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Abstract

Load-balanced routing in SONET rings has attracted
much attention recently. Most prior works model the
SONET rings as undirected rings and the traffic as undi-
rected chords. While this model fits well to the traditional
telephony applications, it is inefficient for the explosive
Internet traffic and multimedia data communications,
which exhibit unidirectional and asymmetric nature. For
these applications, it is proper to model the SONET
rings as a pair of counter-rotated rings and the traffic as
directed chords. In this paper, we first explore general flow
properties in counter-rotated rings, and then introduce
flow rounding and unsplitting techniques. Afterwards an
optimal integral routing algorithm is provided. Finally, we
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The optical transmission in the fibers is unidirectional
in nature because of the unidirectional operation of optical
amplifiers. Accordingly, a SONET ring usually consists of
two working counter-rotated fiber rings carrying the traffic
in opposite directions, with additional transmission capac-
ity provided for fault protection [4]. In the past, the dom-
inant traffic carried was mainly the voice traffic which are
both full-duplex (i.e., bidirectional) and symmetric (i.e., the
traffic rates in the two directions are the same). In such an
environment, the SONET rings can be modeled simply as
undirected rings and traffic as undirected chords. The data
traffic, on the other hand, has a different nature from the
voice traffic in the sense that it is in nature either simplex
(i.e. unidirectional) or asymmetrical. To reduce the capac-
ity requirement and improve the utilization of fiber links, it

show the NP-completeness of optimal unsplit routing, andis more proper to model the underlying network as a pair

present several polynomial-time approximation algorithms.

Keywords: SONET, counter-rotated rings, routing, load
balancing, approximation algorithms.
1. Introduction

With the explosion of the Internet traffic and mul-
timedia data communication, Synchronous Optical Net-

of counter-rotated rings, and each traffic demand as a di-
rected chord. For example, in Figure 1, we show a request
i in such a ring, wherg; andt; are the source and target
of the request respectively amad is the demand of the re-
guest. The demand can be viewed as a directed chord from
s; to t;. In the actual routing, a portion of the demadigl

x;, can be routed in clockwise direction, and the other por-
tion, d; — z;, can be routed in counterclockwise direction.
This paper focuses on the load balancing problem in routing
multiple requests in such ring networks to achieve minimum
link load.

work (SONET) has been adopted by many network ser-
vice providers as a faster, more efficient, and less expen-
sive transport technology [1]. While the fiber itself of-
fers virtually unlimited bandwidth, the add-drop multiplex-
ers (ADMs) determine the actual bandwidth available along
any fiber link of the SONET ring [8]. With the rapid growth

of the data traffic in recent years and the exhaust of the fiber
links in the plant, load-balanced routing becomes an impor-
tant problem in the planning of the SONET rings.

*This research is partially supported by the U.S. National Science
Foundation under Grant No. OSR-9350540 and the U.S. Army Research
Office under Grant No. DAAH04-96-1-0234.
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Figure 1. Request i in a SONET ring.
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Various restrictions might be imposed on the routings in 2. Terminologies and Notations

practice. Anunsplit routingis the one in which each de-

mand must be carried either entirely clockwise, or entirely ~ We assume that a SONET ring consistsaofiodes la-

counterclockwise. Aplit routing, on the other hand, allows  beled clockwise by throughn—1. All arithmetic involving

the splitting of a demand into two portions to be carried in nodes is performed implicitly using moduto operations.

two directions. A demand, if allowed to be split, can be For nodes andt, the half-closed ar§s,s + 1,--- ,t — 1}

split in different ways. Afractional routingallows a de-  is denoted bys, t), and the closed arfs, s + 1,--- ,t} is

mand to be split into two arbitrary portions to be carried in denoted bys, ¢]. The readers should be able to tell whether

two directions. Arintegral routingonly allows a demandto  an interval is an arc or a normal interval of real numbers in

be split into two integral arbitrary portions to be carried in the context.

