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Abstract

Parabolic systems are governed by time dependent partial di�erential equations. To

obtain a high simulation quality that captures important features of a parabolic sys-

tem requires solving the governing equation to an adequately high accuracy, which

necessitates a large sampling size in both the spatial and temporal dimensions of

the simulated system, and hence a large amount of processing data and high com-

puting cost. Domain decomposition is an e�ective method of divide-and-conquer

paradigm that divides the problem domain into several subdomains, reducing the

original problem into several smaller interdependent problems which can be solved

in parallel.

In this dissertation, we propose a class of stabilized explicit-implicit time march-

ing (SEITM) domain decomposition algorithms for parabolic equations. Explicit-

implicit time marching (EITM) algorithms are globally non-iterative nonoverlap-

ping domain decomposition methods, which, when compared with Schwartz algo-

rithm based parabolic solvers, are both computationally and communicationally

eÆcient for each time step simulation but su�er from small time step size restric-

tions due to conditional stability. The proposed stabilization techniques in the

SEITM algorithms retain the time-stepwise eÆciency in computation and com-

munication of the EITM algorithms but free the algorithms from small time step

size restrictions, rendering SEITM algorithms excellent candidates for large scale

parallel simulation problems. Three algorithms of the SEITM class are presented

in this dissertation, which are mathematically analyzed and experimentally tested

to show excellent numerical stability, computation and communication eÆciencies,
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and high parallel speedup and scalability.
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1 Introduction

Computer simulation has become a powerful means of understanding the structure

and behavior of complex systems, including climate and weather forecasting, air

and water pollution management, molecular design for new material and new drugs,

biochemistry and bioengineering, aerodynamics optimization of cars and planes,

design of engines, etc. With the advent of cheaper but more powerful machines,

computers can perform realistic \experiments" with results comparable to \physical

experiments". Such realistic computer \experiments" usually involve the solution

of equation systems on a scale large in both time and space. Thus algorithms for

solving large scale problems on advanced machine architecture is increasingly in

demand.

Many physical, chemical and biological systems studied in science and engi-

neering evolve with time. We call such a system an evolutionary system. Thus

evolutionary systems are governed by time dependent di�erential equations. To

numerically simulate an evolutionary system, we need to solve the di�erential

equation or equations that govern the system. Since these governing equations

have both time and space variables, the amount of simulation data is usually very

large due to the large number of sampling points in a temporal-spatial grid. When

the spatial domain of the system is irregular it is more challenging to achieve ef-

�cient simulations. Domain decomposition [13, 31] is an e�ective method to solve

such problems by dividing the spatial problem domain into several less irregular

subdomains, thus reducing the original problem into several smaller interdependent

problems on less irregular sub-domains which can be solved in parallel.
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1.1 The Problem

In this dissertation we are interested in domain decomposition based parallel algo-

rithms for the simulation of evolutionary systems governed by the initial boundary

value problem of the parabolic equation8>>>>>>><>>>>>>>:

@u(t;x)
@t

=
Pk

i=1
@
@xi

�
ai(x)

@u
@xi

+ 2bi(x)u
�
+c(x)u+f(t; x); x2
; t�0

Bu(t; x) = ub(t; x); x2@
; t�0;

u(0; x) = u
0(x); x2
;

(1.1)

where the problem domain 
 is a compact subset in Rk with k=2 or 3, and the

spatial variable x = (xi)
k
i=1. B is a boundary operator with B = I representing

the Dirichlet boundary condition and B = @u
@n

representing the Neumann boundary

condition, here n is the normal vector of the boundary @
. The functions ai

and bi are continuously di�erentiable, and c and f are continuous. For notational

simplicity, we denote the spatial operator by A, namely

Au =
kX
i=1

@
@xi

�
ai(x)

@u
@xi

+ 2bi(x)u
�
+ c(x)u: (1.2)

Then the evolutionary system (1.1) can be concisely written as8>>>>>>><>>>>>>>:

@
@t
u(t; x) = Au(t; x) + f(t; x); x2
; t � 0

Bu(t; x) = ub(t; x); x2@
; t � 0;

u(0; x) = u
0(x); x2
;

(1.3)

The system covers many evolutionary processes including heat transfer, chemical

convection and di�usion, microbial transport [54]. When the system (1.3) repre-

sents a heat transfer process, the function c(x) corresponds to heat source at point

x if c(x) > 0 or sink if c(x) < 0. The operator A could be inde�nite if c(x) > 0
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at some points x. Here inde�nite refers to the situation that A does not have el-

lipticity and has both positive and negative eigenvalues. When A is inde�nite, the

system (1.3) is unstable and could have solutions with exponential growth for some

initial conditions. Here an evolutionary system is called stable [12] if the spectrum

(or counterpart of eigenvalues of a matrix) of the spatial operator A is non-positive.

The purposes of this dissertation are to propose a class of eÆcient and scalable

parallel domain decomposition algorithms, and to examine their properties under

both mathematical rigor and practical experimentation. In order to discuss the

mathematics behind the algorithmical design and experimental observation, we

put the problem in the Hilbert space L2(
) with k � k and h�; �i denoting the L2

norm and inner product respectively. With the choice of this Hilbert space, we �rst

list some properties of the problem (1.3) which are mathematical representation of

important physical properties of time dependent systems. These properties, later

in the dissertation, will be utilized to design and analyze our numerical simulation

algorithms.

Much of the knowledge of human being is gained through experiments. But

people learn from experiments only when the experiments are repeatable, that is, if

one repeats an experiment with all the conditions being the same, the experiment

should produce the same result; and when the experiment conditions have a small

change, the experiment outcome should also has only a small change. This gives

rise to the concept of well-posedness for an evolutionary system. An evolutionary

system is called well-posed if

( i ) for each initial value in the domain of the densely de�ned spatial operator A,

3



there exists a solution;

(i i) for each solution u(t; x; u0) with initial value u0, u(t2+t1; x; u
0) = u(t2; x; u

1),

where u1 = u(t1; x; y; u
0).

(iii) u(t; x; y; u0) continuously depends on u
0, i.e. there exists an increasing posi-

tive function M(t) such that ku(t)k �M(t)ku0k.

When the system (1.3) is well-posed, the solution for initial condition u
0(x) can

be expressed as [26, 49] u(t; x) = e
tA
u
0(x), where etA is a bounded linear operator

for each t � 0 and satis�es e(t2+t1)A = e
t2Ae

t1A and ketAk � M(t). It is known

[46] that systems satisfying the quasi-dissipative condition are well-posed. A quasi-

dissipative evolutionary system is such a system that its spatial operator A satis�es

hAv; vi+hv; Avi � 2!kvk2 for all functions v 2D(A) with v(x) = 0 at boundary

points x2@
 for some constant !, where D(A) denotes the domain of the operator

A. When the quasi-dissipativity constant ! = 0, the system is called dissipative.

For example, when A is the Laplace operator
P

i
@2

@x2
i

, A is negative de�nite and thus

dissipative. Using the rule of integrating by parts, it is veri�able that the general

parabolic evolutionary system (1.3) is quasi-dissipative, and the quasi-dissipativity

constant ! is bounded by maxfc(x)+Pk
i=1

@bi(x)
@xi

: x2
g. Quasi-dissipative systems

include a large class of evolutionary processes, e.g. di�usion, convection and wave

propagation processes.

To numerically simulate the system, it is necessary to discretize the equation

spatially on a discrete sampling grid 
h with spatial mesh size h = (hxi)
k
i=1, result-

4



ing in a spatially discrete evolutionary system8>>>>>>><>>>>>>>:

d
dt
uh(t; x) = Ahuh(t; x) + f(t; x); x2
h; t � 0;

Bhuh(t; x) = ub; x2@
h; t � 0;

uh(0; x) = u
0(x); x2
h;

(1.4)

The de�nition of well-posedness and quasi-dissipativity are also valid for the dis-

crete system (1.4). With standard second order �nite di�erence discretization

schemes for the elliptic operator A (see [3]), the discrete evolutionary system (1.4)

retains the quasi-dissipativity condition

hAhv; vi+ hv; Ahvi < 2!kvk2 for all v2L2(
h) (1.5)

for all spatial mesh size h, where ! = maxfc(x) +Pk
i=1

@bi
@xi

: x2
g. Here the L2

space on the discrete domain 
h is the �nite dimensional space R
N with N being

the number of grid points in 
h, and the inner product h�; �i in L
2(
h) is de�ned

as hu; vi = u
t
v for vectors u; v2RN .

1.2 Considerations in Algorithm Design

The �nal purpose of all numerical simulations is to arrive at an approximate numer-

ical solution within a given error tolerance with the lowest possible computing time.

For a parallel simulation algorithm running on multi-processor, distributed memory

machines with each processor having its own local memory, the total computing

time comes from two types of operations: computation operations | arithmetic

operations of 
oating point numbers, and communication operations that cause the

transfer of data among the local memory of di�erent processors. In this section,

5



we list some algorithmic features that a�ect the computation and communication

cost of domain decomposition based parallel algorithms.

1.2.1 Stability

In addition to spatial discretization, equation (1.4) also needs to be temporally

discretized. To discretize (1.4) in time, we can use explicit schemes like the �rst

order forward Euler scheme

u
n+1
h = (I + �tAh)u

n
h +O

�
(�t)2

�

to compute an approximate solution u
n+1
h at time step n+1 from the already

computed approximate solution u
n
h at time step n. The forward Euler scheme

requires only a multiplication of the matrix (I+�tAh) and the vector u
n
h. Thus the

forward Euler scheme is computationally eÆcient for each time step calculation, and

it is also eÆciently parallelizable due to the sparsity of the matrix Ah. But it has

a serious drawback | it is not unconditionally stable and requires a prohibitively

small time step size of �t = h2

6
[15, 40] for the scheme to be stable for the simulation

of the 3-D heat equation. This obviously necessitates a large number of simulation

time steps. Like the forward Euler scheme, existing explicit schemes all are not

unconditionally stable to the best of our knowledge, and have severe time step size

restriction. Thus high temporal order explicit scheme have no advantage over the

�rst order forward Euler scheme in the reduction of simulation time steps due to

this time step size restriction.

To have freedom from time step size restrictions, implicit schemes like the �rst

6



order backward Euler scheme

(I � �tAh)u
n+1
h = uh +O((�t)2) (1.6)

or second order Crank-Nicolson scheme

(I � �t

2
Ah)u

n+1
h = (I +

�t

2
Ah)u

n
h +O

�
(�t)3

�
(1.7)

can be used to approximate the spatially discretized problem (1.4) temporally.

Both the back Euler scheme and the Crank-Nicolson scheme require solving an

elliptic equation of the form

(I � �Ah)uh = r: (1.8)

It is much more computationally expensive to solve the above equation than to

perform the matrix-vector multiplication in the forward Euler scheme. And the

parallelization of an solver for equation (1.8) is also much more communicationally

costly than to parallelize a matrix-vector product.

The Schwartz alternating algorithms [8, 9, 10, 13, 22, 31, 32, 56, 57] are glob-

ally iterative domain decomposition procedures for solving elliptic problems with

domain decomposition based matrix splittings to enhance parallelism and local-

ized treatment of irregular geometries. Here the term \globally" refers to the part

of a solution process that is carried over the entire problem domain as opposed

to solution processes for subdomain problems which could be either iterative or

direct. Combined with multigrid technique using two grid levels, the Schwartz al-

gorithms can achieve a good global convergence rate independent of spatial mesh

size [8]. For parabolic evolutionary systems, after implicit temporal discretization,

7



a sequence of elliptic equations of the form (1.8) need to be solved, so the Schwartz

algorithms can be used in the parallel simulation of parabolic systems by solving

the elliptic equation (1.8) in parallel. Cai [6, 7] used the Schwartz in this manner

to solve parabolic problems. Since the Schwartz algorithms are solvers for the el-

liptic equation (1.8) resulted from temporal discretization, it has an advantage in

preserving the unconditional stability of implicit temporal discretizations as along

as the Schwartz solver iterates until the solution error becomes small enough to

have no in
uence on the stability of the temporal schemes.

1.2.2 Overlapping or Non-overlapping

The eÆciency of a parallel algorithms depends on its computation and communi-

cation eÆciencies. The computation eÆciency is determined by the 
oating points

operations the algorithm executes for a problem of given size, and the communi-

cation eÆciency, in addition to machine dependent factors like data transferring

rate and transmission startup overhead, depends on the number of data transmis-

sion operations and the amount of data transferred in each transmission operation.

But since communication is much more time consuming per byte than computa-

tion, it is important for parallel algorithms to keep a calculated balance between

computation and communication.

Schwartz algorithms can be classi�ed into overlapping and non-overlapping de-

pending on whether the subdomains overlap. If di�erent subdomains are assigned

to di�erent processors, obviously overlapping algorithms have much larger commu-

nication cost for each iteration since the data on the overlap area need to be trans-

8



mitted between the processors assigned to the subdomains that cover the overlap

area. However, if an overlapping algorithms has much \faster" convergence and

requires many fewer iterations for solving equation (1.8) when compared with a

non-overlapping algorithm, the high per-iteration communication cost maybe can

be compensated by the fast convergence. But how many iterations an overlapping

algorithm need to reduce in order to make itself a competitive one against non-

overlapping algorithms is not very easy to determine. It depends on the size of

overlap area, the nature of the problem that a�ects the convergence rate, and the

machine on which the code of the algorithm is running. For evolutionary systems,

only considering the convergence rate of an iterative solver for the equation (1.8)

is not enough since there is another convergence that a�ects the overall compu-

tation and communication cost considerably | the convergence with respect to

the temporal approximation. This makes the decision of choosing overlapping or

non-overlapping, or the optimal (or near-optimal) degree of overlapping a diÆcult

and programmably complicated process.

1.2.3 Globally Iterative or Non-iterative

One solution to this decision problem of choosing an overlapping size is to �x the

number of iterations at each time step and then determine an appropriate size of

overlapping. An example of this approach is Kuznetsov's one-iteration overlapping

Schwartz algorithm [34] for the solution of the elliptic equation (1.8) obtained

from an implicit temporal discretization of parabolic problems. Kuznetsov's elliptic

solver has a good stability condition, but requires an overlap size of O(
p
�t log �)

9



for an local error tolerance of O(�). With an O(h2) spatial discretization, the

Crank-Nicolson scheme (1.7) has a local truncation error of O(�t h2+�t 3). Thus,

Kuznetsov's algorithm requires an overlap size of O(
p
h log(h3)) to reach a local

accuracy of O(h3) with �t = h.

Similar to the decision of choosing a degree of overlapping, the choice between

global iterative and non-iterative algorithms also requires careful weighing of their

respective advantages and disadvantages. And these advantages and disadvantages

must be considered together with other concerns like overlapping and stability. For

general parabolic evolutionary equations, the temporally discretized equation (1.8)

is usually not separable and eÆcient non-iterative elliptic solvers like the FFT based

direct method [29] are not applicable. For non-separable elliptic equations, iterative

methods usually are more eÆcient than direct methods to reach an accuracy of the

same order as the truncation error. However, global iterative algorithms incur

repeated data transmission among processors.

For parabolic evolution problems, the solutions of the elliptic equation (1.8) are

temporally related by the temporally non-discretized equation (1.4). Thus good

initial guess of the solution of (1.8) can be constructed using eÆcient predicting

procedures like explicit schemes. If we can reduce some, if not all, of the instability

causing factors in the explicit schemes with one or two iterations, we might obtain

an algorithm that is time-stepwisely more eÆcient than the implicit schemes but

numerically more stable than the explicit schemes. Such considerations are the

starting points of our algorithm design strategy.

10



1.3 Existing Globally Non-iterative Algorithms

In the section, we brie
y describe some existing globally non-iterative (or one-

iteration) domain decomposition algorithms.

1.3.1 An Overlapping Algorithm

In 1998, Mathew, Polyakov, Russo and Wang [47] gave an overlapping algorithm

without the large overlap size requirement as in Kuznetsov's algorithm [34]. This

algorithm of Mathew et al. uses the decomposed domain to construct a partition of

unity which consists of non-negative smooth functions with each subdomain being

associated with a member function. Each member function of the partition of unity

is supported on and vanishes outside the subdomain it is associated with. Then a

splitting of the spatial operator A into

Ah = A1 + A2 + � � �+ Ap (1.9)

is constructed using the member functions that make up the partition of unity. Af-

ter splitting of the operator, they temporally discretize the equation using Douglas'

multi-dimensional ADI method [19]

u
n+1 = (I��t

2
A1)

�1 � � � (I� �t
2
Ap)

�1(I+�t
2
Ap) � � � (I+ �t

2
A1)u

n
; (1.10)

with the directional components of the operator A in Douglas' original ADI method

replaced by the components in the operator splitting (1.9). When compared with

Kuznetsov's algorithm, the algorithm of Mathew et al. is not subject to a large

overlap size requirement because they used the partition of unit to form an exact

splitting of A while Kuznetsov's algorithm uses an operator splitting which is only

11



approximate in the sense that

Ah � A1 + A2 + � � �+ Ap:

Kuznetsov utilized the property that the entries in the matrix (I � tAh)
�1 decay

rapidly when the positions of these entries are far away from the diagonal, so

for entries far away from the diagonal are in fact dropped from (I � tAh)
�1 with

Kuznetsov's splitting.

Mathew, Polyakov, Russo and Wang's construction of the operator splitting

through smooth, compactly supported member functions of the partition of unity

has another advantage, that is the elimination of the requirement of predicting

interface boundary conditions for the inverting operations in the ADI solving (1.10).

This is due to the property that each member function of the partition of unity

vanishes at the boundary of the subdomain with which it is associated. Since

ADI has a second order temporal accuracy, this domain decomposition algorithm

has an O((�t)3) local temporal accuracy. However, just like the original multi-

dimensional ADI method, it loses unconditional stability when the operator is split

into more than two non-commutative components. Thus the stability su�ers when

the number of subdomains is large.

1.3.2 Non-overlapping Domain Decomposition Algorithms

Since non-overlapping algorithms have low communication cost for each time step,

they are appealing for large problems on massively parallel machines. In the fol-

lowing, we list some non-overlapping domain decomposition algorithms that are

not of the type of explicit-implicit time marching (EITM). The EITM algorithms
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will be brie
y described in the section that follows.

