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Abstract- We propose a new localized structure, namely, 
Incident MST and RNG Graph (IMKG), for topology control and 
hroadcsting in wireless ad her networks. In the construction 
algorithm, each node first builds a rnodiJEed relorive neighborhood 
graph (RNG'), nnd then infixms its one-hop neighhors its incident 
edges in RNG'. Each node then collects all its one-hop neighhors 
and the twu-hop neighhorr who hare RNG edges to some of its 
one-hop neighhors, and huilds an Euclidean niininium spanning 
tree of these nodes. Each node U keeps an edge wu only if u1i is in 
the constructed minimum spanning tree. We analytically prow 
that the nude degree of the IMKG is at most 6, it is connected and 
planar, and more importantly, the total edge length of the IMRG 
ir within a constant factor of that of the minimum spanning tree. 
To the hest of our knowledge, this ir the first algorithm that 
can construct a structure with all thew properties using small 
cornmnnication messages (at mwt 18n total messages, each with 
O(1og n) hits) and small computation cost, where r~ is the numher 
of wireless nodes. Test results are corrnhorated in the simulation 
study. 

I .  INTRODUCTION 

We consider a wireless ad hoc network composed of I I  

nodes distributed in a two-dimensional plane. We assume 
that all wireless nodes have distinctive identities and each 
static wireless node knows its position information either 
through a low-power Global Position System (GPS) receiver 
or through some other way. More specifically, it is enough for 
our protocol that each node knows the relative position of its 
one-hop neighhors. The relative position of neighbors can be 
estimated hy the direclion ofarrival and the srrengfh of signal. 
We assume that each wireless node has an omni-directional 
antenna and a single transmission of a node can be received 
by any node within its vicinity which. we assume. is a unit 
disk centered at this node. A wireless node can receive the 
signal from another node if i t  is within the transmission range 
of the scnder. Otherwise. they communicate through multi- 
hop wireless links by using intermediate nodes to relay the 
message. Consequently, each node in the wireless network also 
acts as a router. forwarding data packets for other nodes. By 
one-hop hniadcasting, each node U can gather the location 
information of all nodes within the Uansmission range of 
U.  Consequently, all wireless nodes together define a unit- 
disk graph (UDG). which has an edge ((,U if and only if  the 
Euclidean distance IIccu/I is less than one unit. 

Wireless ad hoc networks require special treatment as they 
intrinsically have unavoidable limitations as compared with 
wired networks. For example. wireless nodes are often pow- 

ered by batteries only, and they often have limited memories. 
So wireless ad hoc networks prefer localized and power- 
efficient algorithms. A transmission hy a wireless device is 
often received by many nodes within its vicinity. called brood- 
casting. We utilize this broadcasting property to reduce the 
communications needed to send some information. Through- 
out this paper, a local broarlcasr by a node means it sends the 
message to all nodes within its transmission range; a global 
broarlcast by a node means it tries to send the message to all 
nodes in the network by the possible relaying of other nodes. 
Since the main communication cost in wireless networks is 
to send out the signal while the receiving cost of a message 
is neglected here, a protocol's message complexity is only 
measured by how many messages are sent out by all nodes. 

In recent years, many research efforts focus on topology 
control for wireless ad hoc networks [ll.  [?I. [31, [41, [Sl. 
These algorithms are designed for ditferent objectives: mini- 
mizing the maximum link length while maintaining the net- 
work connectivity [31; hounding the node degree 151; hounding 
Ihe spanning ratio Ill. [?I; constructing planar spanner locally 
[I]. Here a structure H is a spanner o l  UDG if. for any two 
nodes. the length of the shortest-path connecting them in H 
is no more than a constant factor of the length of the shortest- 
path connecting them in the original UDG. Planar structures 
are used by several localized routing algorithms [61.17]. Li and 
Wang [8] recently also proposed the first localized algorithm 
to construct a bounded degree planar spanner. 

ts total edge length is 
within a constant factor of the total edge length of the mini- 
mum spanning tree (MST). However. no localized algorilhm is 
known to construct a low-weighted structure. It was recently 
shown in [L)] that a broadcasting hascd on MST consumes 
energy within a constant factor of the optimum. 