two directions.Semi-integral routings a fractional routing The traffic in the ring consists of. unidirectional re-

with the additional constraint that the total demands routed quests. The requests are numbered clockwise (starting from

in both directions are integers. It is a generalization of the node0) by their sources. The requests sharing the same

concept of the flush routing defined in [10], and serves as asource are numbered clockwise (starting from the source)

bridge between the fractional routing and the integral rout- by their targets. Furthermore, the requests sharing the same

ing. In real implementations, the integral routing and the source and target are numbered arbitrarily. As we will see

unsplit routing are more practical and common. later, such numbering plays an important role in describ-
ing the structural and flow properties. The source, tar-
get and the demand of the requéstre denoted by, ¢;

The load-balanced routing in undirected rings has beenandd;, respectively. The demand represents the number
well studied recently in [2, 5, 7, 8, 9]. They heavily reply ©f time slots required, and therefore is always an integer.
upon many structural and flow properties such asciiie For presentational convenience, we dse denote then-
conditiongiven by the well-known Okamura-Seymour the- dimensional vecto(d,,ds, - - ,dn). A (feasiblg routing
orem [6]. While some of them hold in both type of rings, in which the portion of the demand of requésb be routed
many others such as the cut condition are specific to undi-clockwise isz; is represented by am-dimensional vector
rected rings. Therefore, new techniques and approacheg = (%1, %2, ,%m), Where0 < z; < d;. For each vec-
are needed to develop optimal routings in counter-rotatedtor = = (z1,22," -+, ), we usel|z|| to denote)";" , z;.
rings. Furthermore, we observe that some approaches usefhereforg|d|| is the total demand of all requests in the ring,
in undirected rings, such as the one used in [5], can be sig-and for each routing, [ is the total demand routed clock-
nificantly improved and such improvements are reflected in Wise byz.
our solutions to the counter-rotated rings. A recent work Letz be any routing. The loads of the link— £ + 1
[10] gives a polynomial-time optimal load-balancing unsplit @nd linkk + 1 — & induced byz are
routing in counter-rotated rings when all requests have unit _
traffic%emands. However, tr?is algorithm c?;mnot be gener- ti(@) = Z Ti by (7) = Z (di =)
alized to optimal unsplit routing under the arbitrary traffic ik€lsi,t:) ikglsi ti)
which is NP-complete. Also its generalization to the inte- respectively. The clockwise and counterclockwise ring
gral routing under arbitrary traffic leads to only a pseudo- loads ofz are
polynomial time algorithm, which is not acceptable. (Ha) = max CH@), (@)= max £ ()

0<k<n—1 0<k<n—1
. i . respectively. Finally, the ring load of the routimgs

The remaining of this paper proceeds as follows. Section
2 describes the terminologies and notations. Section 3 ex- {(z) = max {f*(m),f (m)} .
plores basic flow properties in counter-rotated rings, which
lead to an algorithm for optimal semi-integral routing. Sec-
tion 4 introduces the concept of parallel routing and an un-
splitting technique which are very useful in the design of
optimal integral routing and optimal unsplit routing. Sec-
tion 5 presents a rounding technique which transforms any
optimal parallel semi-integral routing into an optimal inte- . . .
gral routing. Section 6 shows the NP-completeness of Op_polynomlal “m‘? by solving a linear program.  For each
timal unsplit routing and provides several polynomial-time o € [0, ]|d]], define
approximation algorithms. Finally, Section 7 concludes this L(a) =

min '
paper. myzi=a,z,€[0,d:],1<i<m

The optimal fractional, semi-integral, integral and unsplit
ring load are denoted b7, L, L7 and L{; respectively.
Obviously, L}, < Lg; < [Lg;] < L} < L. Tighter
relationships among them will be derived later in this paper.
Among all these optimal routing problems, only op-
timal fractional routing problem is obviously solvable in

(). (1)
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ThenL(«a) can also be obtained in polynomial time by solv-
ing a linear program. Notice that

i L(a).

*
51 = min
a€{0,1,+-,ld]l}

This might suggest one algorithm for the optimal semi-
integral routing as follows: for each = 0,1,---,]|d||,
find a routingz with ||z|| = « and{(z) = L(«), and then

take the best one. However, the time-complexity of such

an algorithm i2(||d|]). Noticing that||d|| could be as ex-
ponentially large as or m, the algorithm is thus pseudo-
polynomial and is not acceptable.

