenesscentrality
to within O( �

n ), which meanswe set� to �( 1
n ). Thenthealgorithmtakes�( n2 logn(n logn + m)) time,

which is worsethantheexactalgorithm.
Therefore,wecannotuseeitherpurelytheexactalgorithmor purelytheapproximationalgorithmto rank

closecentralitiesof vertices.In this paper, we show a methodof rankingtop k highestclosenesscentrality
vertices,combiningtheapproximationalgorithmandtheexactalgorithm.We �rst provide a basicranking
algorithmRANK, andshow that undercertainconditions,the algorithmranksall top k highestcloseness
centralityvertices(with high probability) in O((k + n

2
3 � log

1
3 n)(n logn + m)) time,which is betterthan

O(n(n logn + m)) (whenk = o(n)), thetime neededby a brute-forcealgorithmthatsimply computesall
averageshortestdistancesandthenranksthem. We thenusea heuristicto further improve thealgorithm.
Ourwork canbeviewedasthe�rst steptowarddesigningandevaluatingef�cient algorithmsin �nding top
rankingverticeswith highestclosenesscentralities.Wediscussin theendseveralopenproblemsandfuture
directionsof thiswork.

2 Preliminary

We considera connectedweightedundirectedgraphG = (V; E) with n verticesandm edges((jV j =
n; jE j = m)). We used(v; u) to denotethelengthof a shortest-pathbetweenv andu, and� to denotethe
diameterof graphG, i.e., � = maxv;u2 V d(v; u). Theclosenesscentrality cv of vertex v [2] is de�ned as

cv =
n � 1

� u2 V d(v; u)
: (2.1)

In otherwords,theclosenesscentralityof v is the inverseof theaverage(shortest-path)distancefrom v to
any othervertex in thegraph.Thehigherthecv , theshortertheaveragedistancefrom v to othervertices,
andv is moreimportantby thismeasure.Otherde�nitions of closenesscentralitiesexist. For example,some
de�ne theclosenesscentralityof a vertex v as 1

� u 2 V d(v;u) [15], andsomede�ne theclosenesscentralityas
themeangeodesicdistance(i.e theshortestpath)betweena vertex v andall otherverticesreachablefrom
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it, i.e., � u 2 V d(v;u)
n� 1 , wheren � 2 is thesizeof thenetwork's connectedcomponentV reachablefrom v. In

thispaper, wewill focuson closenesscentralityde�ned in Equation(2.1).
The problemto solve in this paperis to �nd the top k verticeswith the highestclosenesscentralities

and rank them, wherek is a parameterof the algorithm. To solve this problem,we combinethe exact
algorithm[10] andtheapproximationalgorithm[6] for computingaverageshortest-pathdistancesto rank
verticeson the closenesscentrality. The exact algorithm iteratesDijkstra's single-sourceshortest-paths
(SSSPfor short)algorithm[7] n times for all n verticesto computethe averageshortest-pathdistances.
Dijkstra's SSSPalgorithmcancomputeall shortest-pathdistancesfrom onevertex in O(n logn + m) time.

TheapproximationalgorithmRAND givenin [6] alsousesDijkstra'sSSSPalgorithm.RAND samples̀
verticesuniformly at randomandcomputesSSSPfrom eachsamplevertex. RAND estimatesthecloseness
centralityof a vertex usingtheaverageof ` shortest-pathdistancesfrom thevertex to the` samplevertices
insteadof to all n vertices.Thefollowing boundontheaccuracy of theapproximationis givenin [6], which
utilizestheHoeffding's theorem[9]:

Prfj
1
ĉv

�
1
cv

j � � � g �
2

n2` � 2
log n ( n � 1

n )2
; (2.2)

for any small positive value � , whereĉv is the estimatedclosenesscentralityof vertex v. Let av be the
averageshortest-pathdistanceof vetex v, i.e.,

av =
� u2 V d(v; u)

n � 1
=

1
cv

:

Usingtheaveragedistance,inequality(2.2)canberewrittenas

Prfj âv � av j � � � g �
2

n2` � 2
log n ( n � 1

n )2
; (2.3)

whereâv is theestimatedaveragedistanceof vertex v to all othervertices.If thealgorithmuses̀ = � log n
� 2

samples(� > 1 is a constantnumber)which will causethe probability of � � error at eachvertex to be
boundedabove by 1

n2 , the probability of � � error anywherein the graphis thenboundedfrom above by
1
n (� 1 � (1 � 1

n2 )n ). It meansthattheapproximationalgorithmcalculatestheaveragelengthsof shortest-
pathsof all verticesin O( log n

� 2 (n logn + m)) time within anadditive errorof � � with probabilityat least
1 � 1

n , i.e.,with highprobability(w.h.p.).