In 1991, Dryja [21] proposed a one-iteration �nite element solver for the equa-

tion

(I � �t
2
Ah)u

n+1
h = (I + �t

2
Ah)u

n
h

(1.11)

resulted from the Crank-Nicolson temporal discretization. In this algorithm, Dryja

uses a red-black ordering of the subdomains and divide the subdomains into two

groups 
1 and 
2. The equation (1.11) is then solved alternately on the two groups

of the subdomains as in the following.8>>><>>>:
u
n+1=2

h
�un

h

�t
= Ah

u
n+1=2

h
+un

h

2
; on 
1;

u
n+1=2
h = u

n
h; on 
2;

(1.12)

8>>><>>>:
un+1
h

�u
n+1=2

h

�t
= Ah

un+1
h

+u
n+1=2

h

2
; on 
2;

u
n+1
h = u

n+1=2
h ; on 
1:

(1.13)

Thus from a temporal discretization point of view, Dryja's solver is a fractional

step method. When viewed as an elliptic solver, it is a one-iteration multiplicative

Schwartz algorithm. From (1.12) and (1.13) it can be easily derived that the

algorithm is representable as

u
n+1
h = (I � �t

2
A2)

�1(I + �t
2
A2)(I � �t

2
A1)

�1(I + �t
2
A1)u

n
h;

where A1 and A2 are the restrictions of the matrix Ah on 
1 and 
2 respectively.

With the above representation, it is immediately seen that this algorithm is un-

conditionally stable since for each i = 1; 2,

k(I � �t
2
Ai)

�1(I + �t
2
Ai)k � e

!�t
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for some norm k � k. However, as Dryja himself pointed out, this algorithm has a

large global error of order O(
p
�t+ h) when �t is proportional to h.

An algorithm with better global error was proposed by Laevsky [35] for the

entire domain decomposed into two subdomains 
1 and 
2. His algorithm uses the

Galerkin method for the elliptic ADI-solver of the Crank-Nicolson scheme8>>><>>>:
u
n+1=2

h
�un

h

�t=2
= A1u

n+1=2
h + A2u

n
h;

un+1
h

�u
n+1=2

h

�t=2
= A1u

n+1=2
h + A2u

n+1
h ;

(1.14)

where A1 and A2 are the restrictions of the matrix Ah on 
1 and 
2 respectively.

The global error of this algorithm is of order O(h + (�t)2 + �(1 + �)1=2) with

� = (�t)2=h. However the term �(1 + �)1=2 has placed a restriction on the ratio of

the �t and h.

The ADI scheme can be shown to be conditionally stable. The unconditional

stability of ADI scheme does not hold in general (see [67]). However the ADI scheme

with two splitting components is proven to satisfy the unconditional Von Neumann

stability condition and also proven to be unconditionally convergent [67]. However

when the operator is split into more than two non-commutative components, the

ADI scheme lose unconditional Von Neumann stability (also mentioned in [37] for

the unstability) and requires the time step size to be of �t = O(h2) for the multi-

component ADI scheme to converge. Thus when the entire domain is decomposed

into more than two subregions, Laevsky's algorithm (1.14) not only shall lose its

good stability condition, the term �(1 + �)1=2 will enlarge its global error to order

O(1) as well.

Another algorithm of Laevsky [38] that is unconditionally convergent is a mod-
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i�cation of the aforementioned Dryja's algorithm with a boundary treatment. This

algorithm has a global error of O(�t+ h).

1.3.3 Explicit-implicit Time Marching Algorithms

One reason for the low accuracy of the non-overlapping algorithms mentioned in the

previous section is due to the lack of an adequately accurate boundary condition at

the subdomain boundary points which are inside the entire problem domain. For

instance, in Dryja's algorithm (1.12)-(1.13) and in Laevsky's algorithm (1.14), both

the intermediate solution u
n+1=2
h and the solution un+1

h have no available information

for the interior boundary condition. An obvious solution is to use unh to provide

the interior boundary condition for u
n+1=2
h and u

n+1=2
h for un+1

h . This obviously

introduces errors into the simulation process.

Explicit-implicit algorithms have solved the problem of the availability of in-

terior boundary conditions. In 1988, Kuznetsov [34] proposed an explicit-implicit

scheme using a nonoverlapping domain decomposition. The boundary value of

u
n+1
h on the interior boundary of the subdomains is �rst predicted using an explicit

method. Then stable implicit temporal discretization scheme can be applied to the

equation on the subdomains and the resulted elliptic equation on each subdomain

can be solved independently using the predicted interface boundary conditions to-

gether with the exterior boundary conditions. When the forward Euler scheme is

used as the interface boundary condition predictor and the backward Euler scheme

is used for the temporal discretization of the equation (1.3) on the subdomains, the
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explicit-implicit method can be represented as

u
n+1
h = (I � �tA2)

�1(I + �tA1)u
n
h; (1.15)

where A1 denotes the restriction of Ah on the interface boundary and A2 the re-

striction of Ah on the complement of interface boundary in the entire domain.

However, the explicit predictor of the interface boundary condition causes numer-

ical instability unless the the time step size is restricted to �t = O(h2).


1 
2 � � � 
p�1 
p

Figure 1

Dawson, Du and Dupont [18] proposed an alternative explicit-implicit algorithm

in which the interface boundary condition predictor (I+�tA1) in (1.15) is factorized

into

(I + tA1) = (I � tA
y
1)
�1(I + tA

x
1)

for a domain decomposed as in Figure 1, where Ax
1 denote the x-directional di�er-

entiation component of the operator A1, and A
y
1 the y-directional di�erentiation

component. After the prediction of interface boundary conditions, the implicit

backward Euler temporal scheme (I � �tAh)u
n+1
h = u

n
h is applied to the system

(1.3) on the subdomains, which can be solved independently on each subdomain.

Thus, Dawson, DU and Dupont's algorithm can be expressed as

u
n+1
h = (I � �tA2)

�1(I � �tA
y
1)
�1(I + �tA

x
1)u

n
h (1.16)
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Using a wider spatial mesh H > h in the x-direction for the predictor, the time step

size is restricted to �t = O(H2) instead of �t = O(h2). Subject to the restriction

�t � H
2
=2 for the 2-D heat equation, the global error of their algorithm is of

O(h2+�t+�tH+H3). Thus takingH = h2=3

2
, the time step restriction is only �t =

h4=3

8
for the algorithm (1.16) but with a good global error of O(h2 + �t+ h

2=3�t).

A penalized explicit-implicit algorithm proposed by Black [1] has remedied the

stability related time step size restriction of the EITM algorithms, and achieved

numerically veri�ed unconditional stability. In her algorithm, Black [1] employed

a Du Fort-Frankel scheme as the explicit predictor. The Du Fort-Frankel scheme

contains a penalty term, which, in a fashion similar to what Funaro did in [24],

penalizes the unsmoothness of the solution across the interface boundary. This

penalized Du Fort-Frankel scheme achieves good numerical unconditional stability,

however it introduces an error term of O(�t
h
)2 for the heat equation, making the

algorithm inconsistent unless �t=h!0. Thus consistency comes only after paying

a price of restricting time step size to an order of O(h3=2) to achieve a �rst order

temporal accuracy, a restriction quantitatively similar to, though qualitatively dif-

ferent from, the restriction on the algorithm of Dawson, Du and Dupont. Though

not explicitly given in her paper, Black's algorithm is supposed to have a global

error of O
�
h
2 + �t+ (�t

h
)2
�
.

From all publications known to the author, Dawson, Du and Dupont's al-

gorithm and Black's algorithm have the highest accuracy among existing glob-

ally non-iterative, non-overlapping domain decomposition algorithms for parabolic

problems. There are other papers by Laevsky and his colleagues [36, 37] on explicit-
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implicit algorithms, but uncondiitonal stability is not attained and the global errors

are O(h+ �t) or even larger.

1.4 Outline of the Dissertation

To eliminate the stability or consistency related time step size restriction of the

EITM algorithms, we propose a class of stabilized explicit-implicit time march-

ing (SEITM) domain decomposition algorithms. Together with a generic parallel

SEITM algorithm with choices of the predictor, subdomain scheme and the stabi-

lizer open to the algorithm implementors and users, in Chapter 2 we present three

speci�c algorithms of this SEITM class as examples. One (denoted SEITM1) is

the stabilization of the algorithm (1.15) with the backward Euler scheme as the

stabilizer. Another (SEITM2) is the stabilization of Dawson, Du and Dupont's

algorithm (1.16) by a stabilizer designed for the predictor. The third (SEITM3)

di�ers from SEITM1 in that the subdomain temporal scheme is an approximate

directional factorization of the backward Euler, which retains the same temporal

accuracy but has reduced the computation complexity of the subdomain solver to

O(N) at each time step for a spatial domain of N grid points. This linear com-

plexity of the SEITM3 algorithm also holds for non-selfadjoint problems whose

spatially discretized matrix Ah is nonsymmetric. In Chapter 2 also have shown

that the stabilization technique proposed in this dissertation not only uncondition-

ally stabilizes the EITM algorithms and frees the EITM methods from time step

size restrictions, but also does not a�ect the accuracy of the spatial discretization.

More importantly for parallel computing, the stabilization has zero communica-
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tion cost and very low computation cost, yielding excellent parallel speedup and

scalability con�rmed by testings (in Chapter 4) on SGI Origin 2000 computers.

Two of the algorithms (SEITM1 and SEITM2) require solving elliptic equations

of the form (I � �Ah)u = r on the subdomains. Since the proposed stabilization

does not have an adverse e�ect on the spatial discretization accuracy, in order to be

able to experimentally verify the preservation of the spatial accuracy of the SEITM

algorithm, in Chapter 3 we develop several high order solvers for the generalized

Helmholtz equation��u+f(x; y)u = r, which arises when the evolutionary system

(1.1) has a heat source/sink term c(x).

In Chapter 4 we carry out numerical experiments of the three SEITM algorithms

on several testing problems, including several convection-di�usion problems and

an unstable convection-di�usion problems with an inde�nite spatial operator. We

also have combined a high order elliptic solver presented in Chapter 3 with the

SEITM1 algorithm, and applied the spatially high order SEITM1 algorithm to

a testing problem. Experimental data are used to examine the stability, parallel

speedup and eÆciency of the SEITM algorithms, as well as the e�ectivenss of the

spatial accuracy preservation. Summarizing remarks of the dissertation are given

in Chapter 4.
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2 The Domain Decomposition Algorithms

2.1 A Generic Parallel Domain Decomposition Algorithm

The entire domain 
 is divided into p subdomains 
1, 
2, �, 
p (e.g. as in �gure

below) with interface boundaries denoted by �. The complement of the interface

boundary is the subdomains whose union is denoted by �c, namely, �c = 
1[
2 [

� � �[
p, and then 
 = �[�c. With this decomposition of the original non-discrete


1 
2 � � � 
p�1 
p

Figure 2

domain 
, we de�ne the partitioning of the discrete domain 
h simply by inheriting

the partitioning of the original domain:8>>>>>>><>>>>>>>:


h;i = 
h \ 
i for i = 1; 2; � � � ; p;

�h = 
h \ �;

�ch = 
h \ �c:

We denote the interface boundary between subdomains 
i and 
j by �i;j for i < j

(�i;j could be an empty set), and denote the i-th processor by pi. Now a generic

parallel domain decomposition algorithm (SEITM) for computing the solution un+1
h

at the (n+1)-th time step from the current n-th time step is given below.

The SEITM Algorithm

0. Assign subdomain 
i and interface boundary �i;j to pi.
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1. Compute un+1h at �h using an explicit scheme. Then pass from pi to pj the newly

predicted u
n+1
h on �i;j.

These computed data provide the interface boundary conditions.

2. Compute u
n+1
h on the subdomains �ch using any unconditionally stable scheme

with the interface boundary conditions computed at step 1 as boundary condi-

tions. Then pass part of the just computed data of un+1 on the subdomain from

pj to pi for the stabilization operation at the next step.

Using any unconditionally stable temporal scheme results in an elliptic equa-

tion to be solved. The solution of the elliptic equation can be carried out

mutually independently on the subdomains and thus in parallel.

3. Throw away the interface boundary condition computed at step 1, and bring back

u
n on �h. Then implicitly re-compute un+1

h on �h, using solution data u
n+1
h on

�ch nearby as boundary conditions.

Go back to step 1 for the next time step iteration.

In step 1 of the algorithm, we do not pass any part of un from pj to pi before

the explicit computation of the interface boundary condition (IBC) un+1. The

computation of the IBC does need those data. However since processor pi already

received them from pj at step 2 of the previous time step and no update has been

performed on the data on the subdomains, no data transfer is necessary.

On the other hand, for any explicit-implicit domain decomposition method

the two data transfer operations in the �rst two steps are necessary for predict-

ing the interface boundary condition and for implicitly computing the solution on
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the neighboring subdomain assigned to another processor. Thus compared with

explicit-implicit domain decomposition algorithms, the SEITM algorithm has no

extra communication cost as the following theorem states.

Theorem 2.1 The stabilization (step 3) employed in SEITM algorithm to stabilize

the explicitly predicted interface boundary condition is communicationally overhead

free.

Furthermore, using any method (including the explicit forward Euler temporal

discretization which requires only one matrix-vector multiplication for each time

step), it needs solution data from nearby to compute the solution on the inter-

face boundary. This incurs one data transferring operation. And to compute the

solution near the interface boundary also incurs one data transferring operation.

Thus time-stepwisely, the minimal number of data transferring operations is two

for any parallel algorithm using any temporal discretization scheme. Therefore, we

have arrived at the following conclusion concerning the communication cost of the

parallel SEITM methods.

Theorem 2.2 The parallel SEITM algorithm is optimal in terms of number of

data transferring operations for each time step.

When each of the two data transferring operations are carried out by p�1

processors simultaneously with almost equal load,1 the total communication time

1This can be easily achieved when the domain is decomposed as in Figures 2 or 3, where the

interface boundaries do not cross into each other. We leave the interface boundary treatment

for more general domain partitioning strategies to a future project [68] and concentrate on the

discussion of the proposed stabilization technique for EITM algorithms in this dissertation.
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Figure  3

of each time step satis�es

Tcomm � 2�
N�

p�1 + �; (2.1)

where � is some system dependent data transfer rate, � is the communication

startup overhead, and N� denotes the number of grid points on the interface bound-

aries.

The computation cost of the stabilization process of the SEITM algorithm is

proportional to the number of grid points N� on the interface boundary �h. But

since N� is much smaller than the total number of grid points (denoted by N), the

computation overhead of the stabilization is very small and negligible. Assume the

function of computation cost bound for the predictor, the subdomain solver and

the stabilizer are the same and denoted by �. Then the total computation cost

at each time step is the sum of the prediction time �
�
N�

p�1

�
, the subdomain solver

time �
�
N�N�

p

�
and the stabilization time �

�
N�

p�1

�
, yielding

Tcomp = 2�
�
N�

p�1

�
+ �

�
N�N�

p

�
: (2.2)

Cost function usually increases faster than linear or at least linearly, which means8>>><>>>:
�(n) � p �

�
n
p

�
;

�(n) � �(n�n0) + f(n0);

(2.3)
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for n0 � n. Then the parallel speedup, de�ned as single processor execution time

T1 over parallel execution time Tp, can be estimated from (2.1), (2.2) and (2.3) as

follows.

Sp = T1=Tp = T1=(Tcomp + Tcomm)

=
�(N)

2�( N�

p�1
) + �(N�Nb

p
) + 2�N�

p�1
+ �

� �(N)
2�(N�)
p�1

+ �(N)��(N�)
p

+ 2�N�

p�1
+ �

� p �(N)

�(N) + p
p�1

[2�N�+�+�(N�)]
:

And the corresponding eÆciency, de�ned as speedup over number of processors, is

Ep =
�(N)

�(N) + p
p�1

[2�N�+�+�(N�)]
:

As analyzed above, the SEITM methods are computationally and communi-

cationally eÆcient for each time step. If they further has good stability to free

themselves from excessively small time step size restriction, the time-stepwisely

eÆcient SEITM will possess great potential for large simulation problems on dis-

tributed memory architecture machines. In next three sections, we shall present

three speci�c SEITM algorithms where the stabilizers stabilize the respective in-

terface boundary condition predictors.

2.2 The Stabilized Forward-backward Euler Algorithm

The SEITM algorithm given in Section 2.1 is generic and allows many choices for

the explicit predictor in step 1, the subdomain scheme in step 2, and the stabilizer

in step 3. Starting from this section, we shall present three SEITM algorithms

24



with di�erent choices for the predictor, the subdomain temporal scheme and the

stabilizer.

Before we present the algorithms, we would like to make precise the meaning

of the notations to be used in the algorithms. Let Bh = 
h \ @
 to denote the

set of exterior boundary points. Let the solution u
n
h at time step n be a vector in

L
2(
h) which vanishes on Bh, where L

2(
h) is de�ned at the end of Section 1.1. We

denote by unb and f
n the exterior boundary condition and the term f(t; x) in (1.3)

at time step n, with unb being a vector in L
2(
h) supported on Bh and f

n2L2(
h).

The square matrix Ah is the discrete spatial operator on L
2(
h) which keeps the

entries corresponding to boundary grid points invariant, that is �Bh
Ahu

n
b =

�
Bh
u
n
b ,

where where �
S is a diagonal matrix with 1 on the positions corresponding to

the grid points in the subset S � 
h and 0 elsewhere. We use I denotes the

identity matrix on L
2(
h). With these notations we are ready to present, in this

section, the simplest SEITM algorithm together with rigorous stability, accuracy

and convergence analysis.

We choose the forward Euler scheme for the �rst step of the SEITM algorithm.

Then the interface boundary condition predictor is mathematically representable

as 8>>><>>>:
�
�h u

n+1=3
h = �

�h [(I+�tAh)(u
n
h+u

n
b ) + �tfn];

�
�c
h
u
n+1=3
h = �

�c
h
u
n
h:

(2.4)

We choose the backward Euler scheme to discretize the equation (1.3) on the
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subdomains, obtaining8>>><>>>:
�
�c
h
(I��tAh)(��c

h
u
n+2=3
h +�

�hu
n+1=3
h +un+1

b ) = �
�c
h
[unh + �tfn+1];

�
�h u

n+2=3
h = �

�h u
n+1=3
h ;

(2.5)

where the terms �
�h u

n+1=3
h and u

n+1
b on the left hand side serve as boundary

conditions for the equation on the subdomains �ch.