3. Basic Structural and Flow Properties

In this section, we will explore several elegant properties

of the functionZ defined in Equation (1) in the last section.
To begin with, we first observe the convexity of the function
L.

Lemmal The functionL is convex over the interval
[0, lldll]-

Proof V0 < a1 < as < ||d||, andV¥\ € (0,1), we want
to prove

L (/\a1 + (]. — )\)az) S AL (Oél) + (]. — A)L (Ckz) .

Let 2 be any routing with|z|| = «; and{(z) = L (ay).
Let y be any routing with|y|| = a2 and{(y) = L (as).
Letz = Az + (1 — A)y. Thenz is a feasible routing and
Lo+ (1 —Nas) < L(z) as||z|| = daq + (1 — Nas.
For0 <k <n-1,

() = M () + (1= Ne
<AL (al) + (1 — )\)L OéQ)

Thereforef(z) < AL (a1) + (1 — A)L
lemma follows. o

(a2) and thus the

Lemma 1 provides a simple way to find optimal semi-
integral routing. Letv* be the total demand routed clock-
wise by any optimal fractional routing. Then Lemma 1 im-
plies that the functiord. is non-increasing over the interval
[0, «*] and non-decreasing over the interst, ||d||]. This
follows thatL%,; = min {L(|a*|), L([a*])}, and it can be
obtained as follows:

1. Find an optimal fractional routing. If ||z|| is an inte-
ger, returne.

2. Find a semi-integral routing with ||y|| = |||z||] and
(y) = L(llyl)-

3. Find a semi-integral routing with ||z]| = [||z||] and
(z) = L(||=1)-

4. If (y) < £(z), returny otherwise returr.

The following theorem summarizes the above discus-
sions.

Theorem 2 The optimal semi-integral routing problem
can be solved in polynomial time; furthermorgf, =
min {L(|a*]), L(Ja*])}, wherea* is the total demand
routed clockwise by any optimal fractional routing.

Intuitively, if the total demand routed clockwise by a
routing is very small, then the clockwise ring load would
be smaller than the counterclockwise ring load. When the
total demand routed clockwise by a routing becomes very
large, then the counterclockwise ring load would be smaller
than the clockwise ring load. Such intuition is verified by
the following lemma.

Lemma 3 Leta* be the total demand routed clockwise by
any optimal fractional routing and be any routing. Then
U(x) = £~ (z) if ||| € o*, andl(z) = £ (z) otherwise.

Proof. We prove the lemma by contradiction. We
first prove the first part. Assume thit|| < «* and
(=(z) < £¥(z) = L(||z]]). Then30 < e < 1, such
thatVl —e < X < 1, £~ (\z) < (F(\z). For any

0 <6 < el (1 - ”j—”) z is a feasible routing. As

H(l—ﬁ)x“:||x||—6and1—e§1—”g—”§1,

L(|l«|l - 6)

<t((-gr)e) = ((-71)7)
= (1- )@= (1- 2 Laeh)

< L(|lf]) -

This contradicts to that the functioh is non-increasing
over the interval0, «*], which is implied by the concavity
of L.

Now we prove the second part. Assume thalf > o*
and/t(z) < £=(z) = L(||z||). Then30 < ¢ < 1,such
thatV 0 < A < e, (x + XN(d —z)) <€ (x + \(d — z)).
For any0 < & < e(|ld|| — l|z)), = + aplpy(d — =) is a

feasible routing. ASH::: + Hdlliw(d — ) H = ||z|| + 6 and
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0 < yar=en < 6 (2). The first inequality follows from that the functidn
is non-decreasing over the interyal*, ||d||]. For any0 <

< - =2 (d — z) is a feasibl [
Lzl +6) < ¢ (x N o ) = (d— x)> < ||| — o,z + T (d — z) is a feasible routing and
— ||T

— ¢ (ot -0)

Hx + i A - ;,;)H = a + 6. Thus from Lemma 3,

)
Lato<t (”“” RS ’”)

)
—(1-— 2 V(@
( llal] — ||l o 4
; IR I T
— (1= =y ) el < Llel }
= max ( ( +—(d— ;r))
This contradicts to that the functioh is non-decreasing Oshsn=t ]} = [l
over the intervaja*, ||d||]. '
il = o (”? ) : e 2 (- ))
<k<n- — =] .
Now we are ready to show that the functidris Lips- ik €[siti)
chitz continuous, i.e., there is an> 0 such that for any < max (¢ (@) +06) =("(z)+9
0< B <|ld|,|L@) — L(B)| < ela - .