The hest distributed algorithm [IO]. 1111 can compute MST 
in O(n)  rounds using O(ni + n log n )  communications ior a 
general graph with n~ edges and I I  nodes. Since the relative 
neighborhood graph. the Gabriel graph. and the Yao graph 
all have O(n) edges and contain the Euclidean MST. we can 
construct the minimum spanning tree of UDG in a distributed 
manner using O(ri log n) messages. Unfortunately, even for a 
wireless network modelled by a ring. the O(ii10g1~) number 
of messages is still necessary lor constructing MST of ULX. 

Recently. Li, Hou. and Sha [l?] proposed a novel MST- 
based method for topology control. Each node 11 uses its one- 

A structure is called low wigRI  
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hop neighbors to build a local minimum spanning tree. They 
call the tinal graph local iiiiiiiiiiiuii spanning w e  (LMST). 
‘They prove that the graph is connected. and has bounded 
degree 6. However. it can be shown that LMST is not a low 
weight structure. 

We present the tirst efficient localized method to construct 
a hounded degree planar connected structure Incident MST 
and RNG Graph (IMRG) whose total edge length is within a 
constant factor of MST. The degree of each node is at most 
6. The total communication cost of our methnd is at most 
13n. and every node only uses its partial two-hop information 
tn construct such structure. It was shown in 1131. [I41 that 
some two-hop information is necessary to consuuct any low- 
weighted structure. We also studied the application of this 
structure in efficient broadcasting in wireless ad hoc networks. 

Energy conservation is a critical issue in url /roc wireless 
network for the node and network life. as the nodes are pow- 
ered by hatteries only. In the most common power-attenuation 
model. the power needed to support a link u.(i is I I trwllo,  

where I I ~ L I I I I  is the Euclidean distlrnce between CL and U. ,8 
is a real constant between 2 and .i dependent on the wireless 
transmission environment. 

Minimum-energy broadcastlmulticast routing in ad hoc net- 
work environments is addressed in [Is]. [16]. To assess the 
complexities one at a time, the nodes in the network are as- 
sumed to he randomly distributed in a two-dimensional plane, 
and there is no mobility. Three centralized greedy heuristics 
(as opposed to distributed) algorithms were presented in [161. 
namely. MST (minimum spanning tree). SPT (shortest-path 
tree). and BIP (broadcasting incremental power). For illustra- 
tion purposes. another slight variation of BIP. called BAIP, 
wiis discussed in detail in [9]. Wan. et al. 191 showed that 
the approximation ratio of MST-based ‘approach is between 
6 and I-?. which is the best known method theoretically. 
Uniortunately. MST cannot he constructed in a localized 
manner. i.e., each node cannot determine which edge is in 
the defined structure by purely using the information of the 
nodes within some constant hops. The relative neighborhood 
graph was used for broadcasting in wireless ad hoc networks 
[17]. It is well-known that MST RNG. The ratio of the 
weight of RNG over the weight of MST could he O(n)  for 71, 

points set [IS] .  As shown in [13]. [14]_ the total energy used by 
the global broadcasting based on RNG could be about O ( d )  
times optimum. 

Notice that a structure with Inw-weight ca111101 guarantee 
that the broadcasting based nn it consumes energy within a 
constant factor of the optimum. The energy consumption using 
our new Structure IMRG is within O(!??-’) nf the optimum. 
This improves the previously best known “lightest” structure 
RNG by an O ( I J )  factor. Our extensive simulations show that 
the energy consumption of hroadcasiing based on structure 
IMRG is within a small constant factor of that based on 
the MST and has signiticaiit improvement over the energy 
consumption based on RNG. 

The rest of the paper is orpanized as follows. In Section 11. 
we review the related work on network topology control and 

minimum energy broad tinp. In Section 111. we present our 
communication and computation efticient localized method 
that can ciinstruct a connected. planar. bounded degree, low- 
weight structure IMRG. The total communication cost to 
build i t  is at most 131:. We compare the performance of this 
structure with previously best-known structures i n  Section IV. 
We conclude our paper with a discussion of possible future 
research directions in Section V. 

11. RELATED WORK 

Before reviewing the related work. we first introduce the 
formal definition of I O U  weight. Given a structure C: over a 
set of poinu. let u(G) be the total length of the links in G 
and W B ( G )  he the total power needed to support all links in 
G. i.e.. uo(C) = ClloEG ~ ~ t ~ u ~ ~ ~ .  Then, a structure G i s  called 
/OM. w’eight if w ( G )  is within a constant of w ( A f S T ) .  