In the stabilization process the predicted interface boundary condition ��hu
n+1=3
h

is thrown away and �
�hu

n
h is brought back, and then the backward Euler scheme

is used for the stabilization, so it has the representation8>>><>>>:
�
�h (I��tAh)(��h u

n+1
h + �

�c
h
u
n+2=3
h + u

n+1
b ) = �

�h [u
n
h + �tfn+1];

�
�c
h
u
n+1
h = �

�c
h
u
n+2=3
h :

(2.6)

We call the algorithm given by (2.4)-(2.5)-(2.6) the SEITM1 algorithm.

Now we derive the temporal error of the SEITM1 algorithm. Let uh(t) denote

the true solution of the spatially discretized problem (1.4). For n 2N, let enh =

uh(n�t)�u
n
h. Then e

n
h is the temporal error of the computed solution u

n
h. We have

the following result concerning the temporal error of solution computed using the

SEITM1 algorithm.

Theorem 2.3 The temporal error satis�es

e
n+1
h = (I��tA1)

�1
h
�
�h+

�
�c
h
(I��tA2)

�1(I��tA1)
i
e
n
h +O

�
(�t)2

�
; (2.7)

where A1 =��h Ah and A2 =��c
h
Ah, and

O

�
(�t)2

�
= (�t)2

2
(I��tA1)

�1
h
(I��tA2)

�1
�
�
�h
d2uh(�1)

dt2
��

�c
h

d2uh(�2)
dt2

�
��

�h
d2uh(�2)

dt2

i
:

(2.8)

for some �1; �22 [tn; tn+1].
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Proof: For notational simplicity, let n�t = tn for all n 2N. We introduce two

notations 8>>><>>>:
e
n+1=3
h = �

�h [uh(tn+1)+ �
�c
h
uh(tn)]� u

n+1=3
h ;

e
n+2=3
h = uh(tn+1)� u

n+2=3
h :

We prove the theorem in three steps by proving the following three equations.

( i ) e
n+1=3
h = (I + �tA1)eh +

(�t)2

2
�
�h

d2uh(�1)
dt2

.

(i i) (I��tA2)e
n+2=3
h = e

n+1=3 � 1
2
(�t)2 ��c

h

d2uh(�2)
dt2

.

(iii) (I��tA1)e
n+1
h =��h e

n
h+

�
�c
h
e
n+2=3
h � 1

2
(�t)2 ��h

d2uh(�2)
dt2

.

( i ). We start by establishing the relation between e
n+1=3
h and e

n
h. Since �

�c
h

u
n+1=3
h =��c

h
u
n
h,

e
n+1=3
h = uh(tn+1)� u

n+1=3
h

= �
�h [uh(tn+1)� u

n+1=3
h ]+ �

�c
h
[uh(tn)� u

n
h]

= �
�h [uh(tn+1)� u

n+1=3
h ]+ �

�c
h
e
n
h:

(2.9)

Using Taylor's expansion, we have that

uh(tn+1) = (I + �tAh)[uh(tn) + u
n
b ] + �tfn + (�t)2

2
d2uh(�1)

dt2
(2.10)

for some �12 [tn; tn+1]. Then using (2.4) and (2.10), from (2.9) we obtain

e
n+1=3
h = �

�h (I + �tAh)[uh(tn)� u
n
h] +

�
�c
h
e
n
h +

1
2
(�t)2 ��h

d2uh(�1)
dt2

= �
�h (I + �tAh)e

n
h +

�
�c
h
e
n
h +

1
2
(�t)2 ��h

d2uh(�1)
dt2

:

Since �
2
�h
=��h and

�
�h
�
�c
h
= 0, from the above equation we obtain

e
n+1=3
h = �

�h (I + �t ��hAh)eh+ �
�c
h
(I + �t ��hAh)eh +

1
2
(�t)2 ��h

d2uh(�1)
dt2

= (I + �t ��hAh)eh +
1
2
(�t)2 ��h

d2uh(�1)
dt2

:
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Since A1 =��hAh, the above equation becomes

e
n+1=3
h = (I + �tA1)eh +

(�t)2

2
�
�h

d2uh(�1)
dt2

: (2.11)

(i i). Then we establish the equation relating e
n+2=3
h and e

n+1=3
h . Since ��c

h
u
n+1=3 =��c

h

u
n and �

�hu
n+2=3
h =��hu

n+1=3
h , the subdomain scheme (2.5) implies that

�
�c
h
(I��tAh)[u

n+2=3
h +un+1

b ] = �
�c
h
(u

n+1=3
h +�tfn+1): (2.12)

Using Taylor expansion we obtain

(I � �tAh)[uh(tn+1) + u
n+1
b ] = uh(tn) + �tfn+1 � (�t)2

2
d2uh(�2)

dt2
: (2.13)

for some �22 [tn; tn+1]. Thus from (2.12) and (2.13) it follows that

�
�c
h
(I��tAh)[uh(tn+1)�un+2=3

h ] = �
�c
h
[uh(tn)�un+1=3

h � 1
2
(�t)2 d

2uh(�2)
dt2

]

= �
�c
h
[en+1=3 � 1

2
(�t)2 d

2(�2)
dt2

];

which means that

�
�c
h
(I � �tA2)e

n+2=3
h = �

�c
h
[en+1=3 � 1

2
(�t)2 d

2uh(�2)
dt2

]: (2.14)

On the other hand, since ��h u
n+2=3
h = �

�h u
n+1=3
h we have that

�
�h (I � �tA2)e

n+2=3
h = �

�h (I��tA2)[uh(tn+1)� u
n+2=3
h ]

= �
�h (I � 0)[uh(tn+1)� u

n+1=3
h ]

= �
�h e

n+1=3
h :

Combining with (2.14), the above equation produces

(I��tA2)e
n+2=3
h = e

n+1=3 � 1
2
(�t)2 ��c

h

d2uh(�2)
dt2

: (2.15)
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(iii). Now we establish the equation relating en+1
h to e

n+2=3
h and e

n
h. From (2.6) we

obtain �
�h (I��tAh)[u

n+1
h + u

n+1
b ] =��h [unh + �tfn+1], which, together with the

Taylor expansion (2.13), implies

�
�h (I��tAh)[uh(tn+1)� u

n+1
h ] =��h [uh(tn)� u

n
h � 1

2
(�t)2 d

2uh(�2)
dt2

];

which is equivalent to

�
�h (I��tA1)e

n+1
h =��h [e

n
h � 1

2
(�t)2 d

2uh(�2)
dt2

]: (2.16)

On the other hand,

�
�c
h
(I��tA1)e

n+1
h = �

�c
h
e
n+1
h = �

�c
h
[uh(tn+1)� u

n+1
h ]

= �
�c
h
[uh(tn+1)� u

n+2=3
h ];

(2.17)

where the last equality is due to the equation �
�c
h
u
n+1
h = �

�c
h
u
n+2=3
h in (2.6).

Combining (2.16) and (2.16) we obtain

(I��tA1)e
n+1
h =��h e

n
h+

�
�c
h
e
n+2=3
h � 1

2
(�t)2 ��h

d2uh(�2)
dt2

: (2.18)

Now from (2.11), (2.15) and (2.18), the conclusion of this theorem follows.

The SEITM1 algorithm is proven in [67] to be unconditionally Von Neumann

stable and unconditionally convergent when the spatially discrete system (1.4) is

dissipative. Now we extend the result to the general case without dissipativity

assumption.

Theorem 2.4 Let G(�t; h) denote the error ampli�cation matrix of the SEITM1

algorithm in (2.7), namely,

G(�t; h) = (I��tA1)
�1
h
�
�h+

�
�c
h
(I��tA2)

�1(I��tA1)
i
:
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Let ! = maxfc(x) + Pk
i=1

@bi(x)
@xi

: x 2 
g, where bi(x) and c(x) are coeÆcient

functions in the evolutionary system (1.1). Suppose that the spatially discretized

system (1.4) satis�es the quasi-dissipativity condition (1.5). Then the algorithm

is unconditionally Von Neumann stable in the sense that the spectral radius of

G(�t; h) satis�es �(G(�t; h)) � e
7!�t

for �t2 [0; 1
8!
] for all h > 0.

To prove this theorem, we need Lemma 4.1, Lemma 4.2 and Lemma 4.3 in [67].

The three lemmas are given below.

Lemma 2.1 Let E be a Hilbert space with inner product h�; �i and norm k � k. Let

A be a C0-semigroup generator on E satisfying the quasi-dissipative condition

hAv; vi+ hv; Avi � 2!kvk2 (2.19)

for all v2D(A) for some constant ! � 0. Then





�I��t
2
A

�
�1�

I+ �t
2
A

�



 � e
2!�t

for all �t2 [0; 1
!
]:

Lemma 2.2 If the matrix Ah is symmetric and satis�es the quasi-dissipative con-

dition (1.5), then component matrices A1 and A2 de�ned in Theorem 2.3 (and

hence Ah itself also) satisfy the quasi-dissipative condition

hAiv; vih < ! hv; vih for all h > 0

with respect to the inner product h�; �ih given by

hf; gih := 2! hf; gi � hf; Ahgi : (2.20)

Lemma 2.3 Suppose Ah satis�es the quasi-dissipative condition (1.5). Then for

all �t2 [0; 1
8!
], f 2L2(
h) and h > 0,

k ��h (I�tA1)
�1
fk2h � e

4!tk ��h fk2h + (e4!t�1)k ��c
h
fk2h; (2.21)
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k ��c
h
(I�tA2)

�1
fk2h � e

4!tk ��c
h
fk2h + (e4!t�1)k ��h fk2h: (2.22)

Proof of Theorem 2.4: Let bG(�t; h) = (I��tA1)G(�t; h)(I��tA1)
�1. Since

similar matrices have the same spectral radius, we have that �( bG) = �(G). But

the k � kh norm of bG satis�es

k bG(�t; h)k2h = k��h(I��tA1)
�1
fk2h+




��c
h
(I��tA2)

�1(I+�tA1)(I��tA1)
�1
f




2
h

< e
4!�t

�
k ��hfk2h + k ��c

h
(I+�tA1)(I��tA1)

�1
fk2h

�
+

(e4!�t�1)
�
k ��c

h
fk2h + k ��h(I+�tA1)(I��tA1)

�1
fk2h

�
;

(2.23)

where the last inequality is due to Lemma 2.3. Since operator A1 operates only on

entries corresponding to grid points on �h, it was shown [67] that

�
�c
h
(I+�tA1)(I��tA1)

�1
f =��c

h
f:

Thus from (2.23),

k bG(�t; h)k2h < e
4!�t

�
k ��hfk2h + k ��c

h
fk2h

�
+

(e4!�t�1)
�
k ��c

h
fk2h + k ��h(I+�tA1)(I��tA1)

�1
fk2h

�
= e

4!�tkfk2h +

(e4!�t�1)
�
k ��c

h
fk2h + k ��h(I+�tA1)(I��tA1)

�1
fk2h

�
:

(2.24)

By Lemma 2.2 and Lemma 2.1, we also have k(I+�tA1)(I��tA1)
�1k2h < e

8!�t for

�t2 [0; 1
2!
]. Then from inequality (2.24) we further obtain

k bG(�t; h)k2h � e
4!�tkfk2h + (e4!�t�1)

�
k ��c

h
fk2h+e8!�tkfk2

�
� e

4!�tkfk2h + (e4!�t�1) (kfk2h + e
8!�tkfk2h)

� e
14!�tkfk2h;

(2.25)
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which means that k bGkh � e
7!�t. But �(G) = �( bG) � k bGkh, so the conclusion of

the theorem follows.

The next result concerns the global (including both temporal and spatial) error

of the SEITM1 algorithm. It reveals that the SEITM1 algorithm does not reduce

the order of the spatial discretization accuracy. This is good not only when com-

pared with existing stable non-iterative domain decomposition, more importantly

this property allows high order schemes be used to discretize the spatial operator

A. Numerical experiments with high order spatial discretization are presented in

Chapter 4.

Theorem 2.5 Let u(t) and uh(t) be the true solutions of the system (1.3) and the

spatially discrete system (1.4) respectively whose discrete operator Ah is symmetric

and satis�es the quasi-dissipativity condition (1.5). Suppose that both u(t) and

uh(t) are continuously twice di�erentiable in t and that the second derivative of

uh(t) are uniformly bounded for all h on any time interval [0; T ]. Let C
T

be a

bound of second derivative of u(t) and uh(t) on [0; T ] , namely,

CT = max

�
max
0�t�T




@2u(t)
@t2





h
; max
0�t�T




d2uh(t;x)
dt2





h

�
: (2.26)

If Ah has a p-th order truncation error in approximating the operator A, namely

kAhPhu(t)�PhAu(t)kh � MTh
p
for all t2 [0; T ] for some constant MT dependent

on the solution u, where Ph is the projection operator from L
2(
) to L

2(
h), then

the approximate solution u
n
h satis�es

max
tn2[0;T ]

kunh � u(tn)kh = O(�t) +O(hp)

for all h > 0, where tn = n�t.
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We �rst prove a lemma that concerns the spatial error of the SEITM1 algorithm.

Lemma 2.4 Let u(t) and uh(t) be as in Theorem 2.5. Then

max
0�t�T

kuh(t)� Phu(t)kh � T MT e
!T
h
p
:

Proof: Let w(t) = uh(t) � Phu(t). Since uh(t) and u(t) agree on the boundary

condition and the inhomogeneous term f(t), it is easily veri�able that8>>><>>>:
dw(t)
dt

= Ahw(t) + (AhPh�PhA)u(t); t � 0

w(0) = 0:

Then by Theorem 2.1.3 on page 84 of [26],

w(t) =
Z t

0
e
(t�s)Ah(AhPh�PhA)u(s)ds:

Since Ah satis�es the quasi-dissipativity condition (1.5), by Lemma 2.2 Ah satis�es

the following quasi-dissipative condition

hAv; vih < ! hv; vih for all h > 0

with respect to the inner product h�; �ih given by (2.20). The Lumer-Phillips theo-

rem [46] then implies that ketAhkh � e
!t. Thus,

kw(t)kh � R t
0 ke(t�s)Ah(AhPh � PhA)u(s)khds

� MTh
p
R t
0 e

!(t�s)
ds

� t e
!t
MTh

p � T MT e
!T
h
p
:

Proof of Theorem 2.5: We �rst establish the following inequalities

k(I � �tAi)
�1kh � e

2!�t for �t2 [0; 1
8!
]: (2.27)
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for i = 1; 2. By Lemma 2.2,

hAiv; vih < !kvk2h for all v2L2(
h):

But ! <
e4!�t�1
2�t e4!�t

for �t2(0; 1
8!
], we have that

2�t e4!�t hAiv; vih � (e4!�t � 1)kvk2h

for all v2L2(
h). This is equivalent to

kvk2h � e
4!�t(kvk2h � 2�t hAiv; vih): (2.28)

But obviously the right hand side of the above inequality satis�es

e
4!�t(kvk2h � 2�t hAiv; vih) � e

4!�t(kvk2h � 2�t hAiv; vih + (�t)2kAivk2h)

= e
4!�tk(I � �tAi)vk2h;

which, together with (2.28), implies that

kvkh � k(I � �tAi)vkh for all v2L2(
h)

for �t2 [0; 1
8!
]. This immediately leads to the inequality (2.27).

We then show that

max
tn2[0;T ]

kunh � uh(t)kh � 6CTT�t: (2.29)

We rewrite (2.7) in the form

e
n
h = G(�t; h)en�1

h + (�t)2

2
(I��tA1)

�1
Tr(n; h); (2.30)

where G(�t; h) is the error ampli�cation matrix, and Tr(n; h) is given by

Tr(n; h) = (I��tA2)
�1
�
�
�h
d2uh(�n)

dt2
��

�c
h

d2uh(�n)
dt2

�
��

�h
d2uh(�n)

dt2
:
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for some �n; �n2 [tn; tn+1]. Since e
0
h = 0, from (2.30) we obtain by induction that

e
n
h =

(�t)2

2

n�1X
k=0

G(�t; h)k(I��tA1)
�1
Tr(n�k; h) (2.31)

for n � 0. Let bG be as in the proof of Theorem 2.4. Then (2.31) can be rewritten

into

e
n
h =

(�t)2

2
(I��tA1)

�1
n�1X
k=0

bG(�t; h)kTr(n�k; h) (2.32)

With inequality (2.27), we have that

kTr(n; h)kh � k(I��tA2)
�1
�
�
�h
d2uh(�n)

dt2
��

�c
h

d2uh(�n)
dt2

�
kh + k ��h

d2uh(�n)
dt2

kh

� e
2!�t

�
k ��h

d2uh(�n)
dt2

kh + k ��c
h

d2uh(�n)
dt2

kh
�
+ k ��h

d2uh(�n)
dt2

kh

� CT (2e
2!�t + 1);

(2.33)

where the last inequality is due to (2.26). With inequalities (2.27) and (2.33), from

(2.32) we obtain

kenhkh � (�t)2

2
k(I��tA1)

�1kh
n�1X
k=0

k bG(�t; h)kkh � kTr(n�k; h)kh
� (�t)2

2
e
2!�t

n�1X
k=0

k bG(�t; h)kkhCT (2e
2!�t + 1)

� (�t)2

2
e
2!�t

n�1X
k=0

e
7!�t

CT (2e
2!�t + 1);

where the last inequality is due to (2.25). Thus

kenhkh � n(�t)2

2
e
2!�t

e
7!�t

CT (2e
2!�t + 1)

� 3CT
n(�t)2

2
e
2!�t

e
7!�t

e
2!�t

= 3CT
n(�t)2

2
e
11!�t

= 3CT tn
2

e
11!�t�t:

Since tn2 [0; T ] and �t � minfT; 1
8!
g, we have that

kenhkh �
3CTT

2
e
11=8

�t � 6CTT�t:
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which establishes (2.29).

With (2.29) and Lemma 2.4,

kunh � u(t)kh � kunh � uh(t)kh + kuh(t)� u(t)kh

� 6T CT�t+ T MT e
!T
h
p
;

which completes the proof of this theorem.