=/{(z)+d = L(a) + 9.
Lemma 4 Leta* be the total demand routed clockwise by

any optimal fractional routing. The following statements  (3)-f0<a<a+d<a”ora” <a<a+d<|d|,
are true. the inequality follows from (1) and (2) respectively.0lf<

a<a* <a+d<|d], wehave
1. If a < a* thenforany) < ¢ < «, L(a) < L(a —

5) < L(a) + 6. o B [E(a +9) = L(a)|
< |L(a ) L(a)| + |L(a + 6) = L(a")|
2. If a > a* thenforanyd < § < ||d|| — a, L(a) < <(a*—a)+(@+d—a*)=6

L(a+6) < L(a) + 4.

. h he last i lity also foll f 1 2).
3. For anya ands with 0 < a < a +6 < ||d|, v‘vereteastlnequaltyaso ollows from (1) and (2)

|L(a+0) — L(a)| <5.
Based on the above lemma, we can bound the difference

Proof. Let z be any routing with|z|| = o and/(z) = between the optimal semi-integral ring load and the optimal
L(a). fractional ring load.

(1). The first inequality follows from that the function
L is non-increasing over the intervil, «*]. In the next
we prove the second inequality. For ably< 0 < «, Proof The first inequality is obvious. We next prove the
(1 — ﬁ) x is a feasible routing an# (1 — HTSH) xH = second inequality. From Lemma 4,
a — §. Thus from Lemma 3,

Corollary5 L} < L%, < Ly + 3.

L(la*]) S L(e") + " — [&"] = L + " — 7],

wnal(g)) e
:£_<<1_T§ﬂ>m>6 L3y = min{L(la*]), L([a"])}
= max 0 (<1 - m) ) < Lp+min{o” = |a"], [a"] = ")}

1
<Lp+i A
_ ) 2
= o JEX, (4 @+ 2 j”')

itk [si, 4. Parallel Routing
< max (0 (z)+0)=( (2)+46
Oshsn=t In this section, we introduce the concept of parallel rout-
={(z) +6 = L(a) + 0. ing and unsplit technique. Two requestnd; are said to
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C Proof. Suppose that requestand; are a pair of parallel
otherwise, they are said to lseossing Figure 2 illustrates  requests that are both split by Without loss of generality,
four possible scenarios of parallel pairs of requests. Regardwe assume thds;, t;] C [s;, t;], as shown in Figure 4(a).
ing a link also as a directed chord, a request is parallel to a
link just when the request can be routed through that link.
Thus any link partitions the requests into two groups: those

be parallel if either [s;,t;] C [s;,t;] or [s;,t;] C [si,til;

X+X-d

which are parallel to it, and those which are parallel to its

reverse.

Figure 2. Parallel pairs of requests.

A routing is said to bgarallelif no two parallel requests

are both split. In any parallel routing, any two split requests
must be crossing, and therefore cannot share a source. This
implies that the number of split requests is at most the ring

sizen. Moreover, the targets of any two split requests split

must follow the same clockwise order of their sources as

shown in Figure 3. Thus we have the following lemma.

Figure 3. The targets of requests split by any
parallel routing follow the same clockwise or-
der of their sources.

Lemma 6 Any parallel routing splits at most requests
wheren is the ring size. Moreover, the targets of those split
requests follow the same clockwise order of their sources.

Now we describe how to obtain a parallel routing from
any given routing by unsplitting some requests without in-

creasing the ring load. he following lemma generalizes the

transforming technique in [10].

Lemma 7 Any routingz can be transformed to a parallel
routingy in polynomial time satisfying thaly|| = ||z|| and
every link load is either not increased.

(a) original (b) % +X>=d (©) Xi+X<d

Figure 4. Unsplit one request in a parallel pair.