A. Topology Control 

Recently. topology control for wireless ad hoc networks has 
attracted considerable attention 131. [191_ [XI]. 1211. [??I. [231. 
1241. Rajaraman [25]  conducted an excellent survey. Several 
geometrical structures are used for topology control. Here we 
review the definitions of some of them. 

The relative neigliborlioorl graph. denoted by RNG. is a 
geomeuic concept proposed by Toussaint 1261. It consists of 
all edges fro such that there is n o  point (11 with fiw and IUO 

satisfying /lu~oll < llt17:ll and II,iut>II < IIznI I .  Let disk(r~.:  i > )  

be the disk with diameter u t ) .  Then. the Gabriel graph 1271 
(GG) contains an edge ILU from (I if and only if d i s k ( t ~ >  o )  
contains no other vertex 7u inside. 11 is easy to show that 
RNG is a subgraph of the Gabriel graph GG. For unit disk 
graph. the relative neighborhood graph and the Gabriel graph 
only cnntain the edges in UDG and satisfying the respective 
definitions. Both GG and RNG are used as network topology 
in wireless ad hoc networks. 

ThLYao gi-uph with an integer parameter k 2 G .  denoted 
by YGh_ is defined as follows. At each node 11.. any I; 
equally-separated rays originated at U define k cones. In each 
cone. choose the shnrtest edge t t m .  if there is any. and add a 
directed link z.. Ties are broken arbitrarily or by the smallest 
D. The resulting directed graph is called the Yao graph. 
Some researchers used a similar construction named 0 - p p h  
[?SI. Recently. the Yao structure was re-discovered by several 
researchers for topology control in wireless ad hoc iietworks 
of directional antennas. 

Li. et al. [ Is]  extended the definitions of these structures 
on top of any given graph G. They propnsed to apply the 
Yao structure on top of the Gabriel graph structure. and 
apply the Gabriel graph structure on top of the Yao structure. 
These structures are sparser than the Yao structure and the 
Gabriel graph. and they still have a constant bounded power 
stretch factor. These two structures are connected graphs. 
Wattenhofer. et al. [?4] also proposed a two-phased approach 
that consists of a variation of the Yao graph followed by a 
variation of the Gabriel graph. 
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Li. el al. [I11 proposed a structure that is similar to the 
Yao structure for topology control. Each node I,. finds a power 
pu+ such that in every cone oidegree CI surrounding 1 1 .  there 
is some node that I L  can reach with power p..u. Notice that 
the nuniber of cones to be considered in the traditional Yao 
structure is a constant L. Howevcr. unlike the Yao structure, 
for each node 11,. the number of cones needed to be considered 
in &e method proposed in LZI] is about 211. where e&ch node 
o could contribute two cones on both side of segment .im. 

Then the graph G, contains all edges I ~ W  such that (1  can 
communicate with U using power pu.*. They proved that. 
if CI 5 and the UDG is connected. then graph 6, is a 
connected graph. Unlike the Yao structure. the final topology 
G, is not necessarily a bounded degree graph. 

Li. e$. [181 also proposed another strncture c a l g  YaoYao 
graph FYI. by applying a reverse>o structure on FGL.. They 
proved that the directed graph 17Yk is strongly connected 
if UDG is connected and I; > 6 .  In [51. Wang. et al. 
considered another undirected structure. called piiiiiietric Yuro 
graph YSh.  An edge ? L P I  is s e x l e d  if and only if both directed 
edges and a are in the I'Gk. Then it is obvious that the 
maximum node degree is k .  They showed that the graph YSI; 
is suongly connected if UDG is connected and k 2 6. 

Recently, Li, Hou. and Sha [I21 proposed a novel local 
MST-based method for topology conuol. Each node U first 
collects its one-hop neighbors N I  (U). Node 11. then computes 
the minimum spanning tree AIST(Nl (c~) )  of the induced unit 
disk graph on its one-hop neighhors N l ( u ) .  Node 11 keeps a 
directed edge ?I(:  if and only if U I J  is an edge in A I S T ( N I ( U ) ) .  
They call the union of all directed edges of all nodes thc local 
in;niiiiwn spanning m e .  denoted by Gn. If only symmetric 
edges are kept. then the graph is called G;. i.e.. it has an 
edge U L I  if and only if both directed edge ut: and directed 
edge i :u  exists. If we ignore the directions of the edges in Go. 
they call the graph Gof, i.e.. it has an edge WZI i f  and only if 
either directed edge uv or directed edge i:u exists. They prove 
that the graph is connected. and has bounded degree 6. 