With Theorem 2.5, it is immediately obtainable that the SEITM1 algorithm is

unconditionally convergent in the sense that

lim
�t!0
h!0

kunh � u(n�t)kh = 0

uniformly for (h; n�t)2 [0; 1]�[0; T ] for any T > 0.

2.3 The Stabilized Dawson-Du-Dupont Algorithm

In this section, we present a stabilizer for the explicit-implicit algorithm of Dawson,

Du and Dupont. We call the stabilized algorithm the SEITM2 algorithm. The

emphasis of this section is to illustrate how to design a stabilizer for a given interface

boundary condition predictor.

Let Ax
h denote the x-directional di�erence component of the operator Ah, and A

y
h

the y-directional di�erence component. Let ub;x be the exterior boundary condition

at x-direction boundary and ub;y the exterior boundary condition at y-direction

boundary. Then we represent the two steps of the Dawson-Du-Dupont Algorithm

by8>>><>>>:
�
�h (I��tA

y
h)(u

n+1=3
h +un+1

b;y ) = �
�h [(I+�tAy)(u

n
h+u

n
b;x) + �tfn];

�
�c
h
u
n+1=3
h = �

�c
h
u
n
h;

(2.34)
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and8>>><>>>:
�
�c
h
(I��tAh)(��c

h
u
n+2=3
h +�

�h u
n+1=3
h +un+1

b ) = �
�c
h
[unh + �tfn+1];

�
�h u

n+2=3
h = �

�h u
n+1=3
h :

(2.35)

To stabilize the predictor (2.34), we use the scheme8>>><>>>:
�
�h (I��tA

y
h)(I��tAx

h)(u
n+1
h +un+1

b ) = �
�h [u

n
h + �tfn+1];

�
�c
h
u
n+1
h = �

�c
h
u
n+2=3
h ;

(2.36)

namely, the stabilizer is chosen to be (I��tAx
h)
�1(I��tA

y
h)
�1. In this stabilizer

we place the operator (I��tAx
h)
�1 to the left of (I��tA

y
h)
�1. This ordering of

the two factors in the stabilizer is important. The importance of this ordering can

be seen from an analysis utilizing the following result obtainable from an analysis

similar to that for Theorem 2.3 for the SEITM1 algorithm.

Theorem 2.6 The temporal error of the SEITM2 algorithm satis�es

e
n+1
h = (I��tAx

1)
�1(I��tAy

1)
�1[��h+

�
�c
h
(I��tA2)

�1(I��tAy
1)
�1(I��tAx

1)]e
n
h

+ O((�t)2);

where A
x
1 =

�
�hA

x
h and A

y
1 =

�
�hA

y
h.

The theorem above states that the error ampli�cation matrix of the SEITM2 algo-

rithm is

G(�t; h) = S(�t; h)
h
�
�h+

�
�c
h
(I��tA2)

�1
P (�t; h)

i
;

where S(�t; h) is the stabilizer given by

S(�t; h) = (I��tAx
1)
�1(I��tAy

1)
�1
; (2.37)

and P (�t; h) is the interface boundary condition predictor

P (�t; h) = (I��tAy
1)
�1(I��tAx

1):
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In the matrix G(�t; h), the instability causing operator is P (�t; h). The stabilizer

stabilizes the EITM algorithm by killing the instability of the predictor P (�t; h)

of the next time step. This can be seen from

G(�t; h)n = S(�t; h)
h
�
�hS(�t; h)+

�
�c
h
(I��tA2)

�1
P (�t; h)S(�t; h)

in
S(�t; h)�1

= S(�t; h) eG(�t; h)nS(�t; h)�1
;

where eG(�t; h) = S(�t; h)�1
G(�t; h)S(�t; h), namely,

eG(�t; h) = h
�
�h S(�t; h)+

�
�c
h
(I��tA2)

�1
P (�t; h)S(�t; h)

i
:

From the equation above it is immediately seen that P (�t; h)S(�t; h) needs to be

stable in order for the algorithm to be stable. With the ordering of the two factors

in S(�t; h),

P (�t; h)S(�t; h) = [(I��tAy
1)
�1(I��tAx

1)] � [(I��tAx
1)
�1(I��tAy

1)
�1]

= (I��tAy
1)
�1 [(I��tAx

1)(I��tAx
1)
�1] (I��tAy

1)
�1
:

The operator (I��tA
y
1)
�1 has good stability since it is an implicit scheme. The

factor in the bracket also has a better stability than (I��tAx
1) since the unstable

operator (I��tAx
h) from P (�t; h) is stabilized by the operator (I��tAx

h)
�1 from

S(�t; h).

However if the ordering of the two operators in S(�t; h) is reversed, namely,

S(�t; h) = (I��tA
y
1)
�1(I��tA

x
1)
�1
;

then P (�t; h)S(�t; h) = (I��tA
y
1)
�1(I��tAx

1)(I��tA
y
h)
�1(I��tAx

h)
�1. But (I�

�tA
y
h)
�1 is not guaranteed to be able to stabilize (I��tAx

1), and the four factors in

P (�t; h)S(�t; h) also do not necessarily commute, so this time the stabilizer might

not necessarily be able to stabilize the predictor.
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2.4 An Algorithm with Factorized Subdomain Scheme

Both SEITM1 and SEITM2 algorithms require solving an elliptic equation of the

form

(I � �tA)u = r (2.38)

on the subdomains. When the spatial operator A is not separable or even nonsym-

metric, iterative solvers must be employed to solve the elliptic equation for each

time step. In this section, we propose an algorithm which factorizes the left hand

side of the equation (2.38) with a direction based splitting of the spatial operator

A. This factorization reduces the computation cost to an linear order of O(N) for

a total of N grid points on the subdomains. With this factorization, the factorized

SEITM algorithm becomes completely non-iterative, both globally and on each

subdomains.

We choose to present the factorization for the SEITM1 algorithm. The factor-

ization for the SEITM2 is exact the same. We assume that the spatial domain of

the evolutionary system is two dimensional and the spatial operator A is splittable

as A = A
x +A

y. For example, when A is the 2-D Laplace operator A = @2

@x2
+ @2

@y2
,

A
x = @2

@x2
and Ay = @2

@y2
form a directional splitting of the operator A. The SEITM

algorithm with a directionally factorized subdomain temporal scheme is given be-

low. 8>>><>>>:
�
�h u

n+1=3
h = �

�h [(I + �tAh)(u
n
h + u

n
b;x) + �tfn];

�
�c
h
u
n+1=3
h = �

�c
h
u
n
h;

(2.39)

39



8>>><>>>:
�
�c
h
(I��tAx

h)(I��tAy
h)(

�
�c
h
u
n+2=3
h +�

�hu
n+1=3
h +un+1

b ) =��c
h
[unh+�tfn+1];

�
�h u

n+2=3
h =��h u

n+1=3
h ;

(2.40)

and 8>>><>>>:
�
�h (I��tAy

h)(I��tAx
h)(u

n+1
h +un+1

b ) = �
�h [u

n
h + �tfn+1];

�
�c
h
u
n+1
h = �

�c
h
u
n+2=3
h :

(2.41)

We call the algorithm (2.39)-(2.40)-(2.41) the SEITM3 algorithm. The di�erence of

this algorithm and SEITM1 is that in the second step (2.39), the SEITM3 algorithm

has (I��tAx
h)(I��tA

y
h) on the left hand side while the SEITM1 algorithm has

(I��tAh). For a two dimensional problem, the discretized directional components

of A are usually tridiagonal matrices [3]. Thus (I��tAx
h) and (I��tA

y
h) can be

easily inverted with a computation cost of linear order. On the other end, the

factorization introduces an O((�t)2) error. Since A = A
x + A

y, we have that

(I��tAx
h)(I��tA

y
h) = I � �tAh + (�t)2Ax

hA
y
h:

Thus the error introduced by factorizing (I ��tAh) into (I ��tAx
h)(I ��tA

y
h)

is (�t)2Ax
hA

y
h. But as indicated by Theorem 2.3, the SEITM1 algorithm has a

O ((�t)2) temporal truncation error. Thus the error introduced by the directional

factorization of the subdomain scheme does not decrease the order of temporal

accuracy.
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3 High Order Elliptic Solvers

Two of the algorithms (SEITM1) and SEITM2 ) require solving elliptic equations

of the form

(I � �Ah)u = r (3.1)

on the subdomains. For 3-D parabolic systems, the stabilization step of all three

algorithms also involve solving elliptic equations of the form (3.1). Since the SEITM

algorithms maintain the accuracy of the spatial discretization, in this chapter we

propose several fourth order methods for the solution of the generalized Helmholtz

equation

�
kX

i=1

@2

@x2
i

u+ f(x)u = r

with f(x)�0, which arises when the system (1.1) has a heat source-sink term. We

present our solution methods for the 2-D problem

�
�

@2

@x2
+ @2

@x2

�
u(x; y) + f(x; y)u(x; y) = r(x; y); (3.2)

but the methods are applicable to 3-D problems as well.

3.1 Introduction

Execution time in general is approximately proportional to the number of 
oating

point arithmetic operations. For a given error tolerance, a high order method

allows much larger mesh sizes than a lower order method, resulting in signi�cant

reduction in the number of grid points and consequently execution time if the high

order method has the same computation complexity as that of the lower order
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method. We illustrate such time reduction by the computation count comparison

of a fourth order method and a second order method of the same complexity.

We introduce the following notations: E(Mthd) denotes the di�erence between

the true solution and the numerical solution computed by method Mthd, " > 0

is the error tolerance, i.e. the di�erence between the computed numerical solution

and the true solution must be less than or equal to ". With these notations, the

error of a fourth-order method can be denoted by E(order4), and the error of

a second-order solver will be E(order2). The solution error of the fourth order

method in general satis�es

E(order4) = a � h4 for some problem dependent coeÆcient a:

The error of a second order solution method in general satis�es

E(order2) = b � h2 for some problem dependent coeÆcient b:

To meet the error tolerance, the fourth and second order methods need to take

di�erent mesh sizes and partition sizes, say dimensional partition size N and mesh

size h for the fourth order solver, and partition size N 0 and mesh size h0 for the

second order method. Then

a � h4 � " and b � h02 � "

Roughly we can equate them to yield

a � h4 � b � h02: (3.3)

Since h = 1=N and h
0 = 1=N 0, (3.3) is equivalent to

N
0 =

s
b

a
N

2 = C N
2
; (3.4)
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where

C =

s
b

a
: (3.5)

Thus, if our fourth order solver can satisfy the error tolerance by taking a partition

of size N , then it requires the second order solver to take a partition size of CN2 to

achieve the same accuracy. Suppose that the problem domain is in k-dimensional

space (k = 2; 3). Then the number of grid points of the grid for the fourth order

solver is Nk while the number of grid points of the grid for the second solver is

(N 0)k = (C N
2)k, Let T4 and T2 denote the time needed by the order 4 and order

2 methods respectively to solve a problem within a given error tolerance. Thus if

the two methods have the same computation complexity �(n) for a problem on a

grid with n grid points, then (3.4) implies that

T2 : T4 =
�(Ck

N
2k)

�(Nk)
: (3.6)

Since complexity function increases at least linearly as the input size increases, that

is,

�(a n) � a�(n) for a � 1:

Then (3.6) implies that the time ratio of a second solver and a fourth solver of the

same computation complexity is

T2 : T4 � C
k
N

k
�(Nk)

�(Nk)
= C

k
N

k
:

The parameter C in general could vary largely from problem to problem. A fourth

solver can attain fourth order only when the solution is at least �ve times dif-

ferentiable. This can be easily seen from the Taylor expansion of a di�erentiable

function. Thus problems which have only twice di�erentiable solutions, the fourth
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order method has only second order accuracy, and the number C will be close very

small, and a fourth order method probably has no gain in reducing execution time

for a given error tolerance. But for problems with at least three times di�erentiable

solutions, the fourth order can take advantage of the smoothness of the solutions

and reduce the computation cost for a given error tolerance.

3.2 High Order Discretizations for The Laplace Operator

3.2.1 Existing High Order Discretization Schemes

High order discretization methods for the Laplace operator have been investigated

for a long time. Collatz studied several �nite di�erence methods for the 2-D Laplace

operator in 1960 [11]. One of the fourth-order methods Collatz studied is the

following square stencil 9-point scheme written in the stencil form

h
�2

0BBBBB@
�1

4
�1 �1

4

�1 5 �1

�1
4

�1 �1
4

1CCCCCAu
i;j = �

0BBBBB@
1
8

1
8

1 1
8

1
8

1CCCCCA�ui;j +O(h4); (3.7)

where �u = ( @2

@x2
+ @2

@y2
)u, which is a popular choice for the Dirichlet problem

of Poisson equations. This high order discretization method together with others

studied by Collatz were later generalized by Lynch and Rice to a method called

HODIE [44] for calculating the coeÆcients of �nite di�erence discretization of gen-

eral elliptic equations for almost \any" numerical order. A discretization formula

the HODIE method derives is an equation that equates a linear combination of the

unknown solution u
i;j at some discretization points to a linear combination of the
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to-be-discretized di�erential operator at some evaluation points, for instance as in

X
i;j2S1

ai;ju
i;j =

X
i;j2S2

bi;j�u
i;j
:

The coeÆcients ai;j and bi;j in the formula are determined by, �rst, expanding all

terms on both sides of the equation in Taylor series, then setting up a linear system

of equations for the to-be-determined coeÆcients ai;j and bi;j for each order from 0

up to the desired order, and and �nally solving the linear system for the coeÆcients.

For Neumann problems, when scheme (3.7) applied at the boundary grid point

(0,j), the right hand side needs the value of �u�1;j, which is outside the domain.

So this method is not applicable to the Neumann boundary problem. A modi-

�cation is hence necessary. In 1987 Boisvert successfully calculated fourth order

discretization coeÆcients using the HODIE method for the Neumann problem of

Helmholtz equations [5]. Zhuang and Sun [59, 70] modi�ed the Collatz scheme

(3.7) and obtained the following fourth-order formula

h
�2

0BBBBB@
�1

4
�1 �1

4

�1 5 �1

�1
4

�1 �1
4

1CCCCCAu
i;j =

3

2
�ui;j � h

2

8
�2

u
i;j +O(h4): (3.8)

which is more general than both the Collatz formula (3.7) and Boisvert's formula

given on page 199-200 of [52]. The formula (3.8) is applicable to Neumann boundary

problem [59, 70].

However all the existing popular high order discretization schemes, like (3.7)

and (3.8), have a square stencil and thus not directly utilizable by the eÆcient ADI
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method. The cross stencil fourth order �nite central di�erence

��ui;j = h
�2

0BBBBBBBBBBBBBB@

1
12

�4
3

1
12

�4
3

5 �4
3

1
12

�4
3

1
12

1CCCCCCCCCCCCCCA
u
i;j

is easily directionally splittable and can be combined directly with the ADI method.

However it not only has a boundary problem (see Collatz [11]), but also its penta-

diagonal directional components can not be as eÆciently solved as tridiagonal sys-

tems. So in the next section, we present a method for deriving fourth order dis-

cretization formulas for the Laplace operator, which is of greater ease in coeÆcient

calculating and 
exible in obtaining formulas for di�erent boundary conditions.

3.2.2 Directionally Decomposed High Order Discretization

In this section, we present a fourth order �nite di�erence method for the discretiza-

tion of the Laplace operator in k dimensional space for k = 2; 3. The method we

introduce in this section is based on the one-dimensional Taylor expansion. It

is much simpler in calculating the discretization coeÆcients when compared with

existing high order discretization methods, especially with discretization meshes

di�erent in di�erent directions. The method can also easily produce formulas for

both Dirichlet and Neumann boundary problems, and applicable directly to direc-

tional operator splitting as in the ADI method.

For a suÆciently smooth function u de�ned on a 2-D domain [x0; xm]�[y0; yn],

we use ui;j denote its value on a discrete grid point (xi; yj) with xi = x0+ i�hx and
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yj = y0 + j � hy. From the Taylor expansion for functions de�ned on 1-D domain,

we have that

u
i�1;j � 2ui;j + u

i+1;j

h2x

= u
i;j
xx +

h
2
x

12
u
i;j
xxxx +O(h4x);

which is equivalent to

Dxxu
i;j = (I + h2x

12
@2

@x2
)ui;jxx +O(h4x); (3.9)

where Dxx denotes the �nite di�erence operator given by

Dxxu
i;j =

u
i�1;j � 2ui;j + u

i+1;j

h2x

:

Thus we obtain the following fourth order semi-discrete formula for the Laplace

operator

[(I+ h2x
12

@2

@x2
)�1

Dxx + (I+
h2y
12

@2

@y2
)�1

Dyy]u
i;j = �ui;j: (3.10)

The above formula is not fully discretized. It still contains di�erential terms. How-

ever it is these di�erential terms that provide the 
exibility of this formula. To

maintain a fourth order accuracy of the formula, �nite di�erence approximation

for the di�erential terms @2

@x2
and @2

@y2
needs to be only second order, and many

second order �nite di�erence schemes exist for the appprximation of the second

derivatives. For Dirichlet boundary problems, discretization needs to be applied

to interior points only since the solution values on the boundary are known. Thus

we can choose Dxx and Dyy respectively to approximate the di�erential terms @2

@x2

and @2

@y2
in the formula (3.10) for Dirichlet problems, and obtain a fully discretized

formula

[(I+ h2x
12
Dxx)

�1
Dxx + (I+

h2y
12
Dyy)

�1
Dyy]u

i;j = �ui;j: (3.11)
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This formula has an obvious advantage that it is already directionally decomposed

and can be easily incorporated into the ADI method.