If z; + 2; > d;, then define a new routing by setting

yi:di7
yj =z +x; —di,
Yk = T, Yk £ 0,

as illustrated in Figure 4(b). If; + 2; < d;, we define a
new routing y by setting

Yk :'TIHVk;éi:j

as illustrated in Figure 4(c). In both cases, one of two
requests is no longer split, every link load is either main-
tained or reduced, and the total demand routed clockwise
remains unchanged. This procedure can be performed
repeatedly until no two parallel requests are both split.
Since each time we reduce by one (or two) the total number
of split demands, at most such procedures will produce
the desired routing. &

By applying the unsplitting technique in Lemma 7 to any
optimal fractional routing, we can get an optimal fractional
routing which is also parallel, referred to as@stimal par-
allel fractional routing Similarly, By applying the same
unsplitting technique to any optimal semi-integral routing,
we get an optimal semi-integral routing which is also paral-
lel, referred to as anptimal parallel semi-integral routing

5. Integral Routing

In this section, we first describe how to round parallel
semi-integral routing to an integral routing. The following
lemma generalizes the rounding techniques used in [8] [10].
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Lemma 8 Any parallel semi-integral routingr can be
rounded in polynomial time into an integral routipgsatis-
fying that||y|| = ||=|| and the increase of every link load is
less than one.

Proof. From Lemma 6, the number of requests split by
x is at most the ring size. In particular, the number of
fractionally split requests is at most Let{ f1, f2, -+ , fq}
be the set of fractionally split requests with < f, <

- < fy whereq < n. We define an integral routing
by rounding fractionally split requests ofas follows. For
each request¢ {fi, f2,---, fq}, sety; = z;. We then de-
fine integersyy, , yy., -+ ,yy, Sequentially by ensuring ev-
ery partial sum

i

Z(yfj —xy;) €

j=1

-503)

forall 1 <i < q. Sincez is semi-integral ang is integral,

the sumd " | (v — i) = Doy Yi— D_ioyq T IS @Ninteger.
Thus
i Xq: s — ;) [—1 1)
£ ’ ’ 272
=1 j=1
implies
m q
Z Z ny o fo =0
i=1 j=1
e, [lyll = [l]l.

Now we the second part of the lemma. By Lemma 6, the
sources and targets of reque$i§, f»,--- , f;} are posi-
tioned in the ring in the same clockwise order. Thus for any
0 < k <n—1,thereis anintervghy, bx] C {1,---,q},
interpreted if necessary “around the corner” modylsuch
that

o the set{f; : j € [ax, bi]} contains exactly the indices
of those fractionally split requests which are parallel to
the linkk — £k + 1;

o the set{f; : j ¢ [ax, bx]} contains exactly the indices
of those fractionally split requests which are parallel to
thelinkk + 1 — k.

Therefore the load increment of the clockwise link—
k+1is

G -6i@= > (s —xp)

j€lar,bx]

If ar < by,
Gy —ti@= > (yy —xy)
J€lak,bi]
bk akfl
= Z(yfj —xf) — Z (g — =)
j=1 j=1
1 1
———=)=1.
<3-(3)
If ar > by,

Gy —ti@= > (y —zy)
JElak,bx]
br

ar—1
(yf] _.'Iff] +Z yf] _'Tf]) Z (yf] _'Tf])
Jj=1

j=1 j=1
by ap—1
=y, —wr) = >y — ;)
j=1 j=1
1 1\
2 2/)
as well. A symmetric argument for the counterclockwise

links shows that link load increment is also less than one.

o

Let z be any optimal parallel semi-integral routing. If
itis integral, L; = L%; = [L%;]; otherwise, we apply
the rounding technique in Lemma 8 1oand lety be the
resulting integral routing. Thef(y) < ¢(z) + 1 = L%; +

1, which implies that/(y) < [L%;]. As{(y) > L; >
[L%/], y is and optimal integral routing antl; = [L%,].
Therefore, we have the following theorem.

Theorem 9 The optimal integral routing problem can be
solved in polynomlal time. FurthermorbLF] < JL%,]
Ly < [L3 + 1]; in particular if L%, is an integer,L;
Lg,.