Here. we also show that graph G, is actually planar. For 
the sake of contradiction. assume that C; is not a planar graph 
and two edges i i i!  and sy/ intersect each other. Assume that the 
clockwise order of these four nodes are 7 ~ .  y. U .  z. Obviously, 
one of the four angles L1r:co. Lzrry. i w y r r .  and Lyux is at 
least 612. Without loss of generality. assume that Luzo 2 
6jY. Thus. edge ~ i u  i s  the longest edge among triangle Aauz. 
Thus. in the local minimum spanning tree MST'(N1(u)) .  edge 
uv cannot appear since there is already a path Z I . ~  whose 
edges are all shorter than u,u. Similarly, graph C: is a planar 
graph (by replacing the undirected edges with directed edges 
in the above proof). 

Inspired by the local minimum spanning tree structure in 
[121. we propose another structure. called IMRG; that has an 
additional property: the total edge length of the structure is no 
more than a constant factor of that of thc minimum spanning 
tree. We call this property low weight. Notice that the total 
edge length is related to the total power of all nodes used 

to keep the network connected. It is not difficult to consUuct 
an example such that the structure G; and G: are not low- 
weight (the same example in [13]_ [14] for KNG). We also 
show that our Structures IAIRG+ and 1AdRC.- are always 
subgraphs of the structures G: and G; constructed in [I?]. 

B. Poner Assignifient 
Assume that each node can adjust its transmission power 

according to its neighbors' positions for a possible energy 
conservation. A natural question is then how to assign the 
transmission power for each node such that the wireless 
network is connected with the optimization criteria being min- 
imizing the maximum or total transmission power assigned. 

A transmission power assignment on the vertices in I' is 
a iunction J from V into real numbers. The ron,mrmication 
graph, denoted by Gf.  associated with a transmission power 
assignment f .  is a directed graph with V as its vertices and 
has a directed edge a if and only if I l u iu j l l p  + c 5 f ( o . i ) .  

We call a transmission power assignment f coiiiplete if the 
communication graph Gf is strongly connected. Here c is the 
fixed overhead cost of a node receiving and processing the 
signal. which is assumed to be same for all nodes. 

The rr~a.riinrrm-cost of a transmission power assignment J 
is defined as m c ( J )  = niaxUjey f ( . u i ) .  And the total-cost of 
a transmission power assignment f is defined as sc( f )  = 

J ( o i ) .  ' h e  min-max assignment problem is then to 
find a complete transmission power assignment J whose cost 
mc( J )  is the least among all complete assignments. The min- 
total assignment problem is to find a complete transmission 
power assignment f whose cost . sc ( f )  is the least among all 
complete assignments. 

Given a graph H = (V. E ) .  we say the power assignment 
f is induced by H if 

where E is the set of edges of H .  In other words. the power 
assigned to a node 11 is the largest power needed to reach all 
neighbors of 1 )  in H .  Clearly, when graph H is connected, the 
induced power assignment f is complete. 

Transmission power control is well-studied. Monk;. et al. 
[29] conducted simulations which show that implementing 
power conuol in a multiple access environment can improve 
the throughput of the non-power controlled IEEE 802.1 I by 
a tictor of '2. Therefore. i t  provides a compelling reason 
for adopting the power controlled MAC protocol in wireless 
network. 

The m i n - m a  assignment problem was studied by several 
researchers [31. [30]. Let EMST be the Euclidean minimum 
spanning tree over a point set V. Both (31 and [301 use Khe 
power assignment induced by EMST. It was proved in 131 
that the longest edge of the Euclidean minimum spanning tree 
EMST is always the critical link for min-max assignment. 
Here. for an optimum transmission power assignment fopt, 

call a link ut:  the critical link i f  jluijll? + c = ,mc( f o p l ) .  Both 
algorithms presented in [31 and 1301 compute the minimum 
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spanning tree from the fully connected graph with possible 
very large communication cost. Notice that the best distributed 
algorithm [IO]. [ I  I] .  [31l can compute the minimum spanning 
tree in O( 1 1 )  rounds using O( iii + II log 1 1 )  communications 
for a general graph with I J I  edges and t i  nodes. Using the fact 
that RNG. GG and the YGI all have O( n )  edges and contain 
the EMST, a simple O(!I log 1 1 )  time complexity cenualized 
algorithm can be developed and can be implemented efficiently 
in a distributed manner. 

