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Abstract— Relative neighborhood graph (RNG) has been
widely used in topology control and geographic routing in
wireless ad hoc networks. Its maximum edge length is the
minimum requirement on the maximum transmission radius by
those applications of RNG. In this paper, we derive the precise
asymptotic probability distribution of the maximum edge length
of the RNG on a Poisson point process over a unit-area disk. Since
the maximum RNG edge length is a lower bound on the critical
transmission radius for greedy forward routing, our result also
leads to an improved asymptotic almost sure lower bound on the
critical transmission radius for greedy forward routing.

I. INTRODUCTION

Relative neighborhood graph (RNG) of a finite planar set
was originally introduced first by [15] with applications in
pattern recognition. It is a bounded-degree planar graph con-
taining the Euclidean minimum spanning tree as a subgraph.
Due to its simple construction and maintenance, RNG has
found many applications in localized topology control (e.g.,
[6], [8], [9]) and geographic routing (e.g., [1], [7], [13]) in
wireless ad hoc networks. All these applications require the
maximum transmission radius of the networking nodes be no
shorter than the longest edge in the RNG. While the maximum
edge length in the RNG can be computed in polynomial time,
little is known about its random behavior when the underlying
vertex is a random point set. In this paper, we derive the
precise asymptotic distribution of the maximum edge length
in the RNG of a Poisson point process over a unit-area disk
with density n, which is denoted by P,,. Denote the maximum
edge length of a geometric graph G by A (G), and the RNG
of a finite planar set V by RNG (V). Let

p=1/ 3 2

The main result of this paper is stated in the following theorem.
Theorem 1: For any constant £, we have

lim Pr |\ (RNG (Py)) < ) ME8| - %ee

n—oo ™
It is interesting to compare the maximum edge length of the
RNG with the maximum edge length of the (Euclidean) min-
imum spanning tree (MST), which is also known the critical
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transmission radius for connectivity [5], and the maximum
edge length of the Gabriel graph (GG) [4], which also has
many applications in wireless ad hoc networks. Let M ST (V)
and GG (V') denote the MST and the GG of finite planar set
V. It’s well-known that for any finite planar set,

MST (V) C RNG (V) C GG (V).
Thus,
M(MST (V)) < A(RNG (V) < X(GG (V).

The asymptotic distributions of A (MST (P,)) and
A(GG (P,,)) were derived in [11] (based on an earlier
result [2]) and in [16] respectfully. Specifically, for any
constant &,

lim Pr|A(MST (P)) < /8| = o=et,
lim Pr |\ (GG (P,)) <2 hm;f _ e
n—oo T

So roughly speaking, the maximum edge length of the RNG
(respectfully, GG) of a Poisson point process is asymptotically
about 1.6 times (respectfully, twice) its critical transmission
radius for connectivity.

Another parameter closely related to the maximum edge
length of the RNG is the critical transmission radius for greedy
forward routing [3], [14]. In greedy forward routing, each
node discards a packet if none of its neighbors is closer to
the destination of the packet than itself, or otherwise forwards
the packet to the neighbor closest to the destination of the
packet. The critical transmission radius of a planar node set V'
for greedy forward routing, denoted by o (V'), is the smallest
transmission radius by V' which ensures successful delivery
of any packets from any source node in V' to any destination
node in V. Clearly, A (RNG (V)) < o (V). It was recently
proved in [17] that for any constant € > 0, it is asymptotically
almost sure (abbreviated by a.a.s.) that

Inn Inn
(1—-e)py— <o (Pn) <(1+e)8y/—.
™m ™
IEEE
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This immediately implies that for any constant ¢ > 0, it is

a.a.s. that
MERNG (P) < (1+ e)m/%’.

Inn

In other words, (1+¢)(4/22 is an a.a.s. upper bound
on A(RNG (P,)). While this a.a.s. bound is weaker than
Theorem 1, it had inspired us to conjecture and then prove
Theorem 1. This a.a.s. bound will also be used in the proof of
Theorem 1. As the immediate consequence of Theorem 1, a
tighter a.a.s. lower bound on o (P,,) can be obtained: Suppose
that lim,,_,o0 &, = o0 and lim,, . &,/Inn = 0. Then it is

a.s.s. that
Inn —§&,

o (Pn) > By —.