For Neumann boundary problems, formula (3.10) is �rst rewritten into

[(I+
h2y
12

@2

@y2
)Dxx + (I+ h2x

12
@2

@x2
)Dyy]u

0;j = (I+
h2y
12

@2

@y2
)(I+ h2x

12
@2

@x2
)�ui;j: (3.12)

Then we throw away terms of order h2xh
2
y and obtain

[(I+
h2y
12

@2

@y2
)Dxx + (I+ h2x

12
@2

@x2
)Dyy]u

0;j = (I+
h2y
12

@2

@y2
+ h2x

12
@2

@x2
)�ui;j:

We approximate the di�erential term @2

@x2
and @2

@y2
on the left hand side by Dxx and

Dyy respectively, but leave the di�erential terms on the right side un-discretized,

resulting in the following partially discrete �nite di�erence approximation of the

Laplace operator

[Dxx(I+
h2y
12
Dyy) + (I+ h2x

12
Dxx)Dyy]u

i;j = (I+ h2x
12

@2

@x2
+

h2y
12

@2

@y2
)�ui;j: (3.13)

It is obvious that this formula is a generalization of the modi�ed Collatz scheme

(3.8) in that it allows di�erent mesh sizes in di�erent directions. Formula (3.13)

is not fully discretized. It still contains di�erential operators @2

@x2
and @2

@y2
. This is

the main di�erence between our discretization formula and most existing schemes

which are usually fully discretized. But since a �nite di�erence approximation of

di�erential operators needs to be only second order for the truncation error to

remain fourth order, it is easy to �nd many simple second order �nite di�erence

approximations for these di�erential terms (e.g. 1-D formulas in [43]). The main

advantage of formula (3.13) is that it allows people to choose di�erent approxi-

mation schemes for @2

@x2
and @2

@y2
. This 
exibility is especially useful for Neumann
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problems since for interior grid points, the �nite central di�erence

fi�1 � 2fi + fi+1

h2
= f

00

i

can be used while for boundary points other approximation formulas can be used

to avoid using values of �u outside the domain.

3.3 The Picard-FFT Solution Methods

In this section we propose two Picard-type iterative solution methods for the equa-

tion (3.2) discretized by a fourth order scheme on a rectangular domain, with an

FFT based solver used for each iteration.

3.3.1 A Picard Process

We solve the equation (3.2) using the following Picard-type process

[��+ �]un+1 = [�� f(x; y)]un + r; (3.14)

where the constant � is chosen to be

� =
minx;y f(x; y) + maxx;y f(x; y)

2
:

The convergence rate of the Picard process is independent of the mesh size as is

estimated below.

Since minx;y f(x; y) � f(x; y) � maxx;y f(x; y), it follows that

j��f(x; y)j � maxfj��min
x;y

f(x; y)j; j��max
y

f(x; y)jg

=
maxx;y f(x; y)�minx;y f(x; y)

2

=
fM � fm

2
;
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where fm = minx;y f(x; y) and fM = maxx;y f(x; y). Then the error ampli�cation

operator G = (�� + �)�1(��f(x; y)) of the Picard process (3.14) is bounded in

L
2 norm by

kGk � k(��+ fm+fM
2

)�1kfM�fm
2

� k(��+fm+
fM�fm

2
)�1kfM�fm

2
:

(3.15)

Let �m denote the least eigenvalue of ��+fm, and let dM = (fM�fm)=2. Then

the L2 norm of G is bounded by

kGk � (�m + dM)
�1
dM = 1� �m

�m+dM
: (3.16)

Thus the spectral radius of the error ampli�cation matrix G is bounded by dM
dM+�m

,

and the convergence rate r is therefore at least

r = � log dM
dM+�m

= log dM+�m
dM

; (3.17)

which is independent of the mesh size. Thus if one needs to reduce the error e0

of an initial guess to the Picard process (3.14) to a given iteration stopping error

tolerance es, the number of iterations n of the Picard process satis�es 
dM

�m + dM

!n

e0 = es;

which implies that the iteration number satis�es

Iterations =
log(e0=es)

log �m+dM
dM

: (3.18)

With a fourth order spatial discretization, if we choose a fourth order error tolerance

O(h4), then the number of iterations of the Picard process is

Iterations =
4 logh

log dM
�m+dM

= O(� logh) (3.19)

when assuming e0 = O(1).
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3.3.2 High Order FFT Based Solvers

For each Picard iteration (3.14), a Helmholtz equation needs to be solved. We

choose the fourth order scheme (3.13) to discretize (3.14), obtaining

[(I+ h2x
12
Dxx+

h2y
12
Dyy)��Dxx(I+

h2y
12
Dyy)�(I+ h2x

12
Dxx)Dyy]u

i;j
n+1 = s

i;j
n ;

(3.20)

where

s
i;j
n = (I + h2x

12
@2

@x2
+

h2y
12

@2

@y2
)[(�� f

i;j)ui;jn + r
i;j]: (3.21)

The di�erential operators @2

@x2
and @2

@y2
need to be approximated only to a second

order accuracy, and di�erent approximation schemes are allowed to accommodate

both Neumann and Dirichlet boundary conditions. Group the terms on the left

hand side of (3.21) into two groups with one containing Dyy and the other without,

and we obtain

[(I+ h2x
12
Dxx)��Dxx]u

i;j
n+1 � (I + �

h2y
12
+ h2x

12
Dxx +

h2y
12
Dxx)Dyyu

i;j
n+1 = s

i;j
n :

(3.22)

When equipped with a Dirichlet boundary condition, the FFT based Fast Sine

Transform (FST) can eÆciently tridiagonalize equation (3.22) by diagonalize the

submatrices resulted from the �nite di�erence operator Dyy and the boundary con-

dition. With a Neumann boundary condition, a Fast Cosine Transform (FCT) can

eÆciently tridiagonalize equation (3.22) by diagonalize the submatrices resulted

from the �nite di�erence operator Dyy and the boundary condition. After trans-

form, (3.22) becomes a sequence of tridiagonal equations of the form

[(I+ h2x
12
Dxx)��Dxx]u

i;j
n+1 � �(I + �

h2y
12
+ h2x

12
Dxx +

h2y
12
Dxx)u

i;j
n+1 = Ps

i;j
n ;

where � goes through all the eigenvalues of the submatrices resulted from Dyy

and the boundary condition, and P is the FST or FCT transform matrix. The
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tridiagonal equations can be solved eÆciently by a tridiagonal solver and then

the solution of the pre-transformed equation can be recovered by an inverse sine

transform or an inverse cosine transform. The two FFT based transform oper-

ations have a computation complexity of O(�h�1
x h

�1
y loghy) and the tridiagonal

solver has a complexity of O(h�1
x h

�1
y ). Thus each Picard iteration in (3.14) has an

O(�h�1
x h

�1
y log hy) computation cost. Then by (3.19), the computation cost of the

entire Picard-FFT solution method (3.14) for equation (3.2) discretized on a grid

of mesh size (hx; hy) = (C1h; h) to stop at error tolerance es(h) with a starting

error of e0(h) is bounded by

C2h
�2(log h) log

es(h)

e0(h)
(3.23)

for some constant C2 > 0.

3.3.3 Another Picard Process

From the analysis given in Section 3.3.1 for the convergence rate (3.17) of the

Picard process (3.14), the spectral radius of the error ampli�cation matrix of (3.14)

is bounded by




(��+ �)�1[�� f(x; y)]



 � 


(��+ �)�1




 � k�� f(x; y)k :

Thus if we replace the constant � by a function �(x) so that the norm k�(x) �

f(x; y)k can be reduced, then the convergence rate of the Picard process

[��+ �(x)]un+1 = [�(x)� f(x; y)]un + r; (3.24)

might be higher than that of (3.14). In the Picard process (3.14) the equation to

be solved for each Picard iteration can still be solved by an eÆcient FFT method.
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With the choice of �(x) =
miny f(x;y)+maxy f(x;y)

2
for the Picard process (3.24), an

analysis similar to that for (3.18) shows that the convergence rate of (3.24) is

a constant independent of mesh size h = (hx; hy), and the iteration number re-

quired for the numerical solution to reach an accuracy of O(h4) is of O(� logh).

Hence the computation cost of the Picard process (3.24) has an asymptotic com-

putational complexity of O(h�2(logh)2), the same as the asymptotic complexity of

the previous Picard process (3.14). But since the the error ampli�cation matrix

[�� + �(x)]�1[�(x) � f(x; y)] of the new Picard process (3.24) is bounded in L
2

norm by




[��+�(x)]�1[�(x)�f(x; y)]



 � 


[��+fm(x)+

fM (x)�fm(x)
2

]�1[fM (x)�fm(x)
2

]



 ;
(3.25)

where fm(x) = miny f(x; y) and fM(x) = maxy f(x; y). Compared with (3.15), the

bound given in (3.25) could possibly be smaller. Thus reduced number of iterations

is expected.

3.3.4 Numerical Experiments

To test the accuracy and eÆciency of the high order Picard-FFT solver, we choose

three testing problems with known solutions, and they are:

1. ��u+ (cos(x+y) + x
2
y + 1)u = r with u(x; y) = sin(2x + 3y);

2. ��u+ e
x�y

u = r with u = (x+y)3:5[cos(x)� 1]; and

3. ��u+ (cos(x�y) + e
x+y)u = r with u(x; y) = cos(x+ y) + x

2
y.
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The testing problem domain is chosen to be the square [0; 3] � [0; 3], and uni-

form mesh size hx = hy = 3=N is chosen, where N is the number of grid points on

each x- and y-dimension. We tested the two Picard-FFT methods on a SUN Ultra-

Sparc 10 workstation running operating system SunOS 5.8 with 64-bit arithmetic

operations used. The measured iteration number of the two Picard-FFT methods,

the execution time in seconds, and the error de�ned as the maximal di�erence be-

tween the computed solution and the true solution are listed in Tables 3.1 to 3.3 for

the three testing problems, with PiFFT1 denoting the solver based on the Picard

process (3.14) and PiFFT2 the solver based on the Picard process (3.24).

Table 3.1: ��u + (cos(x+y)+x2y+1)u = r on [0; 3]�[0; 3] with u = sin(2x+3y)

Method N 16 32 64 128 256 512

Iterations 15 23 31 39 48 56

PiFFT1 Time(sec.) 0.01 0.10 0.51 2.62 14.1 70.0

Error 1.6e-04 1.1e-05 8.6e-07 6.7e-08 3.5e-09 2.5e-10

Order 3.9 3.8 3.7 3.9 3.9

Iterations 7 9 11 14 16 18

PiFFT2 Time(sec.) 0.01 0.06 0.32 1.62 7.96 38.8

Error 2.2e-05 1.4e-06 1.4e-07 5.0e-09 5.1e-10 5.3e-11

Order 4.0 3.6 4.0 3.8 3.7

In the tables, we use a metric Order [69] to indicate the numerical order of a

solver, which is calculated as follows:

Order(m;n) =
log Error(m)

Error(n)

� log m
n

:
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Table 3.2: ��u+ e
x�y

u = r on [0; 3]�[0; 3] with u = (x+ y)3:5(cos(x)� 1)

Method N 16 32 64 128 256 512

Iterations 31 44 56 67 77 87

PiFFT1 Time(sec.) 0.03 0.18 0.92 4.55 22.4 105.6

Error 9.6e-04 6.1e-05 3.8e-06 2.4e-07 1.5e-08 1.4e-09

Order 4.0 4.0 4.0 4.0 3.9

Iterations 17 20 22 25 28 31

PiFFT2 Time(sec.) 0.03 0.14 0.61 2.85 13.9 63.6

Error 9.1e-04 5.7e-05 3.7e-06 2.3e-07 1.4e-08 9.8e-10

Order 4.0 4.0 4.0 4.0 4.0

The de�nition of this metric is based on the observation that for a numerical method

of order p, the error will decrease at a rate of
�
1
2

�p
when a uniformly spaced grid

doubles its grid points in each direction. The log plot of error against grid size (or

mesh size) is usually used to measure the order of a numerical method. The metric

Order used here gives the value of the slope of the log plot of the error vs. grid

size between the smallest testing grid size and the indicated grid size. Since the

slope of a curve is diÆcult to be exactly visually determined, the metric Order is a

clearer quantitative indication of the order of a numerical method. The values of

the order calculated using the measured data of error indicate that the high order

Picard-FFT solvers is approximately of fourth order accuracy.
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Table 3.3: ��u+ (cos(x�y)+ e
x+y)u = r on [0; 3]�[0; 3] with u = cos(x+y)+ x

2
y

Method N 16 32 64 128 256 512

Iterations 77 128 181 232 282 330

PiFFT1 Time(sec.) 0.08 0.52 2.98 15.4 81.7 439.1

Error 1.3e-03 1.0e-04 6.7e-06 4.5e-07 2.8e-08 1.8e-09

Order 3.7 3.8 3.8 3.9 3.9

Iterations 34 45 55 65 76 86

PiFFT2 Time(sec.) 0.05 0.31 1.53 7.48 37.3 177.4

Error 3.9e-04 2.1e-05 1.4e-06 9.6e-08 4.9e-09 3.3e-10

Order 4.2 4.1 4.0 4.1 4.0

3.4 The ADI Method for Separable Problems

The two Picard processes (3.14) and (3.24) for the generalized Helmholtz equation

��u + f(x; y)u = r(x; y)

are sensitive to the range of the values of the function f(x; y). When the range is

large, the two processes converge slowly as shown from testing data in Table 3.5

for the problem

��u+ (e3x + e
3y)u = r

on the domain [0; 3] � [0; 3], which is solved using the Picard process (3.24). In

this section, we propose an ADI method for the separable generalized Helmholtz

equation

��u + [f1(x) + f2(y)]u = r(x; y):

56



3.4.1 A High Order ADI Solver

We apply the fourth order �nite di�erence scheme (3.11) to the equation (3.24),

obtaining

[f i1 + f
j
2 � (I+ h2x

12
Dxx)

�1
Dxx � (I+

h2y
12
Dyy)

�1
Dyy]u

i;j
n+1 = r

i;j
;

Then we assemble the above equations at all grid points into a matrix in tensor

product form ([45]) with boundary condition incorporated, and obtain

[(F1�Dm�1)
In�1] U + [Im�1
(F2�Dn�1)] U = R; (3.26)

where Dn is an n� n matrix given by

Dn =
1

h2

0BBBBBBBBBBBBBB@

5
6

1
12

0 � � � 0 0 0

1
12

5
6

1
12

� � � 0 0 0

� � � � � � � � �

0 0 0 � � � 1
12

5
6

1
12

0 0 0 � � � 0 1
12

5
6

1CCCCCCCCCCCCCCA

�10BBBBBBBBBBBBBB@

�2 1 0 � � � 0 0 0

1 �2 1 � � � 0 0 0

� � � � � � � � �

0 0 0 � � � 1 �2 1

0 0 0 � � � 0 1 �2

1CCCCCCCCCCCCCCA
; (3.27)

In denotes the identity matrix in an n dimensional spaceR
n, 
 is the tensor product

notation [45], F1 and F2 are diagonal matrices corresponding to the functions f1(x)

and f2(y) respectively, U the solution vector, and R is the vector corresponding to

the right had side of (3.24) with boundary conditions incorporated.

Birkho� and Varga showed in [4] that when the directional components (F1 �

Dm�1)
In�1 and Im�1
(F2�Dn�1) of the discretized equation (3.26) are symmetric,

positive de�nite and commutative, the Peaceman-Rachford [50] ADI method has

a convergence rate of O((logh)�1). Thus these positive de�nite and commutative

conditions are essential for a high convergence rate. The commutativity condition
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is obvious with the tensor product notation. The positive de�nite condition also

holds as we shall see below.

Remark 3.1 The matrices (F1�Dm�1)
In�1 and Im�1
(F2�Dn�1) are symmetric

and positive de�nite.

Proof: We prove the above statement only for the matrix (F1�Dm�1)
In�1. The

proof for the matrix Im�1
(F2�Dn�1) is similar and thus omitted.

Since F1 is diagonal and positive de�nite, it suÆces to show that �Dm�1 is

positive de�nite. Now let Pm�1 denote the matrix

Pm�1 =

0BBBBBBBBBBBBBB@

p1;1 p1;2 � � � p1;m�2 p1;m�1

p2;1 p2;2 � � � p2;m�2 p2;m�1

p3;1 p3;2 � � � p3;m�2 p3;m�1

� � � � � � �

pm�1;1 pm�1;2 � � � pm�1;m�2 pm�1;m�1

1CCCCCCCCCCCCCCA
;

where pi;j = sin( ij�
m
) for i; j = 1; 2; :::; m� 1. A straightforward calculation shows

that P�1m�1Dm�1Pm�1 = �, where � is a diagonal matrix given by

� =

0BBBBBBBBBBBBBBBBBBB@

�1 0 0 � � � 0 0

0 �2 0 � � � 0 0

0 0 �3 � � � 0 0

� � � � � � � �

0 0 0 � � � �m�2 0

0 0 0 � � � 0 �m�1

1CCCCCCCCCCCCCCCCCCCA

;

and �i =
12 cos( i�

m
)�12

5+cos( i�
m
)
h
�2
< 0, for i = 1; 2; � � � ; m�1. For matrix Pm�1, we have that

P
�1
m�1 =

2
m
P
T
m�1. Thus, P

T

m�1Dm�1Pm�1 =
m
2
�, and Dm�1 =

2
m
Pm�1�P

T

m�1. Therefore

�Dm�1 is symmetric and positive de�nite.
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Applying the ADI method of Peaceman and Rachford to the discrete equation

(3.26) as in the following.8>>><>>>:
(�n + Ax)U

n+1

2 = (�n � Ay)U
n +R;

(�n + Ay)U
n+1 = (�n � Ay)U

n+1

2+R;

(3.28)

where Ax and Ay respectively denote the two terms (F1�Dm�1)
 In�1 and Im�1 


(F2�Dn�1) on the left hand side of equation (3.26). Since Ax and Ay are symmet-

ric, positive de�nite and commutative, the ADI method (3.28) with Wachspress

parameters [60, 61] has a convergence rate of O(�(logh)�1) for h = maxfhx; hyg.

Thus, denoting the convergence rate on a grid with mesh size h by r(h), we can

assume that

r(h) � �C0(log h)
�1 (3.29)

for some constant C0 > 0.

If the initial error of the guess solution is eo(h) and the iteration-stopping error

tolerance is es(h), then by the de�nition of the convergence rate [42], the number

of iterations equals log(eo(h)=es(h))
r(h)

. With estimate (3.29), we arrive at

Iterations � C1(logh) log
es(h)
eo(h)

; (3.30)

where C1 =
1
C0
. Each ADI iteration consists of solving four tridiagonal systems, two

for evaluating the right hand sizes of (3.28) necessitated by using the fourth order

�nite di�erence (3.11), and two for inverting (�n + A1) and (�n + A2) on the left

hand sides of (3.28). Solving the four tridiagonal systems is the major computation

cost of each ADI iteration. Hence we can assume that the computation cost per

iteration is bounded by C
0

2h
�2 for some constant C 0

2 > 0. Then by (3.30), the
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computation cost for the ADI method (3.28) to stop at tolerance es(h) with a

starting error of eo(h) is

C2h
�2(logh) log es(h)

eo(h)
; (3.31)

where C2 = C1C
0

2. For instance, if the error tolerance is chosen to be es(h) = h
4

and the initial error is assumed to be eo(h) = 1, then the ADI has a complexity of

O(h�2(logh)2).