The min-total assignment problem was studied by Kiroustis. 
el al. [321 and by Clementi. et crl. [3313 [341. [351. Kiroustis. 
e/ al. [32] first proved that the min-total assignment problem 
is NP-har-(1 when the mobile nodes are deployed in a three- 
dimensional space. A simple ?-approximation algorithm based 
on the Euclidean minimum spanning tree was also given in 
[32]. The algorithm guarantees the same approximation ratio 
in any dimensions. Clementi. el al. L331. 1341. [351 proved that 
the min-total assignment problem is still NP-hard when nodes 
are deployed in a two dimensional space. 

So fir. we generate asymmetric communication graph from 
the power assignment. For the symmetric communication. 
several methods also guarantee a good performance. It is 
easy to show that the minimum spanning tree method still 
gives the optimum solution for the min-max assignment and 
a ?-approximation for the min-total assignment. Recently, 
Calinescu. er nl. [361 rave a method that achieves better 
approximation ratio $ by using an idea from the minimum 
Steiner tree. Like the minimum spanning tree method. i t  works 
for any power delinition. 

C. Mininiinii E n e i ~ !  Broarlcasling 

Minimum-energy bri,adcast/multicast routing in an ad hoc 
network environment is addressed in [l.S]. [16]. Any broadcast 
routing is viewed as an arborescence (a  directed tree) '7'. 
rooted at the source node of the broadcasting. that spans all 
nodes. Let f.7 ( p )  denote the transmission power of the node 
p required by T.  For any leaf node p ol' T ,  fr (p )  = 0. For 
any internal node 1' of T. fT ( p )  = I ~ ~ x ~ , ~ ~ T  IIpq/Ia. i.e.. the 
P-th power o f  the longest distance between p and its children 
in T .  The total energy required by T is CPEv f~ ( p ) .  Thus, 
the minimumenergy broadcast ,routing problem is different 
from the conventional link-based minimum spanning tree 
problem. Indeed. while the MS1' can be solved in polynomial 
time by algorithms such as Prim's algorithm and Kruskal's 
algorithm. it is known [37] that the minimum-energy broadcast 
routing problem cannot be solved in polynomial time if P # 
NP. Three greedy heuristics were proposed in [I61 lor the 
minimum-energy broadcast routing problem: MST (minimum 
spanning tree), SPT (shortest-path tree). and BIP (broadcasting 
incremental power). For a pure illustration purpose. another 
variation of BIP (called BAIP) was discussed in detail in [Y]. 
Wan. et al. [9] showed that the approximation ratio of the 
MST based approach is between 6 and 12; the approximation 
ratio of the BIP is between 4 and 12; on the other hand. 
the approximation ratios of SPT and BAIP are at least + and 

_ _  ,:, o (1) respectively. where ii is the number o l  nodes. The 
following lemma was proved in [SI. 

Le~iniici  I :  For any point set I; i n  the plane. the total 
energy required by any broadcasting among V is at least 
u p ( A l S T ) / C k .  where fi 5 C k t  5 12 is a constant related 
to the geometry minimum spanning tree. 

RNG is used for broadcasting in wireless ad hoc networks 
[17]. Obviously. the ratio of the total edge length of RNG over 
that of MST could be O ( n )  for I I  points set [18]. An example 
was given in 1131, [141 to show that the total energy used 
by broadcasting on RNG could be about O( 14 times of the 
minimum-energy used by an optimum method. We can prove 
that the uO(rAfRG) 5 O(I I@- ' )  .up(i\lST) which improves 
the previously known structure RNG by O ( n )  factor. 

111. COXSTRUCT LOW WEIGHTED STRUCTURE LOCALLY 

In this section. we present our efficient localized method to 
construct a connected. low-weighted. bounded degree planar 
structure. 