™

In what follows, o is origin of the Euclidean plane R2, and
D is the unit-area (closed) disk centered at 0. We assume that
Py, is the Poisson point process over D with density n. We
denote by X,, = (X1, -+, X,) the uniform n-point process
over D. The symbols O, o, ~ always refer to the limit n — oco.
To avoid trivialities, we tacitly assume n to be sufficiently large
if necessary. For simplicity of notation, the dependence of sets
and random variables on n will be frequently suppressed. For
any set S and positive integer k, the k-fold Cartesian product
of S is denoted by S*. The Euclidean norm of a point
is denoted by ||z||, and the Euclidean distance between two
points u and v is denoted by ||uv||. The Lebesgue measure
(or area) of a measurable set A C R? is denoted by |A|. The
topological boundary of a set A C R? is denoted by OA.
The open (respectively, closed) disk of radius r centered at =
is denoted by D (x,r) (respectively, D (x,r)). For any finite
planar set V, K (V) denotes the complete (geometric) graph
on V which consists of line segments between all pairs of
nodes in V.

The remaining of this paper is organized as follows. In
Section II, we present several useful geometric results. In
Section III, we derive the limits of some relevant integrals.
In Section IV, we give the proof for Theorem 1.

II. GEOMETRIC PRELIMINARIES
For x € D, let ¢ (x) denote the distance between x and 9D,
which is equal to ﬁ — ||#||. For any 0 < p < ﬁ, define

D, (0) = {z € D:t(x) > p},

Dp(1)={weD:\/i—p2<t(x)<p},
]D)p(Q)—{:rE]D):t(m)<\/71T—p2}.

With this notation, the midpoint of any line segment xy C D is
not in Dz, /2 (2). For z € Dand 0 < p < —=, define 0 (z, p)
as follows. If z € D, (0), then 6 (z,p) = 2x. If z € D, (2),
then 0 (z,p) = 0. If z € D, (1), let w and v be the two
intersection points of OB (z, p) and 9D, and define 6 (z, p) =
27 — Zuzv (see Figure 1). We claim that pf (z, p) < 27t ().

The claim holds trivially if z € D, (0) or z € D, (2). So,
we consider the case that z € D, (1). It’s easy to see that
0 (z,p) < 4arcsin @ Using the equality sina > %

any « € [0,7/2], we obtain

« for

0 (z,p) §4.g.@: 2mt ()

P P

Thus, pf (x, p) < 27t (x).

Fig. 1. If z € D, (1), then 6 (z, p) = 27 — 2Zuxv.

The lune of a line segment e = ab, denoted by L (e), is
the intersection of the disks D (a, ||ab||) and D (b, ||ab||); e
is called the waist of L (e); the two intersection points of
0D (a, ||ab||) and OD (b, ||ab]|) are called the vertices of L (e).
It’s easy to verify that

L ()| = mlle]® /6%

If e C D and the midpoint of e is apart from 0D by at least
@ |le]l, then L (e) C D. The next lemma gives a lower bound
on |L (e) N D] if otherwise.

Lemma 2: Consider a line segment e C D with midpoint
2 If ¢ (2) < 2 [|e]|, then

1 el
[L(e)nD| > 3L ()] + e (2).

Proof: Let a and b be the two endpoints of e, and ¢y
and ¢y be the two vertices of L (e) with ¢; being farther away
from the center of D (see Figure 2). Then, the half lune abcs
is fully contained in D. If ¢; € 0D, then the triangle abc; is
contained in D and its area is @ laz| > @t (2). So, the
lemma holds if ¢; € OD. Now assume that ¢; ¢ OD. Let u be
the intersection point of ¢yz and JD. Then, the triangle abu
is contained in D and its area is@ |uz|| > @t (2). So, the
lemma also holds if ¢; ¢ 9D. |

Two line segments are said to be compatible if the two
endpoints of either segment is not contained in the lune of the
other segment. The next lemma generalizes Lemma 2 in [17]
by taking into account the boundary effect.

Lemma 3: Suppose that e; and es are two compatible
segments in I satisfying that ||e1||, ||e2|| € [R/2, R] for some
R < ﬁ. Let z; and 22 be the midpoints of e; and es
respectfully. If ||z122]] < V/3R and z; is farther away from
the center of D than zo, then

(L (e2) \ L (e1)) N D] > 0.0029R ||z, 2] -
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Fig. 2. L (e) ND contains the triangle abcz and the half lune abu.

The proof of this lemma is very lengthy and complicated.
We omit the proof in this conference version due to the
limitation on the space.

