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Abstract— Scalability models are powerful analytical tools for
evaluating and predicting the performance of parallel applica-
tions. Unfortunately, existing scalability models do not quantify
failure impact and therefore cannot accurately account for
application performance in the presence of failures. In this study,
we extend two well-known models, namely Amdahl’s law and
Gustafson’s law, by considering the impact of failures and the
effect of fault tolerance techniques on applications. The derived
reliability-aware models can be used to predict application
scalability in failure-present environments and evaluate fault
tolerance techniques. Trace-based simulations via real failure logs
demonstrate that the newly developed models provide a better
understanding of application performance and scalability in the
presence of failures.

I. INTRODUCTION

Fueled by the ever-growing demand for more computational
power in science and engineering, large-scale systems with
hundreds of thousands of processors are being designed and
deployed [7]. In these systems, scalability is a key factor for
evaluating, predicting and optimizing application performance.
It not only measures the inherent parallelism of parallel
applications, but also provides an important guidance to build
parallel computers [11].

Amdahl’s law [3] and Gustafson’s law [4] are two well-
known scalability models. They are used to estimate the
performance of parallel applications at scale; however, both
implicitly assume that applications can complete without
experiencing any failure. Nevertheless, with the increasing
scale and complexity of computer systems, failure becomes
a commonplace scenario rather than an exception. Recent
studies have shown that MTBFs (mean-time-between-failures)
of teraflop and petaflop-scale systems are only on the order
of 10-100 hours, even for systems based on ultrareliable
components [8]. As a result, long-running parallel applications
may hardly make any forward progress because of failures [5],
[6]. Failure forces the application to wait for system recovery,
which may range from a couple of hours to nearly 100 hours
[1], and roll back to the beginning or the latest checkpoint.
Due to the impact of failures, application scalability is quite
different from the ideal failure-free cases [19].

The impact of failures is commonly mitigated by check-
pointing, which periodically stores a snapshot of the appli-
cation and uses it for recovery in case of failure. Although
the application does not need to be restarted from the be-
ginning, recovery time and work loss are inevitable during

the rollback process. Further, checkpoint overhead is not
trivial in a large-scale system [25]. Hence, to comprehensively
understand application scalability, it is essential to incorporate
the checkpointing factor in the scalability models.

In this study, we derive a set of reliability-aware scalability
models by extending Amdahl’s law and Gustafson’s law.
Our models take into consideration the impact of failures
on application performance. The extensions are examined in
two cases: one where checkpointing is used, and the other
where there is no checkpointing. They are intended to provide
more accurate measurement of application performance in the
presence of failures.

To evaluate the accuracy of these models, we conduct trace-
based simulations based on real failures logs from production
systems [37]. Experimental results demonstrate that these
reliability-aware scalability models can better represent appli-
cation performance in a practical failure-present environment,
in both checkpoint and no-checkpoint cases. Moreover, they
show the optimal speedup that could be achieved by the
application in the presence of failures.

The rest of the paper is organized as follows. Section II
provides a brief discussion of related work. The assumptions
of our reliability-aware models are presented in Section III. In
Section IV and V, the enhanced Amdahl’s law and Gustafson’s
law are developed respectively. We present our evaluation
methodology in Section VI, followed by a discussion of
our experimental results in Section VII. In Section VIII we
use our models to evaluate two fault tolerance technologies,
fast recovery and proactive failure prevention using process
migration. Finally, we conclude the paper in Section IX.

II. RELATED WORK

Scalability has been studied in decades from various as-
pects. Among various scalability models, Amdahl’s [3] and
Gustafson’s [4] are two well-known models. Amdahl’s model
is for fixed-size problems, while Gustafson’s model is for
fixed-time problems. Neither of them accounts for the perfor-
mance impact induced by failures — which is an increasing
concern as systems and applications scale to very large sizes.

The impact of failures on scalability has been discussed in
[19], [23]. Based on simulation results, Elnozahy and Plank
point out that the optimal speedup decreases rapidly as the
number of nodes grows beyond a certain point [19]. In [23],
a reliability-aware resource allocation algorithm is presented



to select an optimal number of nodes for the execution of
an application. Distinguished from these studies, this paper
develops analytical models to explicitly express application
scalability in the presence of failures.