3.4.2 Numerical Experiments

Three equations with known solutions have been chosen to test the accuracy and

eÆciency of the High-order ADI (HADI). The three problems are

( i ) ��u+ (x2+ sin(y)+y)u = r on [0; 3]�[0; 3] with u(x; y) = cos(2x+3y);

(i i) ��u+(e3x+e3y)u = r on [0; 3]�[0; 3] with u(x; y) = (x+y)3:5(cos(x)�1); and

(iii) ��u+ (x3+x cos(x)+ey)u = r on [0; 3]�[0; 3] with u(x; y) = sin(x+y).

The domain of the testing problems are chosen to be the square [0; 3]�[0; 3] with

the same uniform mesh size h on each dimension. N = 3=h is the number of grid

points on each x- and y-dimension. In the tests, the iteration stopping criterion is

chosen to be the di�erence between the approximate solution at two consecutive

iterations, which is set to h4=10 for the �rst and third problems and set to 0:5h4 for

the second problem on a grid of mesh size h. We choose di�erent error tolerance

because the solution of the second problem is less smooth than the �rst and third

and thus have a larger discretization error. We solved the three problems with the

proposed HADI method on an SUN UltraSparc 10 workstation, and the testing
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results are listed in Tables 3.4{3.6. For comparison, we also have solved the two

problems using the Picard method (3.24) denoted as PiFFT with a fourth order

FFT solver at each Picard iteration. The data from the PiFFT solver are listed

together in the tables with the data from the HADI solver.

Table 3.4: ��u+ (x2+sin(y)+y)u = r on [0; 3]�[0; 3] with u = cos(2x+3y)

Method N 16 32 64 128 256 512

Iterations 9 15 19 25 33 43

HADI Time(sec.) 0.00 0.03 0.16 0.89 5.32 33.8

Error 2.6e-04 1.8e-05 1.3e-06 6.5e-08 3.9e-09 2.6e-10

Order 3.9 3.8 4.0 4.0 4.0

Iterations 7 9 12 14 16 19

PiFFT Time(sec.) 0.01 0.05 0.28 1.40 6.85 34.0

Error 2.8e-05 2.4e-06 6.7e-08 7.0e-09 7.8e-10 3.2e-11

Order 3.5 4.4 4.0 3.8 3.9

Table 3.5: ��u+ (e3x+e3y)u = r on [0; 3]�[0; 3] with u = (x+y)3:5[cos(x)�1]

Method N 16 32 64 128 256 512

Iterations 13 19 25 29 36 41

HADI Time(sec.) 0.01 0.05 0.22 1.02 6.92 32.1

Error 1.5e-02 8.2e-04 3.6e-05 6.0e-06 1.6e-07 4.1e-08

Order 4.2 4.4 3.8 4.1 4.0

Iteration 683 1000� 1000 1000 1000 1000

PiFFT Time(sec.) 0.92 | | | | |

Error 1.9e-02 | | | | |

Order | | | | |

� The PiFFT method fails to reach the given error tolerance within 1000 Picard iterations.
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Table 3.6: ��u+ (x3+x cos(x)+ey)u = r on [0; 3]�[0; 3] with u = sin(x+y)

Method N 16 32 64 128 256 512

Iterations 8 14 18 25 32 41

HADI Time(sec.) 0.01 0.03 0.15 0.89 5.14 32.2

Error 7.5e-05 4.8e-07 2.9e-07 8.1e-09 1.6e-09 9.8e-11

Order 7.3 4.0 4.4 3.9 3.9

Iterations 15 20 24 29 34 38

PiFFT Time(sec.) 0.02 0.12 0.58 2.88 14.5 67.7

Error 1.3e-04 6.4e-06 5.5e-07 2.6e-08 1.3e-09 1.1e-10

Order 4.3 3.9 4.1 4.2 4.0

In the tables, the Iteration rows respectively list the numbers of ADI iterations

of the HADI method and the numbers of Picard iterations for the Picard-FFT

method for the problems solved on the grid of the indicated sizes. The Time rows

give the CPU time taken to solve the problems, and the Error rows show the

maximal errors of the numerical solutions for the three problems solved on the grid

of the indicated size. The running results supports that the high order ADI method

is both accurate and eÆcient.

The Picard process fails to reach the prescribed error tolerance within 1,000

iterations for the second problem, because the values of f1(x) + f2(y) (which is

e
3x + e

3y for problem 2 on square [0; 3]�[0; 3]) cover a very large range from 2 to

above 16; 206. The Picard process (3.14) converges slowly when f1(x) + f2(y) has

a large range of values. In the case of the �rst or third problem, f1(x)+f2(y) has a

much smaller range of values, and Picard method converges to adequate accuracy

within a reasonable number of iterations for each grid size tested.
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3.5 Multilevel Acceleration of Iterative Methods

When the elliptic equation (3.2) is resulted from temporal discretization of a

parabolic problem, we can obtain a good initial guess to the solution of the el-

liptic equation. If (3.2) is a stand-alone elliptic equation, an iterative solution

method can be accelerated by a multilevel process described below.

3.5.1 The Multilevel Acceleration Algorithm

Suppose that we have a iterative method

un+1 = Gun (3.32)

for the linear system

Ahuh = Rh (3.33)

obtained from the discretization of the elliptic equation

Lu = r: (3.34)

Suppose that the iterative method has a convergence rate r(h) on a grid of mesh

size h, and that the computation cost for each iteration of (3.32) is �(h). Then

by the de�nition of convergence rate [42], the number of iterations needed for the

numerical solution to reach an accuracy of es(h) from an initial guess of error e0(h)

satis�es

Iterations =
log e0(h)

es(h)

r(h)
: (3.35)

Then the computation cost of the iterative method to reduce the error from e0(h)

to es(h) is

�(h)
r(h)

log( e0(h)
es(h)

): (3.36)
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When e0(h) = 1 and the iteration stopping tolerance es(h) is chosen to be of the

same order as the discretization error, say O(hp), the total computation cost is of

O

�
��(h)

r(h)
log h

�
: (3.37)

Our multilevel acceleration algorithm requires the following data structure in

additional to the existing data structure used for the original iterative method

(3.32). The original grid the iterative method uses is designated as the �nest

grid. We choose every other grid point in each direction to form the next coarser

level grid, a subset of the original grid with double mesh sizes, and no extra data

structure is needed for this grid level except an integer to indicate the grid level.

By the same procedure, we designate a sequence of grids, each a subset of the

immediate �ner level grid with double mesh sizes. All of them need no extra data

structure other than an index of one single integer number. The number of grid

levels is chosen to be of O(� log2 h), namely, the coarsest grid has a size close to

2� 2.

Our multilevel procedure starts from the coarsest grid level. On all the grids,

applying the same discretization scheme to the elliptic equation (3.34) the iterative

method (3.32) is solving, we obtain discrete equations with the same matrix form

(as the iterative method (3.32) is applied to) but of di�erent mesh sizes and di�erent

problem sizes. At each level, the iterative method (3.32) is then employed to

solve the discrete equation, with the solution of the equation at the immediate

coarser grid level interpolated to the current grid level as the initial guess. The

interpolation method is chosen to have an interpolation accuracy of the same order

as the discretization order, and the iterative process (3.32) stopping tolerance es
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at a grid level is also chosen to be of the same order as that of the discretization at

that level. This multilevel algorithm solves the equation from the coarsest grid level

up to the �nest, and the whole multilevel process ends after the iterative method

(3.32) �nishes its iterations on the �nest level.

Unlike classic multigrid methods, the proposed solver is a one-way multilevel

method, of both algorithmic and data-structural simplicity. Its implementation

needs only one subroutine and one loop more than the single grid iterative method

(3.32) | an interpolation subroutine and a loop that goes through all grid levels.

Such simplicity provides great potential for its applicability in complex systems

and in combination with parallel and/or domain decomposition methods.

3.5.2 EÆciency Analysis

While classic multilevel methods are mainly utilizing the smoothing e�ect [63] of

the single grid solvers (or relaxation schemes in the language of multilevel methods)

to achieve computation reduction, our method relies on the initial error reduction

via interpolation from coarser grids to reduce the iteration numbers on �ner grids.

To analyze the computation complexity of this multilevel acceleration algorithm

more closely, we denote the true solution of the original di�erential equation (3.34)

by u, denote the exact numerical solution of the discrete equation (3.33) on a

grid with mesh size h by uh, denote the approximate numerical solution of the

discrete equation at the same grid level by Uh, and denote the initial guess solution

interpolated from the immediate coarser grid to the current grid by bUh.

Suppose that the discretized equation (3.33) has an accuracy of order O(hp),
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which means that there exists a constant C3 > 0 such that

kuh � uk � C3h
p
:

The iteration stopping error tolerance es(h) is chosen to be of the same order as

that of the discretization. Thus, we have that

kUh � uhk � C4h
p

for some constant C4 > 0. Therefore,

kUh � uk � kUh � uhk+ kuh � uk � (C3 + C4)h
p
:

This inequality holds for every grid level. Hence for the immediate coarser grid,

we have that

kU2h � uk � (C3 + C4)(2h)
p = 2p(C3 + C4)h

p
:

The solution at the immediate coarser grid is interpolated to the current grid as

the initial guess solution in such a way that it maintains p-th order accuracy, i.e.

this initial guess bUh satis�es

k bUh � U2hk � C5h
p

for some constant C5 > 0. By de�nition, the error of the initial guess is k bUh�uhk,

so

eo(h) = k bUh � uhk

� k bUh � U2hk+ kU2h � uk+ ku� uhk

� C5h
p + 2p(C3 + C4)h

p + C3h
p

= [(2p+1)C3 + 2pC4 + C5]h
p
:
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Then the ratio of the initial error to the iteration stopping error tolerance satis�es

eo(h) : es(h) �
(2p+1)C3 + 2pC4 + C5

C4

: (3.38)

Then by (3.35), the number of iterations needed at grid level with mesh sizes h is

Iterations �
log (2p+1)C3+2pC4+C5

C4

r(h)
=

C6

r(h)
; (3.39)

where the positive constant C6 = log (2p+1)C3+2pC4+C5
C4

. Since the computation cost of

each iteration in (3.32) is �(h) on a grid of mesh size h, the computation cost of the

multilevel iterative method at grid level with mesh size h is the number of iterations

times the computation cost per iteration, which is C6
�(h)
r(h)

. The interpolation cost

is proportional to the number of grid points, and thus can be assumed to be C7h
�2

for a 2-D problem or C7h
�3 for a 3-D problem. Then the total computation cost

for a k dimensional problem on a grid of mesh size h is C7h
�k +C6

�(h)
r(h)

. Since for a

k-dimensional problem, the per-iteration computation cost �(h) is at least O(h�k)

and the convergence rate is at most O(1), which implies that C7h
�k � C8 � C6

�(h)
r(h)

.

Thus the computation cost of this multilevel algorithm at a grid level of mesh size

h is bounded by

C9
r(h)
�(h)

(3.40)

for some constant C9 > 0.

The above estimates of the iteration number and computation cost on a grid of

mesh h are valid for all levels except the coarsest grid level, since on the coarsest

level, the initial guess is not obtained from interpolation. Thus the ratio of initial

error to error tolerance may not necessarily satisfy (3.38), and hence the iterative

solver (3.32) could possibly takes more iterations than (3.39) on the coarsest grid.
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However, since the number of levels is chosen in such a way that the coarsest grid

has very few grid points as described in the second paragraph of this section, the

computation cost on the coarsest grid is of O(1) and thus negligible.

Add up the computation costs at all grid levels, we obtain

C9

h
�(h)
r(h)

+ �(2h)
r(2h)

+ �(4h)
r(4h)

+ � � �
i
� C9

r(h)
[�(h) + �(2h) + �(4h) + � � �] (3.41)

for the total computation cost. For a k-dimensional problem, the cost function

�(h) for each iteration increases at least in the order of O(h�k) as h decreases,

which means that

�(2h) � 2�k�(h);

which, together with (3.41), implies that the total computation cost of the multi-

level iterative algorithm is bounded by

C9
r(h)

h
�(h) + 2�k�(h) + 4�k�(h) + � � �

i
� 2k

2k�1
C9

�(h)
r(h)

� 1:4C9
�(h)
r(h)

; (3.42)

an improvement of O(� logh) when compared with the single grid iterative solver

(3.37).

For the Picard process (3.14) with the FFT-based Helmholtz solver for each Pi-

card iteration, the per-iteration cost is �(h) = O(�h�2 log h) and the convergence

rate r(h) is bounded by a constant independent of mesh size h. Thus when acceler-

ated by the multilevel process, the multilevel Picard-FFT solver has a computation

complexity of O(�h�2 log h) according to (3.42). For the ADI solver (3.28), the

per-iteration cost is �(h) = O(h�2) and the convergence rate is r(h) = O(� logh).

Thus the multilevel ADI method has a complexity of O(�h�2 log h) by (3.42).
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3.5.3 Numerical Testings

To test the multilevel acceleration algorithm, we apply the algorithm to the high

order FFT-based Picard method (3.14) and the high order ADI method (3.28),

obtaining two multilevel methods denoted by MPiFFT and MADI respectively.

We have used the MPiFFT algorithm to solve the same problems the single grid

PiFFT solved in Section 3.3.4, and they are

( i ) ��u+ (cos(x+y) + x
2
y + 1)u = r with u(x; y) = sin(2x+ 3y);

(i i) ��u+ e
x�y

u = r with u = (x+y)3:5[cos(x)� 1]; and

(iii) ��u+ (cos(x�y) + e
x+y)u = r with u(x; y) = cos(x+ y) + x

2
y.

We also have used the MADI to solve the same problems the single grid high order

ADI method have solved in Section 3.4.2 and they are

(iv) ��u+ (x2+ sin(y)+y)u = r on [0; 3]�[0; 3] with u(x; y) = cos(2x+3y);

( v ) ��u+(e3x+e3y)u = r on [0; 3]�[0; 3] with u(x; y) = (x+y)3:5(cos(x)�1); and

(vi) ��u+ (x3+x cos(x)+ey)u = r on [0; 3]�[0; 3] with u(x; y) = sin(x+y).

Experimental tests have been conducted on a SUN UltraSparc 10 workstation,

and the measured number of iterations, execution time, and numerical errors of

the multilevel methods are listed in Tables 3.7{3.12 together with the numerical

results obtained from the corresponding single grid solvers.

In the tests, the coarsest grid of the multilevel methods is chosen to be of size

8� 8, and the iteration stopping criterion for the two multilevel methods is chosen

to be the di�erence between the approximate solution at two consecutive iterations,

69



Table 3.7: ��u + (cos(x+y)+x2y+1)u = r on [0; 3]�[0; 3] with u = sin(2x+3y)

Method N 16 32 64 128 256 512

Iterations 15 23 31 39 48 56

PiFFT1 Time(sec.) 0.01 0.10 0.51 2.62 14.1 70.0

Error 1.6e-04 1.1e-05 8.6e-07 6.7e-08 3.5e-09 2.5e-10

Iterations 6 7 8 8 8 9

MPiFFT Time(sec.) 0.01 0.03 0.17 0.68 3.00 14.4

Error 1.3e-04 1.0e-05 6.0e-07 4.4e-08 3.2e-09 1.6e-10

Table 3.8: ��u+ e
x�y

u = r on [0; 3]�[0; 3] with u = (x+y)3:5(cos(x)�1)

Method N 16 32 64 128 256 512

Iterations 31 44 56 67 77 87

PiFFT1 Time(sec.) 0.03 0.18 0.92 4.55 22.4 105.6

Error 9.6e-04 6.1e-05 3.8e-06 2.4e-07 1.5e-08 1.4e-09

Iterations 8 9 10 10 10 11

MPiFFT Time(sec.) 0.01 0.05 0.21 0.86 3.74 17.7

Error 9.4e-04 5.9e-05 3.6e-06 2.3e-07 1.4e-08 1.3e-09

which is set to 0:1h4 on a grid of mesh size h. The testing is conducted on the

square domain [0; 3]� [0; 3] with the same uniform mesh size h on each dimension.

N = 3=h is the number of grid points on each x- and y-dimension.

Tables 3.7 to 3.9 contain the experimental results of the multilevel Picard-FFT

solver (MPiFFT) as compared with the single grid Picard-FFT solver (PiFFT1).