For any line segment e, we define

v(e)=|L(e)ND]|.
For any geometric graph H, define
v(H) = [(UeenL () N DI,

and x (H) to be indicator for all edges of H are pairwise
compatible. An edge e € E is called an outermost edge of
H if its midpoint is the nearest to 0. For any finite planar
set V' and any positive number r, the r-disk graph of V is a
geometric graph over V' in which there is an edge between
two nodes if and only if their distance is at most r. The next
lemma generalizes Lemma 3 to the multiple lunes.

Lemma 4: Suppose that H is a geometric graph over a
finite subset of DD with at least two edges satisfying that (1)
x (H) = 1, (2) all the edges have length between R/2 and
R for some R < ﬁ, and (3) the midpoints of its edges
induce a connected v/3R-disk graph. Let e be an outermost
edge of H, and ¢ be the largest distance between the midpoint
of e and the midpoints of other edges of H. Then,

v(H) > v (e) + 0.0029RL.

Proof: Let €’ be the edge of H whose midpoint is the
farthest from the midpoint of e. Let P = 2125 --- 25 be the
min-hop path between the midpoint z; of e and the midpoint
2, of ¢ in the v/3R-disk graph over the midpoints of the
edges in H. For each 1 < ¢ < k, let e; be the edge of H
whose midpoint in z;. Then, e; = e and e¢; = ¢’. For each
2 < j <k, let H; denote the subgraph of H consisting of the
edges e; for 1 < i < j. We will prove by induction on j with
2 < j <k that

j—1
v (Hj) > v(er) +0.0029R Y ||zizisa]| - (1)

i=1
By Lemma 3, the inequality (1) holds when j = 2. Since P is
the min-hop path, ||z;23] > V3R and L (e3) is disjoint from
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L (e1). Thus,
v(Hs) > v(e1)+v(es)

2
7 [|es]|
232
™

14 (61) + WR . 2\/§R
2

> v(e1) +0.044R Y ||zizipa ] -

i=1

> v(er) + 5 1L es)] 2 vlen) +
2
>V(€1)+% >

Hence, the inequality (1) holds when j = 3. Next, assume
that j > 3. Since L (e;) is disjoint from each L (e;) with
1 <e <5 —2, we have

v(Hj) 2 v(Hj—2) +v(e).
By the induction hypothesis, we have

j—3

mR?
v(H;) > v(er)+ 0.002937_; |23 Zig1|| + 5
j—3
> v (e1) +0.0029R > [|zizis1 | + 0.044R - 2v/3R
1=1
j—1
> v (e1) +0.0029R > [|ziziqa| -
1=1

Thus, the inequality (1) holds. By the principle of induction,
the inequality (1) holds for every 2 < j < k.
Since v (H) > v (Hy) and

k—1
> lzsziall > Il = £,

i=1
the lemma holds. [ |

III. INTEGRAL INGREDIENTS

In this section, we derive the asymptotic values of several
integrals. We will frequently change the integral variables
using a technique introduced in [16]. Consider a tree topology
on k planar points x1,xs, - , Tk, and assume without loss of
generality that xj_qx) is an edge in this tree. Let z;_1, p,
and w be the midpoint, half-length and the slope of xj_1xk
respectively. We root the tree at x,. For 1 < ¢ < k — 2,
let z; be the midpoint of the edge between x; and its parent
in such rooted tree. Then, we replace xi,x2,---,xf by
Z1,+++ ,2k—1, pyw. The Jacobian determinant of this change
is 4= 1p.

Fix a constant ¢ and a sequence (§,) with &, = o(Inn)
and &, — oo. Let

1
Tn:B nn+€7
mn
R, — gy S
™
R =118/
™
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Then, for sufficiently large n,we have r,, < R, < R}, < 2r,,.
Define

Q={(z1,22) € D? : 7, < ||zy2 < Rn},
Q = {((L‘l,xg) S D2 : Rn < Hl‘lmgﬂ < R;L} .

Lemma 5: The following are true:

2 2
%/einv(xwz)dwldm ~ %6757

—/ e~ @) gy dyy = o(1).