3 Ranking algorithms

Our top-k rankingalgorithmis basedon theapproximationalgorithmaswell astheexactalgorithm. The
idea is to �rst usethe approximationalgorithmwith ` samplesto obtainestimatedaveragedistancesof
all verticesand �nd a candidateset E of top-k0 verticeswith estimatedshortestdistances.We needto
guaranteethat all �nal top-k verticeswith the exact averageshortestdistancesareincludedin setE with
high probability. Thus,we needto carefullychoosenumberk0 > k usingtheboundgivenin formula(2.3).
Oncewe �nd setE , we canusetheexactalgorithmto computetheexactaveragedistancesfor all vertices
in E andrank themaccordinglyto �nd the�nal top-k verticeswith thehighestclosenesscentralities.The
key of thealgorithmis to �nd theright balancebetweensamplesize` andthecandidatesetsizek 0: If we
usea toosmallsamplesize`, thecandidatesetsizek0couldbetoo large,but if we try to makek0small,the
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Algorithm RANK
1 UsetheapproximationalgorithmRAND with asetS of ` sampledverticesto obtaintheestimatedaveragedistancêav for every vertex v.

// Renameall verticesto v̂1 ; v̂2 ; : : : ; v̂n suchthatâv̂1 � âv̂2 � � � � � âv̂n .
2 Find v̂k .
3 Let �̂ = 2 min u 2 S maxv 2 V d(u; v).

// d(u; v) for all u 2 S; v 2 V havebeencalculatedat step1 and�̂ is determinedin O(`n ) time.
4 ComputecandidatesetE asthesetof verticeswhoseestimatedaveragedistancesarelessthanor equalto âv̂k

+ 2f (`) � �̂ .
5 Calculateexactaverageshortest-pathdistancesof all verticesin E .
6 Sorttheexactaveragedistancesand�nd thetop-k verticesastheoutput.

Figure1: Algorithm for rankingtop-k verticeswith thehighestclosenesscentralities.

samplesize` maybetoo large. Ideally, we wantanoptimal ` thatminimizes` + k0, sothat thetotal time
of both theapproximationalgorithmandthecomputationof exact closenesscentralitiesof verticesin the
candidatesetis minimized.In thissectionwewill show thebasicalgorithm�rst, andthenprovide a further
improvementof thealgorithmwith aheuristic.

3.1 Basicranking algorithm

We namethe verticesin V asv1; v2; : : : ; vn suchthat av1 � av2 � � � � � avn . Let âv be the estimated
averagedistanceof vertex v usingapproximationalgorithmbasedon sampling.Figure1 shows our basic
rankingalgorithmRANK. The algorithmhasparameter̀ , which is the numberof samplesusedby the
RAND algorithmin the �rst step. We will specifythevalueof ` in Lemma2. Functionf (`) in step4 is

de�ned asfollows: f (`) = � 0
q

log n
` (where� 0 > 1 is a constantnumber),suchthattheprobabilityof the

estimationerrorfor any vertex is at leastf (`) � � is boundedaboveby 1
2n2 , basedon inequality(2.3)(when

setting� = f (`)).

Lemma 1 AlgorithmRANKgivenin Figure1 ranksthetop-k verticeswith thehighestclosenesscentralities
correctlyw.h.p.,with anyparameter̀ .

Proof. We show thatthesetE computedat step4 in algorithmRANK containsall top-k verticeswith the
exactshortestdistancesw.h.p.

Let T = f v1; : : : ; vkg and T̂ = f v̂1; : : : ; v̂kg. Since for any vertex v, the probabil-
ity of the estimate âv exceeding the error range of f (`) � � is bounded above by 1

2n2 , i.e.,
Pr (:f av � f (`) � � � âv � av + f (`) � � g) � 1

2n2 , wehave

Pr

 

:f
^

v2 T

âv � av + f (`) � � � avk + f (`) � � g

!