For the MPiFFT solver, the Iteration row lists the Picard iterations on the �nest

grid level when the indicated grid is the �nest grid. Tables 3.10 to 3.12 present the
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Table 3.9: ��u+ (cos(x�y)+ e
x+y)u = r on [0; 3]�[0; 3] with u = cos(x+y)+ x

2
y

Method N 16 32 64 128 256 512

Iterations 77 128 181 232 282 330

PiFFT1 Time(sec.) 0.08 0.52 2.98 15.4 81.7 439.1

Error 1.3e-03 1.0e-04 6.7e-06 4.5e-07 2.8e-08 1.8e-09

Iterations 26 35 40 42 44 45

MPiFFT Time(sec.) 0.03 0.16 0.82 3.47 16.0 72.1

Error 1.3e-03 9.7e-05 6.7e-06 4.5e-07 2.9e-08 1.8e-09

Table 3.10: ��u + (x2+sin(y)+y)u = r on [0; 3]�[0; 3] with u = cos(2x+3y)

Method N 16 32 64 128 256 512

Iterations 9 15 19 25 33 43

HADI Time(sec.) 0.00 0.03 0.16 0.89 5.32 33.8

Error 2.6e-04 1.8e-05 1.3e-06 6.5e-08 3.9e-09 2.6e-10

Iterations 5 6 7 8 9 9

MADI Time(sec.) 0.01 0.02 0.08 0.37 1.92 9.52

Error 3.2e-04 2.0e-05 1.2e-06 7.4e-08 4.5e-09 3.5e-10

experimental results of the multilevel ADI (MADI) method for the three testing

problems as compared with the single grid high order ADI solver (HADI). For the

MADI method, the row Iteration lists the number of ADI iterations on the indi-

cated grid when it is the �nest grid level. The row starting with Time give the CPU

time taken to solve the problems, and the Error rows show the maximal di�erence

between the computed numerical solution and the true solution on the grid of the

indicated size. The testing results show that the iteration numbers of the multilevel
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Table 3.11: ��u + (e3x+e3y)u = r on [0; 3]�[0; 3] with u = (x+y)3:5[cos(x)�1]

Method N 16 32 64 128 256 512

Iterations 13 19 25 29 36 49

HADI Time(sec.) 0.01 0.05 0.22 1.02 6.92 38.4

Error 1.5e-02 8.2e-04 3.6e-05 6.0e-06 1.6e-07 3.6e-10

Iterations 4 7 6 8 8 9

MADI Time(sec.) 0.00 0.01 0.06 0.37 1.75 9.3

Error 9.0e-04 9.4e-06 5.4e-07 3.0e-08 4.3e-09 3.0e-10

Table 3.12: ��u + (x3+x cos(x)+ey)u = r on [0; 3]�[0; 3] with u = sin(x+y)

Method N 16 32 64 128 256 512

Iterations 8 14 18 25 32 41

HADI Time(sec.) 0.01 0.03 0.15 0.89 5.14 32.2

Error 7.5e-05 4.8e-07 2.9e-07 8.1e-09 1.6e-09 9.8e-11

Iterations 4 4 4 7 4 8

MADI Time(sec.) 0.00 0.01 0.04 0.30 1.02 7.50

Error 4.3e-05 1.0e-06 5.0e-07 2.1e-09 2.1e-09 1.5e-11

methods increase much more slowly than those of the single grid methods, and the

execution time the multilevel solvers have taken to solve the problems to an ade-

quate accuracy are also much shorter, thus experimentally verifying the multilevel

algorithm as an eÆcient acceleration process that maintains the accuracy of single

grid solvers.
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4 Experimental Results

In this chapter, we present some numerical results obtained by applying to parabolic

problems the stabilized explicit-implicit domain decomposition algorithms pro-

posed in Chapter 2. Four di�erent types of problems have been chosen to test

the proposed domain decomposition algorithms. They are a problem with a sym-

metric and negative de�nite spatial operator, a problem with a symmetric and

inde�nite spatial operator, several problems with nonsymmetric spatial operators,

and an unstable problem with a non-symmetric and inde�nite spatial operator. In

the experiments, stability and scalability of the SEITM algorithms are carefully

examined, together with the accuracy of a spatial high order discretization.

4.1 Stability Testing

4.1.1 The Heat Equation

In this section, we apply the SEITM algorithms to the two dimensional heat equa-

tion 8>>>>>>><>>>>>>>:

@u(t;x;y)
@t

= ( @2

@x2
+ @2

@y2
)u; x2
; t�0

u(t; x; y) = ub(t; x; y); x2@
; t�0;

u(0; x; y) = u
0(x; y); x2


(4.1)

on the rectangular domain 
 = [0; 3]� [0; 1]. The heat equation has a \good"

spatial operator | the Laplacian which is symmetric, and negative de�nite (and

hence dissipative). In the numerical experiment, we partition the domain into m+1

intervals of length h in the x-dimension, and partition the y-dimension into n+1

intervals of the same mesh size h as in x-dimension. On this regularly structured
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grid of size m�n, we use the second order central �nite di�erence

fi�1 � 2fi + fi+1

h2
= f

00

i ; (4.2)

for the discretization of the Laplace operator, resulting in the following discrete

Laplace operator of size (mn)�(mn)

�h = h
�2

0BBBBBBBBBBBBBB@

Dn 2In 0 � 0 0 0

2In Dn 2In � 0 0 0

� � � � � � �

0 0 0 � 2In Dn 2In

0 0 0 � 0 2In Dn

1CCCCCCCCCCCCCCA
; (4.3)

where In is the identity matrix in the n-dimensional space Rn, and Dn is a n�n

matrix given by

Dn =

0BBBBBBBBBBBBBB@

�4 1 0 � 0 0 0

1 �4 1 � 0 0 0

� � � � � � �

0 0 0 � 1 �4 1

0 0 0 � 0 1 �4

1CCCCCCCCCCCCCCA
:

Then the spatially discretized heat equation has the form d
dt
uh = �huh + bh(t),

where bh(t) is resulted from the boundary conditions.

We solved the spatially discretized heat equation by the SEITM1 and SEITM2

algorithms presented in Chapter 2, with the domain divided into three equal size

squares as in Figure 4. The time intervals chosen for simulation are the unit interval

[0; 1]. We choose a spatial mesh size of h = 1=64, and have used several di�erent

time discretization sizes �t. The experiments were carried out on an NCSA Origin

2000 machine with a maximum of 256 nodes, each of 250 MHz, running IRIX 6.5.9
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operating system with 64-bit arithmetic operation chosen. The measured errors of

numerical solutions at time t = 1 are listed in Table 4.1 for the indicated temporal

discretization sizes.

Table 4.1: ut = �u with u(t; x; y) = e
�2t cos(x+y)

�t 1=50 1=100 1=200 1=400 1=800

SEITM1 4.2e{03 8.9e{04 1.5e{04 5.3e{05 3.1e{05

SEITM2 3.8e{04 2.2e{04 1.2e{04 6.8e{05 3.6e{05

SEITM3 4.8e{03 1.1e{03 2.2e{04 3.7e{05 1.4e{05

BEuler 6.1e{04 3.0e{04 1.5e{04 7.6e{05 3.8e{05

EITM1 1 1 1 1 1
EITM2 3.9e+54 2.4e+98 1 1 1
EITM3 1 1 1 1 1

The table lists the maximal error of the solution at t = 1.

The symbol 1 denotes an error larger than 1:0e+ 100.

The spatial domain is [0; 3]�[0; 1] with a mesh size h = 1=64.

Since the SEITM algorithms are stabilized EITM algorithms, for stability com-

parison we also solved the heat equation problem using the EITM algorithms| the

SEITM algorithms without the stabilization. On the other hand, since the back-

ward Euler (listed as BEuler in the tables) method is the most stable method due to

the Widder's theorem [2], it can be considered as the benchmark for stability. We
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solved the heat equation using the backward Euler method on the non-partitioned

entire domain by one processor, and the measured errors of the solutions computed

by the BEuler method are also listed in Table 4.1. It is well known that for an

unconditionally stable method, the simulation error remains small even when the

time step size �t is large relative to the spatial mesh size [41, 42]. As indicated by

the experimental results in Table 4.1, the errors of the SEITM algorithms remain

relatively small when the time step size �t is large, and they are almost as small

as those of the backward Euler method, experimentally supporting the stability

analysis given in Chapter 2.

4.1.2 An Unstable Di�usion Problem

In this section, we test the SEITM algorithms on the problem8>>>>>>><>>>>>>>:

@u(t;x;y)
@t

= �u+ 3u; x2
; t�0

u(t; x; y) = 0; x2@
; t�0;

u(0; x; y) = u
0(x; y); x2


(4.4)

on the rectangular domain 
 = [0; 2�]�[0; �]. On this spatial domain, the eigen-

values of the Laplace operator are � j2

4
� k

2 for j; k = 1; 2; 3; � � �. Thus the spatial

operator A = ��+3 has positive eigenvalues and the homogeneous problem (4.4)

could have solutions of exponential growth, e.g. u(t; x; y) = e
t sin(x) sin(y) is a

solution for the initial condition u(0; x; y) = sin(x) sin(y). An evolutionary (or dy-

namical) system is stable if and only all the eigenvalues of the spatial operator are

non-positive. Hence the testing problem (4.4) is unstable.

In the numerical experiment, we choose a spatial grid with the x-dimension

divided intom+1 = 256 subintervals of equal length h = �=128 and the y-dimension
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into n+1 = 128 intervals of the same mesh size h = �=128. On this regularly

structured grid of size m�n, we use the second order central �nite di�erence (4.2)

for the discretization of the Laplace operator, and obtain the following spatially

discretized problem

d
dt
uh = (�h + 3)uh (4.5)

where �h is the discrete Laplace operator given by (4.3).

We solved the spatially discretized heat equation by the SEITM algorithms with

the domain divided into two equal size square subdomains as in Figure 5. The time


1 
2

Figure 5

intervals chosen for simulation are the unit interval [0; 1]. We used several di�erent

time discretization sizes �t. The measured errors of numerical solutions at time

t = 1 are listed in Table 4.2 for the indicated temporal discretization sizes.

To examine the stabilization e�ectiveness of SEITM algorithms, we also have

solved the unstable problem using the EITM algorithms and listed the solution

errors in the Table 4.2. For stability comparison, we solved the discrete problem

(4.5) using the backward Euler method on the non-partitioned entire domain by

one processor. Measured errors of the solutions computed by the BEuler method

are also listed in Table 4.2. As indicated by the experimental results in Table 4.2,

the errors of the SEITM1 and SEITM2 algorithms remain relatively small when
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Table 4.2: ut = �u+ 3u with u(t; x; y) = e
t sin(x) sin(y)

�t 1/25 1/50 1/100 1/200 1/400 1/800

SEITM1 5.7e{02 2.8e{02 1.4e{02 7.1e{03 3.7e{03 2.0e{03

SEITM2 5.7e{02 2.8e{02 1.4e{02 7.1e{03 3.7e{03 2.0e{03

SEITM3 3.0e{01 1.4e{01 7.0e{02 3.5e{02 1.7e{02 8.8e{03

BEuler 5.7e{02 2.8e{02 1.4e{02 7.1e{03 3.7e{03 2.0e{03

EITM1 3.5e+45 4.4e+94 1 1 1 1
EITM2 3.6e+12 4.3e+33 4.3e+65 1 1 1
EITM3 2.6e+42 5.9e+88 1 1 1 1

The spatial domain is [0; 2�]�[0; �] with mesh size h = �=128.

the time step size �t is large, and they are the same as the errors of the backward

Euler method. The errors of SEITM3 algorithm are about 3 to 5 times larger than

those of the backward Euler, but is much smaller than the EITM algorithms.

4.1.3 Convection-di�usion Problems

In this section, we test the SEITM algorithms on the problem8>>>>>>><>>>>>>>:

@u(t;x;y)
@t

= �u+ 9:9 sin(x) @
@x
u� 9:9 cos(x)u; x2
; t�0;

u(t; x; y) = 0; x2@
; t�0;

u(0; x; y) = u
0(x; y); x2


(4.6)

on the rectangular domain 
 = [0; 2�]� [0; �]. We partition the x-dimension of

the domain into m+1 = 256 intervals of length h = �=128, and partition the y-

dimension into n+1 = 128 intervals of the same mesh size h = �=128. On this grid

of size m�n, we use the second order �nite di�erence (4.2) for the discretization
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of the Laplace operator, and discretize @
@x
u by the central �nite di�erence

fi+1 � fi�1

h
= f

0

i : (4.7)

We solved the spatially discretized equation by the SEITM algorithms with the

domain divided into two equal size squares as in Figure 5. The time interval

chosen for simulation is the unit interval [0; 1]. We used several di�erent time

discretization sizes �t. The measured errors of numerical solutions at time t = 1

are listed in Table 4.3 for the indicated temporal discretization sizes. We also have

solved the problem using the EITM algorithms and the backward Euler method

(BEuler). The solution errors computed by the EITM and BEUler algorithms are

listed in the Table 4.3.

Table 4.3: ut = �u+ 9:9 sin(x)ux�9:9 cos(x)u with u = e
�2t sin(x) sin(y)

�t 1/25 1/50 1/100 1/200 1/400 1/800

SEITM1 1.1e{02 5.5e{03 2.8e{03 1.5e{03 8.0e{04 4.6e{04

SEITM2 1.1e{02 5.5e{03 2.8e{03 1.5e{03 8.0e{04 4.6e{04

SEITM3 1.9e+00 3.7e{01 1.3e{01 5.4e{02 2.5e{02 1.2e{02

BEuler 1.1e{02 5.5e{03 2.8e{03 1.5e{03 8.0e{04 4.6e{04

EITM1 8.0e+42 1.8e+88 1 1 1 1
EITM2 4.0e+13 1.9e+34 2.0e+66 1 1 1
EITM3 1.7e+42 4.4e+88 1 1 1 1

The spatial domain is [0; 2�]�[0; �] with mesh size h = �=128.

As indicated by the experimental results in Table 4.3, the errors of the SEITM1

and SEITM2 algorithms remain small even when the time step size �t is large,

and the errors are the same as those of the backward Euler method. The errors of

the SEITM3 algorithm are about 30 to 100 times larger than the backward Euler,
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but still much smaller than the errors computed by the EITM algorithms. The

proof of the unconditional stability of the SEITM algorithms given in Chapter 2

is built upon the self-adjointness (or symmetry) of the spatial operator. Though

rigorously it is still open if the SEITM algorithms remain unconditionally stable

for problems with non-symmetric operators, the numerical experiment data show

that the proposed SEITM1 and SEITM2 algorithms are robust and retain the

unconditional stability for non-selfadjoint problems.

To see how di�erent degrees of nonsymmetry a�ects the numerical error or

stability of the SEITM3 algorithm, we test the SEITM3 algorithm on the problem8>>>>>>><>>>>>>>:

@u(t;x;y)
@t

= �u+ � sin(x) @
@x
u� � cos(x)u; x2
; t�0;

u(t; x; y) = 0; x2@
; t�0;

u(0; x; y) = u
0(x; y); x2


with varying �. The testing results are listed in Table 4.4.

Table 4.4: ut = �u+ � sin(x)ux � � cos(x)u with u = e
t sin(x) sin(y)

� �t 1/25 1/50 1/100 1/200 1/400 1/800

0.9 SEITM3 6.4e{03 3.2e{03 1.6e{03 8.2e{04 4.2e{04 2.2e{04

3.9 SEITM3 4.5e{02 2.1e{02 1.0e{02 5.2e{03 2.6e{03 1.3e{03

6.9 SEITM3 2.8e{01 1.0e{01 4.4e{02 2.1e{02 1.0e{02 5.0e{03

9.9 SEITM3 1.9e+00 3.7e{01 1.3e{01 5.4e{02 2.5e{02 1.2e{02

0.9 BEuler 1.1e{02 5.4e{03 2.7e{03 1.4e{03 6.9e{04 3.5e{04

3.9 BEuler 1.1e{02 5.4e{03 2.7e{03 1.4e{03 7.2e{04 3.8e{04

6.9 BEuler 1.1e{02 5.5e{03 2.8e{03 1.4e{03 7.6e{04 4.2e{04

9.9 BEuler 1.1e{02 5.5e{03 2.8e{03 1.5e{03 8.0e{04 4.6e{04

The spatial domain is [0; 2�]�[0; �] with mesh size h = �=128.

We also solved the same problem with varying coeÆcients � by the backward
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Euler method. The maximal errors computed by the BEuler method are listed in

Table 4.4. The measured numerical errors indicate that when � is small, SEITM3

algorithm exhibits quite small errors. As � increases, the numerical errors also

increase.

4.1.4 An Unstable Convection-di�usion Problem

In this section, we test the SEITM algorithms on the problem8>>>>>>><>>>>>>>:

@u(t;x;y)
@t

= �u+ sin(x) @
@x
(sin(x)u) + (3�sin(2x))u; x2
; t�0

u(t; x; y) = 0; x2@
; t�0;

u(0; x; y) = u
0(x; y); x2


(4.8)

on the rectangular domain 
 = [0; 2�]�[0; �]. On L
2
0(
), the spatial operator

Au = �u+ sin(x)
@

@x
(sin(x)u) + (3� sin(2x))u

is inde�nite. This can be seen from the analysis given below. We rewrite hhe

spatial operator into A = A1 + A2 + A3, where8>>>>>>><>>>>>>>:

A1u = (� + 2)u;

A2u = sin(x) @
@x
(sin(x)u);

A3u = sin(2x) + 1:

The eigenvalues of the Laplace operator are � j2

4
� k

2 for j; k = 1; 2; 3; � � �, so the

eigenvalues of A1 are 2 � j2

4
� k

2 for j; k = 1; 2; 3; � � �. Thus A1 is inde�nite and

has a positive eigenvalue equal to 0.75. Obviously the multiplication operator

A3 = sin(2x) + 1 is symmetric and positive semi-de�nite, which means that

hA3v; vi � 0 for all v2L2
0(
): (4.9)
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The operator A2 is both positive semi-de�nite and negative semi-de�nite in the

sense that

hA2v; vi+ hv; A2vi = 0 for all v2L2
0(
): (4.10)

The above equality holds because for u; v2L2
0(
),

hA2u; vi =
R

 sin(x)

@
@x
(sin(x)u(x; y))v(x; y)dxdy

=
R �
0

h
v(x; y) sin(x)2u(x; y)jx=2�

x=0

i
dy � R


 sin(x)u(x; y)
@ sin(x)v(x;y)

@x
dxdy

= 0� R

 sin(x)

@
@x
(sin(x)v(x; y))u(x; y)dxdy

= �hu;A2vi :

Now we take v(x; y) = sin(0:5x) sin(y), an eigenvector of A1 with respect to the

eigenvalue 0:75, and have that

hAv; vi+hv; Avi = 2 hA1v; vi+ (hA2v; vi+hv; A2vi) + 2 hA3v; vi

= 1:5kvk2 + (hA2v; vi+hv; A2vi) + 2 hA3v; vi

� 1:5kvk2;

(4.11)

where the last inequality is due to (4.9) and (4.10). Thus A is inde�nite by (4.11).

Since the spatial operator is inde�nite, the homogeneous problem (4.8) could have

solutions of exponential growth, e.g. u(t; x; y) = e
t sin(x) sin(y) is a solution for the

initial condition u(0; x; y) = sin(x) sin(y). An evolutionary (or dynamical) system

is stable if and only all the eigenvalues of the spatial operator are non-positive.

Hence the testing problem (4.8) is unstable.