6. Unsplit Routing

Unlike the optimal integral routing which can be solved
in polynomial time, the optimal unsplit routing is NP-
complete. Therefore, we shift our attention to polynomial-
time approximation algorithms. In this section, we first
show the NP-completeness of the optimal unsplit routing.
We then present several polynomial-time approximation al-
gorithms from simple to complex.

Lemma 10 The optimal unsplit routing problem is NP-
complete even with following patterns of requests:

1. All requests share the same source;
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2. Any pair of requests is crossing; In the next we will present several polynomial-time ap-
proximation algorithms for unsplit routing.

3. Any pair of requests is parallel but shares no source

nor target. 6.1. Edge-Avoidance Routing
Proof. A simple reduction is available from the For any0 < ¢ < n — 1, the(i,i + 1)-avoidance rout-
PARTITION problem [3], in which positive integers ingroutes each request along the unique path which avoids
dy,ds,- -+ ,d,, are given and the question is whether one the linki — ¢ + 1 and the linki + 1 — 4. An alternative
can divide them into two groups of equal sum. interpretation is to cut these two links turning the counter-

(1). Setn = m + 1 and construct the: requests as fol- ~ rotated ring into two unidirectional chains, on which each
lows: all thesen requests have the nodeas their source,  request has a unique path. Despite the simplicity of the
the target of the requesis nodei, and the demand of re- edge-avoidance routing, the next theorem states that the ring
questi is d; (see Figure 5(a)). Then any request routed load of any edge-avoidance routing is within twice the opti-
clockwise must pass through the litbk— 1, and any re-  mal unsplit ring load.
guest routed counterclockwise must pass through the link
0 — m. Therefore for any routing, /*(z) = ||z]| and  Theorem 11 Edge-avoidance  routing is a 2-

(= (x) = Z:il d; — ||z||. This implies that the optimal un- approximation.

split ring load is at leas}_; , d;/2, and the ring load is

optimal if and only if the set of integers , ds, - -, d, €an Proof. Let = be any optimal unsplit routing anicdoe any

be divided into two groups of equal sum. node. Then the reversing of all requests routed through the

(2). Setn = 2m and construct the: requests as follows:  link i — i + 1 in 2 induces a load of no more thdy}; on
the requestis from node—1to noden+i—1withdemand  any other counterclockwise link. Similarly, the reversing
d; (see Figure 5(b)). Then any request routed clockwise of all requests routed through the liik- 1 — i in z also
must pass through the linkk — 1 — m, and any request induces a load of no more thdy;, on any other clockwise
routed counterclockwise must pass through the fink+ link. Therefore, the ring load of th@,i + 1)-avoidance
2m — 1. Therefore for any routing, ¢*(z) = ||z|| and routing is at mosgL; . A
¢ (z) = Y.*,d; — ||z||. This implies that the optimal
unsplit ring load is at least";" ; d;/2, and the ring load is
optimal if and only if the set of integerg , ds, - - - , d,,, can
be divided into two groups of equal sum.

(3). Setn = 2m and construct then requests as ) . )
follows: the request is from nodei — 1 to node2m — i A request is said to be routed in the short (or long) way

with demandi; (see Figure 5(c)). Then any request routed if it is routed along the shorter (or longer) of the two paths
clockwise must pass through the link— 1 —s m, and any connecting the request. If the two paths connecting the re-

request routed counterclockwise must pass through the linkdU€st have the same length, one of them is chose arbitrarily
0 — 2m — 1. Therefore for any routing, £*(z) = ||| as the short way, and the other as the long way. Shuet-

and?—(z) = Y7, d; — ||z This implies that the optimal way routingis a routing in which each request is routed
unsplit ring Ioa(ljfils atleast";" | d;/2, and the ring load is short way. The.”e’$t the.or_em states that the ring Ioa.d qf any
optimal if and only if the set of integerk , ds, - - - ,d,, can short-way routing is within twice the optimal unsplit ring

be divided into two groups of equal sum. & load.

6.2. Short-Way Routing

Theorem 12 Short-way routing is &-approximation.