�
k

2n2 ; and

Pr

0

@:f
^

v̂2 T̂

av̂ � âv̂ + f (`) � � � âv̂k + f (`) � � g

1

A �
k

2n2 :

The latter inequalitymeansthat,with errorprobabilityof at most k
2n2 , thereareat leastk verticeswhose

realaveragedistancesarelessthanor equalto âv̂k + f (`) � � , whichmeansavk � âv̂k + f (`) � � with error
probabilityboundedabove by k

2n2 . Thenâv � avk + f (`) � � � âv̂k + 2f (`) � � for all v 2 T with error
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probabilityboundedabove by k
n2 . Moreover, wehave � � �̂ , becausefor any u 2 S, wehave

� = max
v;v02 V

d(v; v0)

� max
v;v02 V

(d(u; v) + d(u; v0))

= max
v;v02 V

d(u; v) + max
v;v02 V

d(u; v0)

= 2max
v2 V

d(u; v):

andthus

� � 2min
u2 S

max
v2 V

d(u; v) = �̂ :

Therefore,for all v 2 T, âv � âv̂k + 2f (`) � �̂ with probabilityat least(1 � 1
n ) (becausek � n). Hence,

RANK includesall top-k verticeswith exactaveragedistancesin E in step4, andRANK �nds theseexact
k verticesin steps5 and6, with high probability. This �nishes theproofof thelemma. 2

We now evaluatethecomplexity of algorithmRANK. Themajorcomputationtasksare` computations
of SSSPin step1 andjE j computationsof SSSPin step5. Weneedto chooseanappropriatè to minimize
thesumof thesecomputations.Thenumberof computationsof SSSPin step5 dependsonthedistributionof
estimatedaveragedistancesof all vertices.Thefollowing lemmaprovide ananswerwhenthis distribution
is uniform.

Lemma 2 If the distribution of estimatedaverage distancesis uniform with range c� (c is a constant
number),thenRANKtakesO((k + n

2
3 � log

1
3 n)(n logn + m)) time, whenwechoosè = �( n

2
3 � log

1
3 n).

Proof. RANK takesO(`(n logn + m)) time at step1 becauseSSSPalgorithmtakesO(n logn + m) time
andRANK iteratesSSSPalgorithm` times.

Becauseof thecondition(i), therearen � 2f (`)��̂
c� verticesbetween̂av̂k andâv̂k + 2f (`) � �̂ , andn � 2f (`)��̂

c�
is O(nf (`)) becausê� = 2minu2 S maxv2 V d(u; v)) � 2maxu;v2 V d(u; v) = 2� . So, the numberof
verticesin E is k + O(nf (`)) andRANK takesO((k + O(nf (`)))( n logn + m)) timeatstep5.

Therefore,we selectan ` that could minimize the total running time at step 1 and 5. In other
words, we choose` to minimize ` + nf (`), which implies ` = �( n

2
3 � log

1
3 n). Then RANK takes

O(n
2
3 � log

1
3 n(n logn + m)) time at step1, and takes O((k + n

2
3 � log

1
3 n)(n logn + m)) at step5.

Obviously RANK takes O(n
2
3 � log

1
3 n � (n logn + m)) time at the other steps. So, RANK takes

O((k + n
2
3 � log

1
3 n)(n logn + m)) total runningtime. 2

CombiningLemmata1 and2, we arrive at thefollowing theorem.

Theorem1 If thedistributionof estimatedaveragedistancesis uniformwith rangec� (c is a constantnum-
ber), thenalgorithmRANKgivenin Figure1 ranksthetop-k verticeswith thehighestclosenesscentralities
in O((k + n

2
3 � log

1
3 n)(n logn + m)) timew.h.p.,whenwechoosè = �( n

2
3 � log

1
3 n).

Theorem1 only addressesthecasewhenthedistribution of estimatedaveragedistancesis uniform. In
this case,thecomplexity of RANK is betterthana brute-forcealgorithmthatsimply computesall average
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Algorithm RANK2
1 UsetheapproximationalgorithmRAND with asetS of ` sampledverticesto obtaintheestimatedaveragedistancêav for every vertex v.