To solve the problem numerically, we partition the x-dimension of the domain

into m+1 = 256 intervals of length h = �=128, and partition the y-dimension into

n+1 = 128 intervals of the same mesh size h = �=128. On this grid of size m�n,

we use the second order �nite di�erence (4.2) for the discretization of the Laplace
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operator, and discretize @
@x
u by the central �nite di�erence (4.7). We solved the

spatially discretized equation by the SEITM algorithms with the domain divided

into two equal size squares as in Figure 5. The time interval chosen for simulation

is the unit interval [0; 1]. We used several di�erent time discretization sizes �t. The

measured errors of numerical solutions at time t = 1 are listed in Table 4.5 for the

indicated temporal discretization sizes. We also have solved the problem using the

EITM algorithms and the backward Euler method (BEuler). The solution errors

computed by the EITM and BEUler algorithms are also listed in the Table 4.5.

Table 4.5: ut = �u+ sin(x)2ux + [3� sin(x) cos(x)]u with u = e
t sin(x) sin(y)

�t 1/25 1/50 1/100 1/200 1/400 1/800

SEITM1 5.7e{02 2.8e{02 1.4e{02 7.1e{03 3.7e{03 2.0e{03

SEITM2 5.7e{02 2.8e{02 1.4e{02 7.2e{03 3.7e{03 2.0e{03

SEITM3 3.9e{01 1.9e{01 9.1e{02 4.5e{02 2.3e{02 1.1e{02

BEuler 5.7e{02 2.8e{02 1.4e{02 7.2e{03 3.7e{03 2.0e{03

EITM1 4.4e+45 5.6e+94 1 1 1 1
EITM2 8.6e+21 2.2e+42 1.6e+74 1 1 1
EITM3 2.6e+42 6.1e+88 1 1 1 1

The spatial domain is [0; 2�]�[0; �] with mesh size h = �=128.

As indicated by the experimental results in Table 4.5, the errors of the SEITM1

and SEITM2 algorithms remain small even when the time step size �t is large,

and the errors are almost the same as those of the backward Euler method. The

errors of the SEITM3 algorithm are about 5 times larger than the backward Euler,

but still much smaller than the errors computed by the EITM algorithms. The

numerical experiment data show that the SEITM1 and SEITM2 algorithms are
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robust and retain the unconditional for unstable, non-selfadjoint problems.

4.2 Scalability Testing

To examine the scalability of the proposed domain decomposition algorithms, we

apply the SEITM1 and SEITM3 algorithms to the convection-di�usion equation8>>>>>>><>>>>>>>:

@u(t;x;y)
@t

= �u+ sin(x)ux � cos(x)u; x2
; t�0

u(t; x; y) = 0; x2@
; t�0;

u(0; x; y) = u
0(x; y); x2


on spatial domains [0; p�]�[0; �], where p is the number of subdomains the entire

domain is to be partitioned into. The domain partitioning is along the x-direction

as shown in Figure 6, with each subdomain being a square and assigned to a

processor. Uniform grid is applied to the domain with mesh size �
256

in both the


1 
2 � � � 
p�1 
p

Figure 6

x- and y-directions. On this grid we use the second order �nite di�erence (4.2) for

the discretization of the Laplace operator, and discretize @
@x
u by the central �nite

di�erence (4.7). The simulation time interval is [0; 1], and the time step size is

�t = 5:0e�03.

We solved the problem by the SEITM1 and SEITM3 algorithms on a dedicated

queue of an NCSA Origin 2000 machine with a maximum of 256 nodes each of
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250 MHz, running IRIX 6.5.9 operating system. 64-bit arithmetic operation was

chosen. In the experiments, we measured the computation time (T comp), the

communication time (T comm), the total execution time (T total), and the maxi-

mal errors of the numerical solutions at time t = 1. These measured data are lised

in Table 4.6 and Table 4.7 together with parallel speedup and eÆciency calculated

using the total execution time T total. In the tables, the unit of T comp, T comm

and T total is second.

Table 4.6: Solving ut = �u+ sin(x)ux � cos(x)u by SEITM1

Processors T total T comp T comm Speedup EÆciency Max-Err

1 2.08e+01 2.08e+01 0.0e-02 1 100% 1.4e-03

2 2.12e+01 2.10e+01 1.1e-01 1.96 98.1% 1.4e-03

3 2.12e+01 2.10e+01 1.9e-01 2.94 98.1% 1.4e-03

4 2.12e+01 2.10e+01 1.5e-01 3.92 98.1% 1.4e-03

5 2.12e+01 2.10e+01 1.7e-01 4.91 98.1% 1.4e-03

6 2.13e+01 2.10e+01 2.5e-01 5.86 97.7% 1.4e-03

7 2.13e+01 2.11e+01 2.9e-01 6.84 97.7% 1.4e-03

8 2.13e+01 2.11e+01 2.2e-01 7.81 97.7% 1.4e-03

10 2.14e+01 2.11e+01 3.1e-01 9.72 97.2% 1.4e-03

12 2.14e+01 2.10e+01 4.1e-01 11.7 97.2% 1.4e-03

14 2.14e+01 2.10e+01 3.7e-01 13.6 97.2% 1.4e-03

16 2.14e+01 2.10e+01 3.8e-01 15.6 97.2% 1.4e-03

20 2.15e+01 2.10e+01 4.8e-01 19.3 96.7% 1.4e-03

24 2.15e+01 2.11e+01 4.3e-01 23.2 96.7% 1.4e-03

28 2.16e+01 2.11e+01 5.0e-01 27.0 96.3% 1.4e-03

32 2.16e+01 2.10e+01 5.6e-01 30.8 96.3% 1.4e-03

Speedup and eÆciency are computed using T total.

The spatial domain is [0; p�]�[0; �] witn h = �=256, where p is the number of processors.

The testing time interval is [0; 1] with �t =5.0e{03.
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Table 4.7: Solving ut = �u+ sin(x)ux � cos(x)u by SEITM3

Processors T total T comp T comm Speedup EÆciency Max-Err

1 9.89e+00 9.89e+00 0.0e-02 1 100% 8.4e-04

2 1.04e+01 1.02e+01 1.9e-01 1.90 95.1% 8.4e-04

3 1.04e+01 1.02e+01 2.3e-01 2.85 95.1% 8.4e-04

4 1.05e+01 1.02e+01 2.9e-01 3.77 94.2% 8.4e-04

5 1.05e+01 1.02e+01 3.4e-01 4.71 94.2% 8.4e-04

6 1.06e+01 1.02e+01 3.5e-01 5.60 93.3% 8.4e-04

7 1.05e+01 1.02e+01 3.1e-01 6.59 94.2% 8.4e-04

8 1.05e+01 1.02e+01 2.8e-01 7.54 94.2% 8.4e-04

10 1.05e+01 1.02e+01 2.7e-01 9.92 94.2% 8.4e-04

12 1.05e+01 1.02e+01 3.0e-01 11.3 94.2% 8.4e-04

14 1.07e+01 1.01e+01 5.5e-01 12.9 92.4% 8.4e-04

16 1.06e+01 1.02e+01 4.1e-01 14.9 93.3% 8.4e-04

20 1.05e+01 1.01e+01 4.1e-01 18.8 94.2% 8.4e-04

24 1.05e+01 1.01e+01 4.0e-01 22.6 94.2% 8.4e-04

28 1.06e+01 1.02e+01 3.5e-01 26.1 93.3% 8.4e-04

32 1.07e+01 1.01e+01 5.5e-01 29.6 92.4% 8.4e-04

Speedup and eÆciency are computed using T total.

The spatial domain is [0; p�]�[0; �] witn h = �=256, where p is the number of processors.

The testing time interval is [0; 1] with�t = 5:0e�03.

The experimental data show that the computation time almost remains the

same as the problem size increases with the machine ensemble size such that the

memory usage on each processor remains the same. That is the problem size

is scaled up following the memory-bounded constraint [58]. This phenomenon is

well under expectation since the stabilization process has a very low computation

overhead. The communication time increases slowly as the number of processors

increases. As the number of processors increases from one to thirty two, the ef-
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�ciency has decreased less than 4 percentage points for the SEITM1 algorithm,

and decreased less than 8 percentage points for the SEITM1 algorithm. This rate

of performance decrease is very slow, matching well with the analysis given in

Section 2.1.

The di�erence in the decreased percentage between the SEITM1 and SEITM2

algorithm is due to the di�erence of computation costs of the two algorithms.

The computation time used by the SEITM3 algorithm is less than half of that

used by the SEITM1 algorithm while the communication time consumed by the

two algorithms are almost the same. This di�erence in computation time is well

under expectation since, as analyzed in Chapter 2, the SEITM3 has a linear order

computation cost while SEITM1 algorithm using an FFT based subdomain solver

has an O(N logN) computation cost on a grid with N grid points.

4.3 High Order Spatial Discretization

In this section, we apply the SEITM1 algorithm with a fourth order discretiza-

tion scheme for the spatial operator of the following homogeneous problem of the

di�usion problem 8>>>>>>><>>>>>>>:

@u(t;x;y)
@t

= �u+ 3u; x2
; t�0

u(t; x; y) = 0; x2@
; t�0;

u(0; x; y) = u
0(x; y); x2


(4.12)

on the rectangular domain [0; 2�]�[0; �]. In the numerical experiment, we partition

the domain into 2n intervals of length h in the x-dimension, and partition the y-

dimension into n intervals of the same mesh size h as in x-dimension, resulting in
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a grid of size (2n�1)�(n�1). In the SEITM1 algorithm, we partition the domain

into two square subdomains of equal size, and the interface boundary of the grid

consists of grid points

f(i; j) : i = n and j = 1; 2; � � � ; n�1g:

We discretize the Laplace operator by

(I+ h2x
12
Dxx+

h2y
12
Dyy)�ui;j = [Dxx(I+

h2y
12
Dyy) + (I+ h2x

12
Dxx)Dyy]u

i;j
; (4.13)

which is the formula (3.13) with @2

@x2
and @2

@y2
replaced by Dxx and Dyy, where

Dxxui;j =
ui�1;j�2ui;j+ui+1;j

h2
and Dyyui;j =

ui;j�1�2ui;j+ui;j+1
h2

. With formula (4.13),

both the subdomain scheme and the stabilization of the SEITM1 algorithm require

solving an equation of the form

[I � �t(I +
h
2

12
Dxx)

�1
Dxx � �t(I +

h
2

12
Dyy)

�1
Dyy]u = r:

Since the stabilization in the SEITM1 algorithm is applied on the interface bound-

aries, the equation to be solved on the interface boundaries are tridiagonal systems

and can be easily solved. The equation on the subdomains can be solved by the

FFT-based direct solver described in Chapter 3. With these fourth order spatial

discretization schemes for the Laplace operator, we solve the di�usion equation

(4.12) from time t = 0 to t = 1 with several di�erent spatial discretization sizes h

and di�erent time discretization sizes �t. The measured errors of numerical solu-

tions at time t = 1 are listed in Table 4.8 for the indicated spatial mesh sizes and

temporal discretization sizes.

In the testings, the time step sizes were chosen to be quite small as compared

to the spatial mesh sizes. Since the error of a numerical solution of time dependent
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Table 4.8: ut = �u+ 3u on [0; 2�]�[0; �] with u = e
t sin(x) sin(y)

(�=h; 1=�t) (8, 500) (8, 1000) (8, 2000) (16,2000) (16,4000) (16,8000)

Order 2 7.3e{02 7.2e{02 7.1e{02 1.8e{02 1.8e{02 1.8e{02

Order 4 2.4e{03 1.0e{03 3.2e{04 6.6e{04 3.2e{04 1.5e{04

partial di�erential equations comes from both the temporal and spatial discretiza-

tion, to examine the accuracy of the spatial discretization we must choose spatial

mesh sizes large enough so that spatial discretization errors dominate the temporal

error. The experimental results show that the fourth order method has a much

higher accuracy than the second order method, and when the spatial mesh size is

halved, the error of the fourth order method decreases markedly while the error of

the second order method almost remains the same.

4.4 Concluding Remarks

The experiments carried out have been supporting the assertion proven in Chapter 2

that SEITM algorithms are unconditionally stable for evolutionary problems with

symmetric operators, and also showing the robustness of the SEITM1 and SEITM2

algorithms in maintaining good stability results for unsymmetric problems. While

achieving excellent stability results, the SEITM algorithms also have low communi-

cation cost and high parallel speedup and eÆciency, proving themselves ideal solvers

for large scale parallel simulation problems on distributed memory machines.
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5 Summary and Future Work

We have developed the stabilized explicit-implicit time marching (SEITM) do-

main decomposition methods by adding a stabilization step to the explicit-implicit

time marching (EITM) methods. The EITM methods are globally non-iterative,

non-overlapping domain decomposition methods, which are computationally and

communicationally eÆcient for each time step calculation when compared with

Schwartz method based parabolic solvers, and preserve the accuracy of tempo-

ral and spatial discretization when compared with non-EITM based globally non-

iterative, non-overlapping domain decomposition methods. However the EITM

methods su�er from either stability or consistency related time step size restric-

tions, while Schwartz methods could maintain the good stability condition of im-

plicit temporal discretization schemes. The proposed SEITM methods have inher-

ited the advantages of EITM methods in time-stepwise eÆciency and discretization

accuracy preserving but are free from stability or consistency related time step size

restrictions. Thus the SEITM methods have the advantages of both the EITM

methods and the Schwartz method based parabolic solvers. But what's more im-

portant for parallel computing, especially for large scale simulation problems, is

that the SEITM methods achieve stability by adding zero communication cost

and negligible computation cost to the EITM methods, yielding excellent parallel

speedup and scalability con�rmed by testings on SGI Origin 2000 super-computers.

Thus, the SEITM methods have great potential for large scale simulation problems

on distributed memory machines.

Among the three methods (SEITM1, SEITM2 and SEITM3) proposed, the
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SEITM1 and SEITM2 methods have the same computation and communication

cost, while the SEITM3 method has same communication cost as the other two but

lower computation cost | an O(N) time-stepwise computation cost on a grid of size

N for all problems including the computationally challenging convection-di�usion

problems. However numerical experiments show that the SEITM3 method becomes

less stable for some convection-di�usion problems with \larger" convection terms.

Since the four convection-di�usion problems chosen for testing in Section 4.1.3 also

have sink-source terms which assume positive values at some points, it is unknown

if these positive values of the sink-source terms have made these testing problems

unstable. Thus it is not fully understood even from an experimental point of

view if the measured weaker stability results of the SEITM3 methods are due to

the non-symmetry of the spatial operators of the testing problems only or due

to the combination of the nonsymmetry or (possible) unstability of the testing

problems. Rigorously, the stability is still not understood for all the three SEITM

methods, so one mathematical issue the newly proposed SEITM methods open up

is how operator splitting (especially domain decomposition based) of nonsymmetric

operators will a�ect the stability of the numerical method.

This mathematical issue has another important implication in the applicability

of SEITM methods to hyperbolic problems. Hyperbolic problems like the wave

equations are dissipative but nonsymmetric. In Chapter 2, the parallel speedup

analysis does not require any property of parabolic systems. Thus when ap-

plied to hyperbolic systems, the high computation and communication eÆciency

of the SEITM methods should not change too much. In the proofs of stability
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and convergence, the properties of the parabolic system we have used are the

quasi-dissipativity and symmetry. The wave equations are dissipative (even bet-

ter than quasi-dissipative) but nonsymmetric. Numerical testings of the SEITM1

and SEITM2 methods on nonsymmetric parabolic problems have shown excellent

stability. It is therefore reasonable to expect good stability results when SEITM1

and SEITM2 methods are applied to hyperbolic problems. Hence to understand

the stability condition of the SEITM methods for nonsymmetric problems has sig-

ni�cance for both convection-di�usion problems and hyperbolic problems.

Another important issue in understanding the SEITM methods is to �nd the

smallest size the subdomains can be chosen without a�ecting the stability of the

methods. If there is no restriction on the size of the subdomain, then linear order

(hence optimal) computation complexity can be achieved for each time step calcu-

lation. The reason for this linear order complexity is that the computation costs

of the SEITM methods, as analyzed in Chapter 2, depend linearly on the num-

ber of subdomains but possibly super-linearly (except SEITM3) on the number of

grid points. Thus by partitioning the entire domain into subdomains of size O(1),

linear order computation cost can also be achieved for the SEITM1 and SEITM2

methods. Since SEITM1 and SEITM2 methods exhibit better stability results than

SEITM3 in numerical experiments, it is important to investigate the restrictions,

if any, on the size of subdomains.

The two aforementioned issues, as well as more 
exible domain partitioning

strategies mentioned in Chapter 2 for allowing the crossing of interface boundaries,

are a few example research issues the SEITM methods have opened up. There
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are many other interesting directions created by the newly proposed SEITM meth-

ods that further investigation can proceed. For example, many systems studied in

sciences and engineering are governed by time dependent PDEs which are compu-

tationally expensive to simulate, and hence the potential contribution of SEITM

methods to other disciplines is obvious. We conclude this dissertation by the fol-

lowing physiology problem the SEITM methods can help to provide insight into.

The electric potential of a passive neuron is governed by an inhomogeneous

di�usion equation with a sink-source term [33, 51, 53]. The governing equation is

simple. However, the enormous complexity of neuron dendritic geometry presents

an obstacle to the solution and hence quantitative understanding of the electric

characteristics of a neuron. One approach to understand the electric property

on the dendritic tree is the equivalent cable equation method introduced by Rall,

with which a branching tree is replaced by many unbranching cables in a certain

way to retain the dendritic tree's essential electric characteristics. A recent tech-

nique for generating the equivalent cable equation is the Lanczos procedure [39]

based method that tridiagonalizes the system of spatially discretized cable equa-

tions coupled at the branching nodes [48, 62], obtaining an equation equivalent

to a one-dimensional spatially discretized linear parabolic equation in a sense of,

among all senses, tridiagonal matrix structure for the discrete spatial operator.

One obvious disadvantage of the Lanczos procedure, also as pointed by Whitehead

and Rosenberg, is the possibility of break-down of the iterative process. However,

the SEITM methods proposed in this dissertation particularly �t this problem

for handling the enormous complexity of the dendritic spatial geometry. The non-
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overlapping domain decomposition based operator splitting of the SEITM methods

can easily decompose the dendritic trees into a bunch of non-branching cables with

each cable as a subdomain. This domain decomposition process not only frees from

any possible breakdown (a drawback of the Lanczos procedure not the equation),

a more eÆcient numerical solution is also expected since the SEITM methods are

globally non-iterative while Lanczos procedure is.
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