Several studies have examined application scalability under
various system constraints. Kumar et al. develop scalability
models for a specific parallel architecture and problem size
[29]. Sun and Ni develop memory-constrained scalability in
[10]. In [11], [12], Chen et al. introduce iso-speedup scalability
for heterogeneous computing systems. In [13], a power-aware
speedup is proposed to predict the scaled execution time and
power consumption. In [30], Woo et al. extend the Amdahl’s
law for many-core architectures. Unlike these works, this study
is focused on extending Amdahl’s law and Gustafson’s law by
considering system failures.

Checkpointing is a widely used fault tolerance mechanism
for high performance computing. Job execution time with
checkpointing has been studied in [24], [15], [14]. In [24],
Young derives the optimal checkpointing interval via the first
order estimation. Daly improves the model using higher order
estimation and shows the expected completion time with
checkpointing in [15]. Stochastic activity networks are used to
study application performance by considering checkpointing
overhead and failures in [20]. In [14], Wu et al. use an
M/G/1 model to describe system failures and derive perfor-
mance models to estimate the mean, variation and distribution
function of application completion time. In this paper, we use
Daly’s model to derive reliability-aware scalability models in
case of checkpointing.

III. ASSUMPTION

For the development of the reliability-aware scalability
models, we make several assumptions. First, the time interval
between failures on each node is exponentially distributed with
an arrival rate of λ. This assumption is widely adopted in the
literature [14], [19], [20]. In [18], Plank et al. point out that
although exponential distribution may not fit well for some
realistic scenarios, many theoretical results using exponential
distribution are still applicable in practice.

Second, the failure of a node can lead to the crash of the
entire application [32]. A large number of applications, e.g.,
MPI programs, fall into this category. Thus, if the failure
arrival rate of node i is λi, then the failure arrival rate of
P nodes is λa =

∑P
i=1 λi. In homogeneous systems, it can

be simplified as λa = Pλ [33], [38].
Third, repair time follows a general distribution with a

mean of μ [14]. Further, it is not sensitive to system size
in homogeneous systems. This assumption is based on the
observation in [2].

Finally, for Amdahl’s law, the overhead of coordinate check-
pointing is Ockp = a + bP , where a is I/O overhead and bP
denotes message passing overhead [21]. Since the problem
size does not change, we assume I/O overhead is fixed [21],
[17]. The message passing overhead is for achieving the global
consistent state, which is linear with the number of processes.
For Gustafson’s law, since the problem size or the checkpoint

image size is proportional to the number of nodes, the I/O
overhead in this case linearly increases with the number of
nodes. Thus the overhead is Ockp = aP + bP [27], [32]. In
this study, we do not differentiate checkpoint overhead and
checkpoint latency [26], and assume they are much less than
application workload [15].

Before presenting our models, we first list a set of nomen-
clatures that will be frequently used in the rest of the paper
(see Table I).

IV. AUGMENTING AMDAHL’S MODEL

A. Without Checkpointing

According to Amdahl’s law, failure-free parallel execution
time is Wp = (1− α)W + αW/P , where W is the workload
and α is the fraction of the application that can be parallelized.
So the fixed-size speedup is defined as:

SA =
W

(1 − α)W + αW/P
=

P

P (1 − α) + α
. (1)

In a failure-prone environment, the expected parallel execu-
tion time is Ef (T (WP )). Thus, the reliability-aware Amdahl’s
model is defined as:

SA
f =

W

Ef (T (Wp))
. (2)

Without a checkpointing support, each time when a failure
occurs, the application will roll back to the beginning. Ac-
cording to [16] the expected time under failure is

E(Tf (Wp)) = Wp + μ(1−e−λaWp )+
∫ Wp
0 tλae−λatdt

e−λaWp

= (μ + λ−1
a )(eλaWp − 1)

= (μ + λ−1
a )(e(1−α+ α

P )λaW − 1).
(3)

Consequently, we can derive the following SA
f model

SA
f =

W

(μ + (λa)−1)(e(1−α+ α
P )λaW − 1)

. (4)

SA is a special case of SA
f . When the recovery time can be

ignored (μ = 0), each node has the same failure rate (λa =
Pλ), and the λa is much larger than the parallel workload
( 1
Pλ >> Wp), based on the first-order Taylor series, we obtain

SA
f = W

(Pλ)−1(e(1−α)P λW eαλW −1)

≈ W
(Pλ)−1((1−α)PλW+αλW )

= SA.