// Renameall verticesto v̂1 ; v̂2 ; : : : ; v̂n suchthatâv̂1 � âv̂2 � � � � � âv̂n .
2 Find v̂k .
3 Let �̂ = 2 min u 2 S maxv 2 V d(u; v).
4 ComputecandidatesetE asthesetof verticeswhoseestimatedaveragedistancesarelessthanor equalto âv̂k

+ 2f (`) � �̂ .
5 repeat
6 p  jE j
7 Selectadditionalq verticesS+ asnew samplesuniformly at random.
8 Updateestimatedaveragedistancesof all verticesusingnew samplesin S+ .
9 S  S [ S+ ; `  ` + q; �̂  min (�̂ ; 2 min u 2 S + maxv 2 V d(u; v))

// Renameall verticesto v̂1 ; v̂2 ; : : : ; v̂n suchthatâv̂1 � âv̂2 � � � � � âv̂n .
10 Find v̂k .
11 ComputecandidatesetE asthesetof verticeswhoseestimatedaveragedistancesarelessthanor equalto âv̂k

+ 2f (`) � �̂ .
12 p0  jE j
13 until p � p0 � q
14 Calculateexactaverageshortest-pathdistancesof all verticesin E .
15 Sorttheexactaveragedistancesand�nd thetop-k verticesastheoutput.

Figure2: Improvedalgorithmfor rankingverticeswith topk closenesscentralities

shortestdistancesandranksthem,which takesO(n(n logn + m)) time(assumingk = o(n)). Eventhough
the theoremis only for thecaseof uniform distribution, it could beappliedto moregeneralsituations,as
explainednow. Given an estimatedaveragedistancex, its densityd(x) is the numberof verticeswhose
estimateaveragedistanceis aroundx. The uniform distribution meansthat the densityd(x) is the same
anywherein therangeof x. For any otherdistribution, it hasanaveragedensityof d, which is theaverage
of d(x) over all x's. Supposethat thedistribution is suchthatwhenx is suf�ciently small,d(x) � d (this
propertyrequiresfurther investigationbut we believe it is reasonablefor socialnetworks). Let x 0 be the
largestvaluesuchthatfor all x � x0, d(x) � d. Then,in ouralgorithm,aslongasâv̂k + 2f (`) � �̂ � x0, the

numberof verticesbetween̂av̂k andâv̂k + 2f (`) � �̂ is atmostn � 2f (`)��̂
c� , asgivenin theproofof Lemma2.

Thus,Lemma2 usesa conservative upperboundfor this number, andit will still hold for thedistributions
with theabove property.

Even with the above generalization,however, the savings from O(n(n logn + m)) to O((k + n
2
3 �

log
1
3 n)(n logn + m)) is still not very signi�cant. Ideally, we would like a ranking algorithm that is

O(poly(k)(n logn + m)), wherepoly(k) is a polynomial of k, which meansthe numberof SSSPcal-
culationsis only relatedto k, not n. This is possiblefor smallk whenthedistribution of estimatedaverage
distancesis not uniform but otherdistributions like the normaldistribution. In this case,the numberof
additionalSSSPcomputationsfor verticesin therangefrom âv̂k to âv̂k + 2f (`) � �̂ couldbesmallandnot
relatedto n. We leave thisasa futureresearchwork (seemorediscussionin Section4).

3.2 Impr oving the algorithm with a heuristic

Thealgorithmin Figure1 spendsits majorityof computationonthefollowing two steps:(1) step1 comput-
ing SSSPfor ` samples,and(2) step5 computingSSSPfor all candidatesin setE . Thekey in reducingthe
runningtime of thealgorithmis to �nd theright samplesize` to minimize` + jE j, thetotal numberof of
SSSPcalculations.However, thisnumberis dif�cult to obtainbeforerunningthealgorithm,especiallywhen
thedistribution of averagedistancesis unknown. In thissection,we improve thealgorithmby aheuristicto
achieve theabove goal.