Proof: Let p = p(x1,z2) be the half-length of x5,
and z = z (x1,22) be the midpoint of xjx5. Let 1 be the
set of (21,22) €  satisfying that z € D s, (0), and let
Qy = O\ Q. First, we calculate the integration over ;. If
(z1,22) € Oy, Ly, 4, is fully contained in D and v (z122) =
%Wp? Changing the integration variable z; and x5 by z, p,
and the slope of x4 yields

n2
- /ef"w(xlwz)dxldxg
(951

Rn
2 4 2
:47m2[‘ e 77" pdp / dz

2

D /3,(0)
R
2 [ 2 nmp
~ 4mn e & pdp
Tn
2
2 .o 2
= —E pe 52" ~ 5—675
. 2

Next, we calculate the integration over Q. Let ¢t = ¢ (z) be
the distance between z and OD. By Lemma 2, we have

v(z120) > TP + pt

52
and
PO (2, p

Changing the integration variable as above yields

2
%/67n1)($1w2)dx1d1,2
Q2
2
< %/6_"(
Qa
Ry
2
= 2n2/ dp

2 D3, (1)\D,(2)
Bn
2

= 2n? / dp

2 D35, (1)\D,(2)
Ry

S BN 2
< 4rnle” 252 '”T'"/ dp/ef’”’ttdz

2 D

) < 2m7t.

B%M2+pt) dxidxs.
6771(%ﬂp2+pt) 0 (z,p)dz

e (FEmt o) 4 (2,p)dz
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Therefore,

m‘ﬁ

2
/ oo dpyday ~ %675.
Q

Note that Q U ' consists of (z1,72) € D? satisfying that
rn < ||z1x2|| < R),. Using the same argument as above, we
can show that

n2

ﬁZ

— e~ @1m2) g dy ~ e 8,

2 2
QuQ’

Thus, the second asymptotic equality in the lemma holds. W

A topology with numbered vertices is specified by a col-
lection of the pairs of the indices of the numbered vertices.
For any topology 7 on m numbered vertices and a planar
set U of m numbered points, we denote by 7 (U) the graph
on U with topology 7. Suppose that 7 is a topology with m
numbered vertices and without isolated vertices. We denote by
I'(7) the set of x = (z1,--- ,%m,) € D™ satisfying that the
length of each edge in 7 (x) is more than r,, but at most R,,.
Note that for each x € I'(7), the V/3R,,-disk graph on the
midpoints of the edges in any connected component of 7 (x)
is connected. Thus, the v/3R,,-disk graph on the midpoints of
the edges in 7 (x) has no more connected components than
T (x) itself. For any positive integer { no more than the number
of connected components of 7, we denote by I'; (1) the set of
x € I'(7) such that the v/3R,-disk graph on the midpoints
of the edges in 7 (x) has [ connected components. For any
positive integer k, we denote by CY, the forest on 2k numbered
vertices v1, vg, « - - , Vo, Which consists of k edges vy;_1v9; for
1 < i < k. Then, C}y has k tree components, each consisting
of a single edge, and T' (C},) = QF.

Lemma 6: For any fixed integer k > 2,

(”;)k / X (Cy, (x)) e”™(Ce6Ddx = 0 (1)

ri(Cr)

Proof: For each x = (1, ,x9) € I'1 (C), let z; and
p; be the midpoint and half-length of x9;_;x9; respectively.
We denote by S the set of x = (21, - ,zar) € I'1 (Ck)
satisfying that 219 is the outermost edge in Cy, (x) and z is
the farthest from z;. It suffices to prove

Qk/x (Ch (1)) ™D dxc = o (1)

S
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By Lemma 4, for any x = € § with

X (Ck (x)) =1
v(Cy (x)) 2 v(z122) + Ry [[21 22|

(3317 T 7952k)

for some constant c¢. So, it is sufficient to show that

nzk/efnwmxmcmuzlzzH)dx —0(1).
S

For each 2 < ¢ < k, we replace x9;,—1 and x9; by z;, p;
and the slope of x9;_1z9;. Note that for any 3 < i < k,

2; € D (21,]|2221]). Thus,
2k
n2k/e—n(u(zlzz)+cRnHzleH) dez
5 i=1
Ry k—1
< O(l) n2k /e—TLV(Z112)dqj1d{EQ (/T ’ pdp>

Q 2
k—2
/67”CR"'H2221||d22 / dz
2 \D (21, | z221 )
~ O (1)n*-2 (R?1 — ri)k_l
. /efncR,,I,H@le ”2221”2(k—2) dZQ
RQ
<0(1) n2k—2 (Ri . ri)k_l/ e~ ncRaty2k=3 1y
0

_ k—1
o )

(an)Q(kfl)

nR2 — nr? kol
=001 ——=—72
o (i)
k—1
gn 7€
=0(1)(—— =o(l
(% o(1),
where the second asymptotic equality follows from Lemma 5,
and the last equality is based on &, = o (Inn). [ |

Lemma 7: For any fixed integers 2 <[ < k.