(5)

Comparing Equation 1 and 4, we can see that SA
f is quite

different from SA. SA is independent of W , whereas SA
f is

dependent on W . When W increases, SA
f exponentially de-

creases to 0. It means that if the application requires substantial
amount of time to complete, the application becomes more
vulnerable to failures.



TABLE I

NOMENCLATURE

Symbol Description
P Number of computing nodes
λi Failure arrival rate of node i (per hour)
λa Failure arrival rate of the nodes allocated to the application (per hour)
μ Mean-Time-To-Recover(MTTR) (hour)
W Application workload, the application failure-free execution time on a single node (hour)
W ′ The scaled workload on a single node (hour)
Wp The parallel workload (hour)
α The fraction of the application that can be parallelized
Ockp Checkpoint overhead (hour)
a,b Parameters used to denote checkpoint overhead
τ Checkpoint interval (hour)
SA Amdahl’s scalability model without checkpointing
SA

f Agumented Amdahl’s scalability model without checkpointing
SA

f c Agumented Amdahl’s scalability model with checkpointing
SG Gustafson’s scalability model without checkpointing
SG

f Agumented Gustafson’s scalability model without checkpointing
SG

f c Agumented Gustafson’s scalability model with checkpointing

B. With Checkpointing

Checkpointing has been widely used for fault tolerance in
high performance computing. Upon a failure, the application
will be restarted from the most recent checkpoint. In the
following, we extend Amdahl’s law by considering the effect
of checkpointing.

To estimate the expected parallel execution time with check-
pointing, we adopt Daly’s model, which is widely used in
the field [15], [32]. Daly’s model shares the same basic
assumptions about failure and checkpointing as our models
listed in the previous section. It derives the expected execution
time with checkpointing as follows

E(Tf c(Wp)) =
eμλa

λa
(e(τ+Ockp)λa − 1)

(1 − α + α
P )W

τ
, (6)

where Ockp = a + bP is the checkpoint overhead and τ
is the checkpoint interval. From [15], the optimal checkpoint
interval can be approximated as follows

τ =

⎧⎪⎨
⎪⎩

√
2Ockp

λa
[1 + 1

3 (Ockpλa

2 )
1
2 +

1
9 (Ockpλa

2 )] − Ockp Ockp < 2
λa

,
1

λa
Ockp ≥ 2

λa
.

(7)

Based on Equation 6 and 7, we can derive the following
SA

f c model:

SA
f c = W

E(Tc(Wp))

= λaτ

eμλa (e(τ+Ockp)λa−1)(1−α+ α
P )

.
(8)

Distinguished from SA
f presented in Equation 4, SA

f c is not
dependent on W . Comparing Equation 3 and 6, we can see
that the difference is due to the influence of checkpointing.
With a checkpointing support, the expected execution time

linearly increases with the workload, whereas it is exponen-
tially increased with the workload without checkpointing. Thus
checkpointing is helpful to keep scalability of the applications
with high workload.

C. A Use Scenario

In Amdahl’s model, SA monotonically increases with the
growth of P , and limP→∞ SA = 1

1−α . Unlike SA, SA
f and

SA
f c may decrease with the growth of P since application

failure rate increases when P is getting larger. Our derived
reliability-aware models can be used to identify the optimal
number of nodes for running the application in the presence
of failures.

Given the relation between λa and λi, the optimal number

of nodes can be determined by solving the equations
∂SA

f

∂P = 0

and
∂SA

f c

∂P = 0. For example, if λa = Pλ, as shown in Figure
1, SA

f indicates that the maximal speedup of 4.55 is achieved
when P is set to 20, and SA

f c points out that the maximal
speedup of 7.9 can be obtained when P is set to 39. The
three curves in the figure clearly show that in a failure-present
environment, the achievable speedups by using SA, SA

f , and
SA

f c are quite different. The regular Amdahl’s law shows that
by using a large amount of computing nodes like 512, it is
possible to achieve a speedup of 9.8. Our derived reliability-
aware models indicate that the maximal speedup is bounded by
a certain number and using a large number of computing nodes
may end up with a small speedup. Furthermore, by comparing
SA

f and SA
f c, we can see that the use of checkpointing can

considerably boost application scalability by increasing the
maximal achievable speedup.