0 0 0

- - / 1

m . e : i / Proof. Let z be any optimal unsplit routing andbe any
o 2 short-way routing. We first assume thégy) = ¢ (y) for

m-1 2

oz - mﬂ% somel < k£ < n — 1. Let S be the set of requests whose
@ (b) )

©

routes pass through the lihkk— & + 1 in y. Thenf(y) =
> ics di - LetS" be the set of requests Fiwhich are also
routed through the link — k + 1in z. Thent;} (z) >
Y ics di- Buton the other hand, all requestsin-S" must
be routed through the link% | + k + 1 — [ %] + k. This

implies thaw[% |k () > Yies g di = 0Yy) = X ics di.

Figure 5. Reductions from the PARTITION
problem.
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Therefore a cut if each of its two paths of the request passes through
one link in the cut. Obviously, the total demand of all re-
L = {(z) > max {q(m)’qﬂﬁk (m)} quests across any cut can not exceéd,. Let h be the
2 number of heavy requests. Since every request participates

in at leastn — 1 cuts and each heavy request has demand at
>max{ Y di ly) = Y dip > E(y)/2. least=1* /3,
ieS’ ieS’
eL* %
Similarly, we can prove thatLy > ((y)/2 if (n—1)—=-h <n(n-1)-2L%.

=/, <k<n-1. . .
fy) =& (y) forsomed < k< n —1 * The left hand side gives a (loose) lower bound on the

total contribution to the requests across all possible cuts,
while the right hand side specifies an upper bound on the
aggregated demand across all possible cutsLAs< L*,

h < 6n/e. '

6.3.(1 + ¢)-Approximation Algorithm

In this subsection, we will show that for any fixed> 0,
we can find in polynomial time an unsplit routing whose
ring load is within(1 + ) times the optimum. The approx-
imation algorithm uses a rounding technique which obtains
a suboptimal unsplit routing from a parallel optimal frac-
tional routing. Lemma 15 In any optimal unsplit routing, less thai®2/e
heavy requests are routed in the long way.

The next lemma bounds the total number of heavy re-
guests that could be routed in the long way in any optimal
unsplit routing.

Lemma 13 Any parallel routingz can be rounded in poly-

nomial time into an unsplit routing satisfying that/(y) — Proof. Suppose to the contrary that at le&8fe heavy
((r) < 3dmax/2 Wheredmax = max{d; |0 < z; < d;}, requests were routed in the long way in some optimal
i.e., the maximum of the demands of split requests by unsplit routingz. As a request that is routed the long way

must traverse at leagt/2] links, the total load induced by
Proof. The proof given here is similar to that in Lemma those heavy requests routed in the long way is more than

8 with minor modifications. Le{ f1, f2,--- , f,} be theset  [n/2] - % -2 > 2nL*. By pigeonhole principle, some
of split requests withf; < fo < --- < f, whereq < n. link must have load more tha#l~ = L* > L which
Define an unsplit routing by unsplitting the requests split  cgntradicts the optimality of. ”.

by z as follows. For all request ¢ {fi, f2,---, fy}, set

yi = x;. Then defingyy,,yy,,- - ,yy, sequentially by en- Let IT denote the collection of all sets consisting of
suring every partial su@;ﬂ(yfj —zy,) € [—%, %) less thanl2/e heavy requests in an unsplit routing. From

forall 1 <i <¢. The we can prové(y) —((z) < 3dmax/2 | emma 14 and the well-known inequaliff) < ()",
in a similar way we did in the proof of Lemma 8. The detalil

is omit here. [ |H| - 122/:5 <6n/8> B E <€ . 6n/8> 12/e
. . . . i € 12/¢
By applying the transform described in Lemma 13 to an =0 /
optimal parallel fractional routing, we get an unsplit rout- <12 (@)12/5
ing whose does not excedd. by 3/2 times the maximum ~— e \2 ’

demand. In addition, Lemma 13 implies that if a routing  This means that the size Hfis a polynomial function ofi.

with £(z) < Ly; splits no request with demand more than  For any setS € II, let I's denote the set of all feasible
2eLy;/3 and{(z) < Ly;, thenitcan be transformedin poly-  (possibly fractional) routings, in which all requestsSrare
nomial time to an UnSpIit rOUting with load no more than routed in the |0ng way, the remaining heavy requests are
(]. + 6)L;} In the next we will Study how to find such an routed in the short way. From Lemma 15,

routingz in polynomial time. Letl.* denote the ring load of ) ) .

any short-way routing. A request is said toligt if its de- min min {(z) < Ly;.

mand is at mostL* /3 (< 2¢Lj;/3), andheavyotherwise.