(5)

/ X (Cr (x)) ™ dx = 0 (1).

FL(C',C)
Proof: For any nontrivial [-partition II =
{P1,P2,---,P} of {1,2,---,k}, let S(II) denote the
set of x = (x1,---,22;) € I'1(Ck) such that for each

1 <j < the set {z; :i € P;} is a connected components
of the v/3R,-disk graph on z1,29, - ,2k. Then I';(Cy)
is the union of S (II) over all nontrivial [-partitions II
of {1,2,--- k}. So, it is sufficient to show that for any
l-partition IT of {1,2,---  k},

n2k / X (Ck (%)) e (Ce®) gy = o (1).

S(IT)

333

Now fix an [-partition I = { Py, P5,--- , P} of {1,2,--- |k},
and let p; = |P;| for 1 < j <. Then,
l
- HFI (CJ)
j=1

For any x = (1,2, ,2o) € S (), let x) denote the
subsequence of (z2;—1,22;) with i € P; for 1 < j <. Then,

g (0 (x))
=0 (),

Thus,
n2k / X (Ck (X)) e—nu(C‘k(x))dx

S(10)
[ IDn(e (x)) s
s(m I
l
< 2k I (Cj (Xm)) —w (85 (x)) gx
1 T (C)) j=1
l .
“ 1| / X (Cj (Xm)) o= (C(x9)) )
=t 1 (C))
=o(1),
where the last equality follows from Lemma 6 and the fact
that at least one p; > 2. [ |

Lemma 8: For any fixed integer k& > 2,

2\ K 2 k
(”) / enu(Ck(x»dXN(ﬁes) .
2 2

'y (Cr)
Proof: For any x = (1, ,x2;) € I'y (C),
k
ZV T2 1121 .
i=1

Thus,

—m(C(x) gy

o\ k
_ <77 e*"Zle v(®2i-1m2i) ]
2
't (Ck)
g\ k
_ <77) 6*712f:1 v(wai-122:) Jx
2

/ e Zle l’(z2i—1ff2i)dX.

T'i(Ck)
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We shall kshow that the first term is asymptotically equal to
(%26_5) , and the second term is vanishing. Indeed,

n2\" k
? 6777‘Ei:1 V(WQi—lm%)dX
I'(Ck)
2 2 k
_ n- = (22i-1223) Jopo . dpo: |~ E —£
H 5 /e T2i—10T2; B) € :
i=1 Q

where the last equality follows from Lemma 5. For any x =
(z1, -+ ,x9) € T'1 (C), if z122 is the outermost edge in
Ck (x) and 2z is the farthest from z1, it can be proved that

(x2i—122;) > v (x122) + cRy ||7122]) -

||'M;r

Followmg the same argument in Lemma 6, we can show that

2

k

% / e*”Z?:l Vegi—1®2i Jx = o (1) .
'1(Cr)

Then, following the same argument in Lemma 7, we can show

that for any 2 <[ <k —1,

TL2 k k
(2) / e—nZizl Vegi—122i dx = o (1) .

I'1(Ck)

Thus, the lemma holds. [ |

Lemma 9: Let I be a forest on m numbered vertices with
maximum degree at least two and minimum degree at least
one. Then,

n™ / X (F (x)) e FC)gx = 0 (1).
I'(F)

Proof: Let k be the number of tree components of F'.
Then, m > « + 2, and F' has exactly m — x edges denoted
by €1, ,€m_k. For any x = (21, -+ ,x,) € T'(F), let 2
denote the middle point of e; in F' (x) foreach 1 < i < m—«.
We first show that

n™ / X (F (x)) e ™ T ax = 0(1).
Iy (F)