As shown in Figure 1, both SA
f and SA

f c can quickly
drop to 0 when P is set to a large number. Using a large
amount of computing nodes, failure possibility will increase
drastically. As a result, without checkpointing, failures will
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Fig. 1. Comparison of SA, SA
f , and SA

f c when λa = Pλ. The parameters
are α = 0.9, λ = 1

7500
hours, μ = 2 hours, W = 2000 hours.

force the application to roll back to the beginning over and
over, thereby resulting in an extreme long execution time.
With a checkpointing support, application scalability can be
improved. Nevertheless, as P is getting larger, checkpoint
overhead increases as well, which will eventually overpower
its benefits and lead to a speedup smaller than the ideal
speedup given by Amdahl’s law.

V. AUGMENTING GUSTAFSON’S MODEL

A. Without Checkpointing

Different from Amdahl’s law, Gustafson’s law emphasizes
on the amount of workload that can be finished in a fixed
time [4]. It assumes that the α fraction of the workload can
be parallelized and scaled with the number of nodes, and the
rest of the workload does not grow with the number of nodes.
Hence it defines fixed-time speedup as follows

SG =
(1 − α)W + αWP

W
= 1 − α + αP. (9)

In an ideal failure-free case, Gustafson’s law shows
that the fixed-time speedup is independent of W and lin-
early grows with P . In practice, as W increases, the
application gets more vulnerable to failures. Considering
the impact of failures, we define the achievable workload
as achievable workload = W − work loss − recovery time.
And the scaled workload W ′ is defined as W ′ =
achievable workload − (1 − α)W . While the workload is
scaled from W to (1 − α)W + W ′P , we can derive the
reliability-aware model SG

f as follows,

SG
f = (1−α)W+W ′P

W

= 1 − α +
P ln( W

u+(λa)−1 +1)

Wλa
− P (1 − α).

(10)

SG is a special case of SG
f . When the recovery time can be

ignored (μ = 0), each node has the same failure rate (λa =
Pλ), and λa is much larger than the execution time ( 1

Pλ >>
W ), based on the first-order Taylor series we obtain

SG
f = 1 − α + ln(WPλ+1)

Wλ − P (1 − α)
≈ 1 − α + WPλ

Wλ − P (1 − α)
= SG.

(11)

Comparing Equation 9 and 10, we can see that difference
between SG and SG

f . SG is not dependent on workload, while
SG

f decreases with the growth of W . It means that if the
application requires substantial amount of execution time, the
work loss and recovery time significantly increase due to the
failures, thereby achievable workload is reduced.

B. With Checkpointing

In the following, we extend Gustafson’s model by consid-
ering the impact of failures and checkpointing.

With checkpointing, the achievable workload is define as
W − work loss − recovery time − overhead , and the scaled
work load W ′ is defined as W ′ = achievable workload −
(1 − α)W . As the problem size is scaled from W to (1 −
α)W + W ′P , we can derive SG

f c model as follows,

SG
f c = (1−α)W+W ′P

W

= 1 − α + τPλa

eμλa (e(τ+Ockp)λa−1)
− (1 − α)P,

(12)

where Ockp = aP + bP and τ is decided by Equation
7. Distinguished from SG

f presented in Equation 10, SG
f c is

independent of W . Due to the checkpointing support, the
achievable workload only linearly decreases with the work-
load, whereas it exponentially decreases with the workload
without a checkpointing support.

C. A Use Scenario

In an ideal failure-free case, the Gustafson’s law shows the
workload linearly scaling up with the number of nodes without
bound. Distinguished from SG, SG

f and SG
f c are limited by

the failures and may decrease with the growth of P . Our
reliability-aware models can be used to identify an optimal
number of nodes for maximal achievable workload in the
presence of failures.