The next lemma bounds the total number of heavy requests”S the size ol is a polynomial function of and for each
S € II arouting inI"s with ring loadmin,cr, £(x) can be

Lemma 14 There are less thaén /< heavy requests. obtained by solving a linear program in polynomial time,

we can find a sef € II and a routinge € I's which has
Proof. The proof uses the classical double counting tech- ring load

nique. Forany <i # j < n—1,the pairoflinks — i+1

andj+1 — j are called @ut Arequestis said to bacross l(z) = Isneiﬁ freurns €(z).
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Notice thatl(z) < Lj; and any light request has demand at [4] |. Haque, W. Kremer, and K. Raychauduri, Self-

most2eLy{;/3. Thus, oncer is obtained, we can transform Healing Rings in a synchrnous envioronemnt,
x in polynomial time into an unsplit routing with £(y) < SONET/SDH: a sourcebook of synchronous network-
(14 ¢)Lj,. Therefore we have the following result. ing, Eds. C.A. Siller and M. Shafi, IEEE Press, New

) . ) York, pp. 131-139, 1996.
Theorem 16 For anye > 0, we can find an unsplit routing

whose ring load is withirg1 + €) of the optimal unsplit ring [5] S. Khanna. A Polynomial-Time Approximation
load. Scheme for the SONET Ring Loading Problem, Bell

_ Laboratories Tech. J., Vol. 2, No. 2, Spring 1997.
A remark that should be made here is that Ou# ¢)-

approximation algorithm is different from thél + ¢)- [6] H. Okamura and P. Seymour, Multicommodity Flows
approximation algorithm given in [5] for the optimal un- in Planar Graphs, Journal of Combinatorial Theory,
split routing problem in undirected rings. The first differ- Series B 31, pp. 75-81, 1981.

ence is that the algorithm in [5] first assumes that the opti-

; ) (71
mal unsplit load is known and later use some standard tech- tions Networks. International Transactions in Opber
nigues to bypass such clairvoyance assumption. Our algo- ;30?15$Re§eacr)ch5,3 € 1618;— 1395 fgggc ons pe
rithm does not make such an assumption at all and therefore » 2 PP ' '

is simpler. Secondly, the algorithm in [5] transforms each [g] A. Schrijver, P.D. Seymour, and P. Winkler. The Ring

fractional routing into an unsplit routing and then picks the Loading Problem, SIAM J. Disc. Math., Vol. 11, No.
best unsplit routing. We observe that it is unnecessary. In 1, pp. 1-14, February 1998.

fact we can first choose the best fractional routing and then _ _
transformonly the best fractional routing into an unsplit ~ [9] R.Vachani, A. Shulman, P. Kubat, J. Ward, Multicom-

I. Saniee, Optimal Routing in Self-Healing Communi-

routing justonce The resulting routing is still agl + ¢)- modity Flows in Ring Networks, INFORMS Journal
approximation, but the time-complexity is reduced by a fac- on Computing, 8, pp. 235-242, 1996.
tor of ©(n?/logn).

[10] P. Wilfong, P. Winkler, Ring Routing and Wavelength
) Translation, Proceedings of the Ninth Annual ACM-
7. Conclusions SIAM Symposium on Discrete Algorithms, pp. 333-
341, 1998.
In this paper, we have studied several variants of load
balancing in counter-rotated directed SONET rings. The
optimal fractional routing can be obtained by solving a lin-
ear program. The optimal semi-integral routing can be ob-
tained by solving at most three linear programs. The opti-
mal integral routing can be obtained by rounding any op-
timal parallel semi-integral routing. The optimal unsplit
routing is NP-complete. Both the edge-avoidance routing
and the short-way routing ageapproximations. Finally, a
polynomial-time approximation algorithm is presented for
any fixede > 0 to find an unsplit routing whose ring load is
within (1 + ¢) times the optimum.
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