For any pair of distinct integers p and g between 1 and m —
Kk, let Sp, denote the set of x = (z1, -+ ,zy) € I'1 (F)
satisfying that e, is an outermost edge in F' (x) and z, is the
farthest from z, among all z1,--- , zp,—.. Then, it suffices to
prove for any such p and g,

nm/x (F (x)) e ™ T gx = 0(1).
Spq

Fix a pair of distinct integers p and ¢ between 1 and m—k. Let
p’ and p” be the indices of the two endpoints of the edges e,,.
Then, for any x = (21, -+ ,&m) € Spq With x (F (x)) =1,

v (F(x) 2 v(zpay) + cBn |2p2]

for some constant ¢ > 0. Thus, we only need to show that

nm /efn(v(mp/mpu)+cRnHzpqu)dX -0 (1) )
Spq

We change the integral variables x1,:-- ,x,, as follows. For
the tree component containing e,, we replace the x;’s in this
tree by the midpoints of the edges in this tree except z,
and x,/, x,» (both of which are kept). For any other tree
component, we use the method introduced at the beginning
of this section: pick an arbitrary edge as the rooted edge. We
replace x;’s in this tree by the midpoints of all the edges in
this tree together with the half-length and slope of the root
edge. Such change of integration variables yields

nm/e—n(v(zp/zp//)+(:Rn||zpzq||)dx

SP(I

S O (1) n /6—nvv(1p/1p//)d$p/dml)”

/ —neRullzpzll gy,

m—Kk—2
(D(zpvzpzq 1p]

No(l)nm 2 R2 )”71

—ncRn||zpzqll ||Z 2 H2(m K—2) dzq

Rn

pdp
Tn

&
R2
m2 R2

)n—l

efncR,,Lu‘LLZ(mfii)73dM

_ rk—1
nm2 (Ri - ri)
(an)2(m7H71)

K—1
nR? — nri)

_om
~O0 gy

(gn — f)ﬁ_l

—
In™ """ n

~o@) —o(1),

where the asymptotic equality follows from Lemma 5, and the
last equality follows from &, = o(lnn) and m —x — 1> 1.

Following the same decomposition argument as in the proof
of Lemma 7, we can show that for any 2 <[ < &,

n™ / X (F (x)) e ™ T ax = 0(1)..
Ty(F)
Thus, the lemma holds. |

IV. PROOF FOR THEOREM 1

We first give a brief overview on our approach to prove
Theorem 1. Let M,, denote the number of edges in RNG (P,,)

334

Authorized licensed use limited to: Illinois Institute of Technology. Downloaded on May 21,2010 at 17:24:08 UTC from IEEE Xplore. Restrictions apply.



longer than 7, but not shorter than R,,, M/, denote the number
of edges in RNG (P,,) longer than R,, but not shorter than
R/, and M’ denote the number of edges in RNG (P,,) longer
than R),. Then, A (RNG (P,,)) < ry, if and only if M, + M, +
M]! = 0. According the discussion in Section I, M)/ = 0
is a.a.s.. In Lemma 12, we will prove that £ [M)] = o(1),
which implies that M/ = 0 is a.a.s. by Markov’s inequality. In
Lemma 13, we will prove that M,, is asymptotically Poisson

with mean %26_5 . Consequently,

lim Pr[A (RNG (P,)) < 7]
— lim Pr[M, + M. + M" = (]

n—00
. 82 ¢
= lim Pr[M, =0]=e"2z°¢ .
n—oo

Two key techniques used in our proof are the Palm theory
for Poisson processes (see, e.g., Theorem 1.6 in [12]) and the
Brun’s sieve (see, e.g., Theorem 10 in [16]), which are stated
below.

Theorem 10: Suppose that h (U, V) is a bounded measur-
able function defined on all pairs of the form (U, V) with V
being a finite planar set and U being a subset of V. Then any

positive integer £,

E Z R
UCP,,|U|=k
Theorem 11: Suppose that N is a non-negative integer
random variable, and Bi,---, By are N Bernoulli random
variables. If there is a constant g such that for every fixed

positive integer k,

I SR | 1

IC{1, ,N},|I|=k i€l

h(U> Pn) E[h (XkanUPn)] .

Lok
Nk,/i7

then Zf\il B, is asymptotically Poisson with mean p.

Now, we apply Palm theory to show that £ [M]] is vanish-
ing.

Lemma 12: E[M]]=o0(1).