Given the relation between λa and λi, the optimal number

of nodes can be determined by solving the equations
∂SG

f

∂P = 0

and
∂SG

f c

∂P = 0. For example, considering λa = Pλ, as shown
in figure 2, SG

f points out that the maximal fixed-time speedup
of 42.32 is obtained when P is set to 243, and SG

f c suggests
that the maximal speedup of 103.5 can be achieved when
P is set to 288. Obviously, as shown in the three curves,
the achievable fixed-time speedups by using SG, SG

f , and
SG

f c are quite different. The regular Gustafson’s law shows
that the fixed-time speedup can be infinite as the computing
nodes increases. Our reliability-aware models indicate that
the maximal fixed-time speedup is bounded by a certain
number and overzealously using computing nodes may reduce
the speedup. Furthermore, the difference between SG

f and
SG

f c indicates that the use of checkpointing can increase the
maximal achievable fixed-time speedup and boost application
scalability.
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Fig. 2. Comparison of SG, SG
f , and SG

f c when λa = Pλ. The parameters
are α = 0.9, λ = 1

7500
hours, μ = 2 hours, W = 200 hours.

VI. EVALUATION METHODOLOGY

In order to choose a suitable scalability model for perfor-
mance prediction and optimization, it is necessary to compare
the accuracy of the models. In this section, we conduct trace-
based simulations to compare percentage prediction errors
between the scalability models and the real measurements.
Percentage prediction error is a widely used metric [13], [14],
which is defined as

Percentage Prediction Error =| Pediction − Measurement

Measurement
| .

(13)

To use the simulator, the user provides the application level
parameters like the workload W and the fraction α. The
system level parameters such as failure rate and repair time are
obtained from the trace fed into the simulator. Based on these
parameters, the simulator traces the discrete events of failures
and returns the measurement results like application execution
time, achievable workload, etc. Meanwhile, we can also apply
the scalability models discussed above to get the prediction
results. By comparing the measurement results returned by the
simulator and the prediction results obtained from the models,
we can calculate percentage prediction errors of the models.

To truly assess the models in a realistic environment, we
use a failure trace from a production system at Los Alamos
National Lab . The trace is from the system #8, which is
publicly available at [37]. For simplicity, we choose 128 nodes
that have similar failure rates. The average MTBF of these
nodes is 3872.7 hours and the mean time to recovery μ is
2.26 hours.

To study checkpoint overhead, six parallel benchmarks are
tested in the open-source checkpointing package MPICH-VCL
0.76 in our previous work[21]. Based on the experiments, the
IO overhead a is set as 0.335 minutes and the message passing
overhead b is set as 0.0364 minutes.

For Amdahl’s law, given the workload W and the fraction
α, the simulator calculates the parallelized workload Wp on
different number of nodes. Then it scans the failure trace in

the time order and simulates a failure when a real failure entry
is encountered. Without checkpointing, the job waits for the
recovery and rolls back to the beginning. The job execution
time includes Wp, the accumulated work loss and the accumu-
lated recovery time. With checkpointing, the simulator obtains
the optimal checkpoint interval τ based on Equation 7. The
checkpoint overhead is added during every checkpoint interval.
When a failure occurs, the work performed between the failure
time and the most recent checkpoint is lost. The job waits for
the recovery and rolls back to the most recent checkpoint.
The job execution time includes Wp, the accumulated work
loss, the accumulated recovery time and the accumulated
checkpoint overhead.

For Gustafson’s law, the execution time is fixed as W
and the simulator calculates the achievable workload. Without
checkpointing, only the work between the last failure and
the completion time is achievable. With checkpointing, the
simulator performs the checkpoints and traces each failure.
All the execution time is for the achievable workload except
for the checkpoint overhead, the recovery time and work loss.
By recording the achievable workload and the fraction α, the
simulator can calculate the fixed-time speedup as described in
the previous section.

VII. EXPERIMENTAL RESULTS

Our experiments are designed to study application level
parameters like W and α at two aspects. In the first scenario,
we fix the parameter α and vary W to analyze the relationship
between application workload and its scalability. In the second
scenario, we fix application workload W and vary α to study
how α impacts prediction errors. In both scenarios, we change
the number of nodes from 2 to 128 and calculate the average
of percentage prediction errors.

A. Comparison of Enhanced and Original Amdahl’s Models

In the first set of experiments, we set α = 0.9 and
test various workloads from 2000 hours to 10000 hours. As
shown from Table II, without checkpointing, the accuracy of
Amadal’s model dramatically decreases with the growth of
workload. When an application requires substantial amount of
execution time, it becomes more vulnerable to failures. As a
result, application completion time in a failure-prone environ-
ment becomes much longer than application completion time
in a failure-free environment. The results here indicate that
without considering failure impact, Amdahl’s model cannot
accurately represent application scalability, especially long-
running applications.