The ideaof the heuristicis to incrementallyaddnew samplesto computemoreaccurateaveragedis-
tancesof all vertices.In eachiteration,q new sampleverticesareadded.After computingthenew average
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distanceswith theseq new vertices,we obtaina new candidatesetE . If the sizeof the candidatesetE
decreasesmorethanq, thenwe know that thesavingsby reducingthenumberof candidatesoutweighthe
costof addingmoresamples.In thiscase,wecontinuethenext iterationof addingmoresamples.Thispro-
cedureendswhenthecostof addingmoresamplesoutweighsthesavingsobtainedby thereducednumber
of candidates.Figure2 providesthisheuristicalgorithm.Essentially, this is thedynamicwayof �nding the
optimal` to minimize` + jE j (or to make � ` = � � jE j, where� ` is thesmallchangein ` and� jE j is the
correspondingchangein jE j).

Theinitial valueof ` in step1 canbeobtainedbasedon Theorem1 if we know that thedistribution of
theestimatedaveragedistancesis uniform. Otherwise,wecanchooseabasicvalue,for examplek, sincewe
needto computeat leastk SSSPin step14 in any case.Theincrementalunit q couldbea smallvalue,for
example,logn. However, wedonotknow yet if jE j strictly decreaseswhenthesamplesize` for estimating
averagedistancesincreases,and if the rateof decreaseof jE j slows down whenaddingmoreandmore
samplevertices.Therefore,it is not guaranteedthattheheuristicalgorithmwill alwaysstopat theoptimal
samplesize`. An openproblemis to studytheconditionsunderwhichthechangeof jE j with respectto the
changeof samplesize` indeedhastheabove properties,andthustheheuristicalgorithmindeedprovides
themostef�cient solution.

4 Conclusionand Discussions

Thispapercanbeviewedasthe�rst steptowardsthedesignof moreef�cient algorithmsin obtaininghighest
ranked closenesscentralityvertices.By combiningtheapproximationalgorithmwith theexactalgorithm,
weobtainanalgorithmthathasbettercomplexity thanthebrute-forceexactalgorithm.

Thereare many directionsto extend this study. First, as mentionedin the previous section,we are
interestedin moreef�cient algorithmssuchthatthenumberof SSSPcomputationsis only relatedto k, not
to n. This may be possiblefor someclassesof socialnetworks with certainpropertieson their average
distancedistributions.Second,theconditionunderwhich theheuristicalgorithmresultsin theleastnumber
of SSSPcomputationis anopenproblemandwould bequiteinterestingto study. Third, wemaybeableto
obtainfasteralgorithmif we canrelax theproblemrequirement.Insteadof �nding all top-k verticeswith
high probability, we may allow the outputto have an error boundt, which is the numberof verticesthat
shouldbe ranked within top-k verticesbut aremissedin the output. Suchrelaxationin the requirement
mayallow muchmoreef�cient algorithms,sinceweobserve thatthecomplexity of ouralgorithmis mainly
becauseweneedto includeall verticesin theextra rangefrom âv̂k to âv̂k + 2f (`) � �̂ in orderto includeall
top-k verticeswith highprobability. Fourth,wewould like to studythestabilityof ouralgorithmsfor top-k
queryusingrandomsampling. Costenbaderet al. [4] studiedthe stability of variouscentralitymeasures.
Their study shows that, with a 50% sampleof the original network nodes,averagecorrelationsfor the
closenessmeasurerangedfrom 0.54to 0.71.Finally, wecanlook into othertypeof centralitiesandseehow
to rankthemef�ciently usingthetechniquein this paper.

To conclude,wewouldlike to provideabrief comparisonof ouralgorithmswith thewell known PageR-
ankalgorithm[3]. PageRankis analgorithmusedto ranktheimportanceof thewebpages,whichareviewed
asverticesconnectedby directededges(hyperlinks).As explainedin Footnote2, PageRankis a variantof
theeigenvectorcentrality. Thus,it is a differentmeasurefrom closenesscentrality. More importantly, by
de�nition thePageRankof a vertex (a webpage)dependson thePageRanksof otherverticeslinking to it,
sothePageRankcalculationrequirescomputingall PageRankvaluesof all vertices,even if only thetop-k
PageRankverticesaredesired.However, for closenesscentralitymeasure,our algorithmsdo not needto
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computeclosenesscentralitiesfor all vertices.Instead,wemaystartwith roughestimatesof closenesscen-
tralities of vertices,andthroughre�nding the estimateswe reducethe candidatesetcontainingthe top-k
vertices.This resultsin reducedtimecomplexity in ourcomputation.
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