Proof: For any edge e € K (P,), define B’ (e) to
be the Bernoulli random variable which equals to one if
and only if e € RNG(P,) and R,, < |le|| < R}. Then

Therefore, E [M]] = o(1). |
Next, we apply the Brun’s seive together with the Palm
theory to prove M, is asymptotically Poisson.
2Lemma 13: M, is asymptotically Poisson with mean
B o,

Proof: For any edge e € K (P,), define B (e) to be
the Bernoulli random variable which equals to one if and
only if e € RNG(P,) and r,, < |le]| < R,. Then M, =
Y cer(p,) B(e). For any subgraph H of K (P,), define
B(H) = [].cy B (e). Denote by 7, the set of topologies
on m numbered vertices in which there are exactly k edges
and no vertex is isolated. Denote by k* = [1“'7 V12+4k2—‘ . Then,

T = 0 unless k* < m < 2k. For any topology 7 on m
numbered vertices and a planar set U of m numbered points,
we denote by 7 (U) the graph on U with topology 7. By
Theorem 11, we only need to prove that

2k
Y. Y B ()

m=k* UCP,, \U\ m €T

2
k'<ﬁe ) . 2)

For each e € K (X,,), define B,, (¢) to be the Bernoulli
random variable which equals to one if and only if e €
RNG (X3, UPy,) and 7, < |le]] < R,. For any subgraph
H of K (X,,), define By, (H) = [[.c Bm (e). By Theorem
10,

i Z ZB(TU

m=k* UCPy,|U|=m 7€ETm

2k m
=y ZUE S Bu(r(X,

m=k* TE€ETm

1 /32 k
(Xag) )} ~ (%e‘f) NG

and for each 7 € 7,,, with k* < m < 2k

We will prove that

ol e

TEToy

M, = ZeEK(Ph) B’ (e). Let. Xy = {Xle} and define ‘Bi to n"™E[Bp, (7 (Xn))] =0(1). “)
be the Bernoulli random variable which equals to one if and  These asymptotic equalities imply the asymptotic equality (2)
only if X1 Xo € RNG (Xa, UPy) and R, < [[X1Xof| < Rj.  immediately.
By treating each edge of K (P,) as a subset of two points in We first prove the asymptotic equality (3). Since
‘P, and with the application of Theorem 10, we have
1 2k: (2k)!
card (Tar) = =
n2 k! -2 k12
EM]=E| Y Bl(e)|=—E[B]. . .
2 and all topologies in 7y are 1som0rph1c to each other, we
e€K(Py)
have
By Lemma 5,
n? n? Boy (1 (Xa))
EE [Bi] = 5 /Q/ Pr(B;=1|X; =x]dx Qk)' [TGZIZ-ZIC
n? 1 /n2\"
= — einv(wlw”dl’ld.’ljg =0 (1) . = I (7> E [32k (Ck (XZZC))] .
2 Q/ k. 2
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It is sufficient to show that

(”j)kE [Bag (Ci (Xar))] ~ (gze—f)k. )

For k =1, by Lemma 5 we have
n2
- B [B2 (C1 (X2))]

n2
_ 7/ Pr[Bs (C1 (&) = 1| Xy = x] dx
Q
2 2
= %/ﬂe‘””(““)dxldxz ~ %6_5.

So, the asymptotic equality (5) is true for £ = 1. Now, suppose
that k > 2, we have

n2 k
(%) BlBw (€ ()
n2\"
= (2> / Pr [ng (Ck (ng)) =1 | ng = X} dx
L(Ck)
k TL2 k
-y (2 / Pr [Bax (i (Xar)) = 1| Xoge = x] dx.
=1 I'1(Cr)
By Lemma 8§,
’fL2 k
(2> / Pr [Bag (Cio (Xar)) = 1| Xoge = x] dx
T (Cr)
_ (™ —(Ck () g o [ P o€
<2) / e dx (2 e )
'y (Ck)

For any 1 <! < k, by Lemma 6 and 7,

(f)k / Pr(Ba (Ci (X2r)) = 1| Xar = x] dx

Ty (Cr)

< (”) / X (Ch (%)) e~ (Cx0Ndx = o (1)

2
I'v(Ck)

Thus, the asymptotic equality (5) is true for any k > 2.
Next, We prove the asymptotic equality (4) for any 7 € 7,
with £* < m < 2k. Since such 7 does not exist for kK = 1,
we assume that k£ > 2. Let F' be any maximal spanning forest
of 7. Then, the maximum degree of F' is at least two and the
minimum degree of F' is at least one. By Lemma 9, we have

n"E By, (1 (Xn))] < n™E By, (F (X5))]
_ / Pr By (F (X)) = 1| & = x] dx

I(F)
<n™ / X (F (x)) e ™ F)dx = 0 (1).
I(F)
So, the asymptotic equality ( (4) is true for any 7 € 7,,, with
E* <m < 2k. ]
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