With checkpointing, the accuracy is stable with different
workload. The accuracy of SA is significantly improved
since checkpointing greatly reduces the work loss. However,
Amdahl’s model does not account for the impact of failures
and fault tolerance techniques, whereas SA

f c comprehensively
considers the recovery time, work loss and checkpoint over-
head. As compared to SA, SA

f c can better represent application
performance. For example, the average percentage prediction



TABLE II

PERCENTAGE PREDICTION ERRORS OF SA , SA
f AND SA

f c WITH

DIFFERENT WORKLOADS. THE MTBF IS 3539.5 HOURS,MTTR IS 2.26

HOURS AND α = 0.9. THE CHECKPOINT PARAMETER a IS 0.335 MINUTES

AND b IS 0.0364 MINUTES.

W SA (W/O CKP) SA(W/ CKP) SA
f SA

f c

2000 1.99 0.14 0.27 0.09
5000 18.89 0.24 0.73 0.11
8000 20.55 0.16 0.87 0.04
10000 21.98 0.15 0.82 0.04

TABLE III

PERCENTAGE PREDICTION ERRORS OF SA , SA
f AND SA

f c WITH

DIFFERENT FRACTIONS α.

α SA (W/O CKP) SA (W/ CKP) SA
f SA

f c

0.7 15.66 0.52 0.95 0.34
0.75 8.73 0.34 0.95 0.19
0.8 10.67 0.28 0.27 0.14
0.9 21.98 0.15 0.82 0.04
0.95 23.83 0.24 0.79 0.10
0.999 3.32 0.07 0.93 0.06

error introduced by SA
f c is 4 times smaller than that introduced

by SA when W = 8000 hours.
In the second set of experiments, we test different values

of α. The workload is set as 10000 hours and α ranges from
0.7 to 0.999. The average percentage errors are listed in table
III. Without checkpointing, the results of SA

f are always less
than 1 and distinctly outperform the Amdahl’s model. The
accuracy of SA is improved when α is extreme large, e.g.,
α > 0.95. The main reason is that, the parallel execution time
is significantly reduced by extreme large α. And the short term
applications are significantly less vulnerable to the failures.

With the support of checkpointing, the average percentage
error of SA can be reduced to 0.07 when the application can
be perfect parallelized, e.g., α = 0.999. However, SA

f c still
outperforms SA no matter the value of α. It means that even
the application with checkpointing can be perfect parallelized,
the performance is still distinct from the ideal failure-free
environments.

In this set of experiments, we compare enhanced Amdahl’s
models and Amdahl’s model as the number of nodes in-
creases from 2 to 128 (see Figure 3). The figure presents
two interesting patterns. First, compared to Amdahl’s model,
our reliability-aware models, including both SA

f and SA
f c,

can better model the actual measurements. Second, the gap
between Amdahl’s model and the actual measurement become
larger with the growth of number of nodes. This is due to the
fact that Amdahl’s model does not consider failure impact. As
the number of nodes increases, application failure probability
grows, thereby resulting in a growing discrepancy between
the Amdahl’s model result and the actual measurement. In
summary, the above experiments demonstrate that our derived
reliability-aware models can better represent application scala-
bility by considering failure impacts and checkpointing effects.
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Fig. 3. Comparison of enhanced Amdahl’s models and original Amdahl’s
model with different numbers of nodes. α = 0.9, workload=10000 hours.

TABLE IV

PERCENTAGE PREDICTION ERRORS OF SG , SG
f AND SG

f c WITH

DIFFERENT WORKLOADS.

W SG (W/O CKP) SG (W/ CKP) SG
f SG

f c

1000 1.32 0.07 0.58 0.05
1200 15.7 0.13 2.3 0.01
1800 29.86 0.14 6.91 0.01
2000 12.71 0.14 2.33 0.01

B. Comparison of Enhanced and Original Gustafson’s Models

Similar to the first set of experiments, α is set as 0.9 and
workload is changed from 1000 hours to 2000 hours. As shown
in Table IV, Gustafson’s model can lead to substantial errors in
the failure-prone environments, where the achievable workload
is much less than the ideal failure-free case. SG

f adequately
quantify the impact of failures, so it outperforms SG with
smaller errors. One observation is that the errors of SG without
checkpointing and SG

f fluctuate with different workloads. The
reason is that the time between last failure and the completion
time is a random variable with large variance. In future we
plan to extend the models to predict the variance of fixed-
time speedup under failures.

With checkpointing, Gustafson’s model achieves better re-
sults than the case without checkpointing no matter the value
of workload. It shows that checkpointing has the great effect
on saving achievable workload. However, SG

f c is even better
than SG with smaller error. It means that, even with the
support of checkpointing, the workload is not achievable as
Gustafson’s model due to the inevitable recovery time, work
loss and checkpoint overhead.

In the forth set of experiment, we test how the fixed-time
speedup is impacted by different values of α. In this experi-
ments, the workload is set as 1000 hours. As shown in table
V, our derived reliability-aware models still outperform the
Gustafson’s model, no matter the value of α. One interesting
observation is that, the error decreases with the growth of α
even when the achievable workload is fixed. The main reason



TABLE V

PERCENTAGE PREDICTION ERRORS OF SG , SG
f AND SG

f c WITH

DIFFERENT FRACTIONS α.

α SG(W/O CKP) SG (W/ CKP) SG
f SG

f c

0.7 3.70 0.12 1.43 0.05
0.8 1.9 0.08 0.80 0.06
0.9 1.32 0.07 0.58 0.05
0.95 1.15 0.06 0.51 0.05
0.999 1.01 0.06 0.46 0.05

is if α is small, the work loss for sequential part e.g., (1−α)W
could be high, and the scaled part could be much less than
the failure-free case.
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Fig. 4. Comparison of enhanced Gustafson’s models and original Gustafon’s
model with different numbers of nodes. α = 0.9, workload=2000 hours.

In this set of experiments, we compare enhanced
Gustafson’s models and Gustafson’s model as the number
of nodes increases from 2 to 128 (see Figure 4). Similar
to Figure 3, the results show that our derived reliability-
aware models can better represent application scalability by
considering failure impact and checkpointing effect, especially
with a large number of nodes.

C. Heterogeneous Failure Rates

In the previous experiments, 128 nodes are selected with
similar failure rate to study the case λa = Pλ. In practice,
different nodes may have different failure rates [2]. As an
example, for the system #8, some of its nodes have very high
failure rates such as the node #33 with MTBF of 1378.07
hours, whereas other nodes have very low failure rates like
the node #160 with MTBF of 7208.7 hours.

In this set of experiments, we assess our reliability-aware
models by randomly selecting 128 nodes for the system #8.
The node-level MTBF ranges from 13 to 5950.5 hours, with
an average of 144.625 hours. Table VI shows the percentage
prediction errors of different models. Here, we set W to 2000
hours and α is set to 0.9. The results clearly show that our
derived reliability-aware models outperform Amdahl’s model
and Gustafson’s model in case of heterogeneous failure rates.

TABLE VI

PERCENTAGE PREDICTION ERRORS OF ENHANCED

AMDAHL’S/GUSTAFSON’S MODELS AND AMDAHL’S/GUSTAFSON’S

MODELS.

SA (W/O CKP) SA (W/ CKP) SA
f SA

f c

2.368 0.20 0.45 0.06

SG (W/O CKP) SG (W/ CKP) SG
f SG

f c

8.18 0.12 0.77 0.02

VIII. DISCUSSION

In this section, we further discuss the use of our reliability-
aware models to demonstrate the benefits of fast recovery and
proactive failure prevention via process migration.

A. Fast Recovery

The occurrences of failures force the application to wait for
recovery, which ranges from a couple of hours to nearly 100
hours [1]. Long recovery time can significantly impact appli-
cation performance. Fast recovery can reduce MTTR (Mean-
Time-To-Recovery), thus mitigates the impact of failures on
scalability.
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Fig. 5. Fast recovery mitigates the impact of failures on SA
f and SA

f c with
varying MTTRs. α = 0.9, workload=2000 hours, λ = 1

7500
hours.

To examine the benefits of fast recovery, we vary the MTTR
value from 10 minutes to 10 hours (see Figure 5 and 6). As
shown in these Figures, without checkpointing fast recovery
can not significantly improve application scalability. Due to the
lack of fault tolerance support, the work loss caused by fail-
ures can significantly impact application scalability, and fast
recovery cannot help much in this case. With checkpointing,
the maximal SA

f c is improved from 7.4 to 8.1, and the maximal
SG

f c is improved from 103.5 to 189.9 as μ is decreased from
20 hours to 10 minutes. Based on Equation 8 and 12, both SA

f c

and SG
f c exponentially decrease with the growth of μ. The

results demonstrate that fast recovery with checkpointing can
significantly improve application performance and scalability.
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B. Failure Prediction

Failure prediction is a process to tell whether a failure event
will occur in the near future [22]. With failure prediction in
hand, proactive actions such as process migration [36] can
prevent failure experiencing and avoid rollbacks. Nevertheless,
prediction misses and false alarms are commonly associated
with failure predictors. The prediction misses can lead to
performance damage, whereas false alarms can invoke unnec-
essary proactive action overhead. In this set of experiments,
we assume that the process migration overhead is two times
of checkpoint overhead, e.g., Opm = 2Ockp [35]. Similar
method can be used to analyze live migration where migration
overhead is small.

Prediction accuracy is generally measured by two metrics:
precision and recall. Precision is proportion of correct pre-
dictions to all the predictions (i.e., TP

TP+FP ), and recall is the
proportion of correct predictions to the number of failures (i.e.,

TP
TP+FN ). Here TP is true positive, FP is false positive, and
FN is false negative. A good predictor engine should obtain
a high value for both metrics [35].

Given the failure rate λa, and prediction accuracy (i.e.,
precision and recall), the failure rate is reduced to λ̂a =
(1 − recall)λa. The expected number of failures is λa ×
executiontime. Then the number of true positives is TP =
recall×λa×executiontime and the number of all the positive
predictions is TP + FN = recall×λa×executiontime

precision . Suppose
every positive prediction will trigger a process migration, the
total migration overhead is 2Ockp × recall×λa×executiontime

precision .
Thus, the expected execution time is as follows:

E(Tf cm(W )) =
eμλ̂a

λ̂a

(e(τ̂+Ockp)λ̂a − 1)
W

τ̂
(1 +

recall × 2λaOckp

precision
),

(14)

where τ̂ is the optimal checkpoint interval based on failure
rate λ̂a.

Based on Equation 14, we can derive the following models
from SA

f c and SG
f c:

SA
f cm = 1

eμλ̂a

λ̂a
(e(τ̂+Ockp)λ̂a−1)

P (1−α)+α
τ̂P (1+

recall×2λaOckp
precision )

,

(15)
where Ockp = a + bP .

SG
f cm = 1 − α + P

eμλ̂a

λ̂a
(e(τ̂+Ockp)λ̂a−1) 1

τ̂ +
recall×2λaOckp

precision

−(1 − α)P,
(16)

where Ockp = aP + bP .
To study how prediction accuracy impacts application scal-

ability, we keep one metrics as 0.75 and shift the other one
from 0.5 to 0.9. As shown in Figure 7, failure prediction with
process migration can boost the maximal achievable fixed-size
and fixed-time speedup. Another observation is that recall has
more impact on application performance than precision. For
example, the maximal SA

f c is improved from 8.26 to 8.81 as
recall increases from 0.5 to 0.9, whereas the maximal SA

f c

only increases 0.06 as precision grows up from 0.5 to 0.9.
The main reason is that, high recall can not only prevent work
loss but also reduce the frequency of checkpointing; whereas
high precision only reduces unnecessary process migration
overhead.
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Fig. 7. Failure prediction with process migration mitigates the impact of
failures on SA

f c and SA
f m. α = 0.9, workload=2000 hours,λ = 1

7500
hours,

μ = 2 hours.

IX. CONCLUSIONS

In this paper, we have presented several reliability-aware
models to extend Amdahl’s law and Gustafson’s law by
considering the impact of failures and fault tolerance tech-
niques. Trace-based simulations with failure logs collected
from production systems have demonstrated that our models
can better represent application performance and scalability in
the presence of failures. Further, we have also used the models
to demonstrated the benefits of fast recovery and proactive
failure prevention via process migration.
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Our study has some limitations that remain as our future
work. First, in addition to checkpointing, we plan to incorpo-
rate other fault tolerance technologies, such as replication [14],
live migration [36], and cooperative checkpointing [31] into
our models. Next, extensive experiments will be conducted
to evaluate our reliability-aware models with the failure logs
collected from various large-scale systems.
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