A. Moil@eil RNG 

Let l l r g / l  denote the Euclidean distance between two points 
:I: and $1. A disk centered at a point :c with radius r. denoted 
by d i . s k ( q  r ) .  is the set of points whose distance to :c is at 
most r. i.e.. disk(:c,  r )  = {g I 11:i:v11 5 .r}. Let ( u n e ( i r :  U )  

defined by two points IC  and o be the intersection of two 
disks with radius 11it.ii11 and centered at U and U respectively. 
i.e., lune(rr, 1 1 )  = d i k ( i , . ,  ~ ~ i ~ i ~ ~ ~ )  n di.sk(u, l luol l ) .  The relative 
neigliborlrooil graph [Xi], denoted by RNG. consists of all 
edges uii such that the interior of lurse(ir, I ! )  contains no 
point tu E V .  Notice here if only the boundary of lane(u.: U )  
contains a point from V .  edge U% is still included in RNG. A 
minimum spanning tree of a set of points V is a connected 
graph whose weight is the minimum among all connected 
graphs spanning V .  It is known that the relative neighbor- 
hood graph always contains the minimum spanning tree as a 
subgraph. 

Our low-weight structure is based on a modified relative 
neighborhood graph. Notice that. traditionally. the relative 
neighborhood graph will always select an edge 711: even if there 
is some node on the boundary of lune(u:v) .  Thus. RNG may 
have unbounded node degree. e.g.. considering n - 1 points 
equally distributed on the circle centered at the 71th point 73. 

the degree of ~r is n - 1. Notice that for the sake of lowing 
the weight of a structure. the structure should contain as less 
edpes as possible without breaking the connectivity. Li [13]. 
[14] then naturally extended the traditional delinition of KNG 
as follows. 

The inorlified rdat iw nrighhorlioorl graph consists o l  all 
edges iiw such that ( I )  the inrerior of luae(  11.; U )  contains no 
point '10 E V and. (2) there is n o  point io E V with ID(.w) < 
I D ( ( : )  on the boundary of I.~ui.e(+ U )  and I/~uirll < j l u t l l / .  and 
( 3 )  there is no point w E V with ID( tu)  < I D ( u )  on the 
boundary of I m e ( t r !  o )  and II.fuuII < llut~ll. and (4) there is no 
point 'io E V on the boundary of lu .n ,e (u~o)  with ID(ai )  < 
fD(t!.)> IO(,iu) < fD(a), and 1171x11 = IIuoII, See Figure 
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1 for an illustration when an edge ut: is nor included in the 
modilied relative neighborhood graph. Li called such structure 

Fis. 1 .  Four cats when cdses arc not in the mdificd RNG. 

by RNG’. Obviously, RNG’ is a suhgraph of traditional RNG. 
It was proved in [13], [14) that KNG’ has a maximum node 
degree 6 and still contains a MST as a subgtaph. However, 
RNG’ is still not a low weight structure. 

Obviously, graph RNG’ still can be constructed using 71 

messages. Each node first locally broadcasts its location and 
ID to its one-hop neighbors. Then every node decides which 
edge to keep solely based on the one-hop neighbors’ location 
information collected. Since the definition is still symmetric. 
the edges constructed by different nodes are consistent. i.e._ 
an edge ui :  is kept by a node IL if and only if it is also kept by 
node U .  The computational cost of a node (1. is still O(dlogd), 
where d is its degree in UDG. A simple edge by edge testing 
method has time complexity O(d?). 

B. BOIUU~ rile Weig/ir 

We now peovide a communication efficient method to 
comtruct a sparse topology from RNG’ whose total edge 
weight is within a constant factor of w(A4ST). In [13]. [14]. 
Li gave the first localized method to construct a structure with 
weight O(w(h fST) )  using total O ( n )  local-broadcast mes- 
sages. but the computation at each node is expensive. Notice 
that it is well-known that the communication complexity of 
constructing a minimum spanning tree of a !,-vertex graph G 
with n1 edges is O( I I I  + 71 log n,): while the communication 
complexity of constructing MST for UDG is O(!f logn) even 
under the local broad ling communication model in wireless 
networks. It was shown in [131. [I41 that it is iriiposrihle 
to construct a low-weighted structure using only one hop 
neighbor information. 

We first review the localized algorithm given in [I41 that 
constructs a low-weighted structure using only some two hops 
information. 

Algorifhm I :  Construct Low Weight Structure LRNG 
1) All nodes together construct the graph KNG’ in a 

localized manner. 
2) Each node U. locally broadcasts iis incident edges in 

KNG’ to its one-hop neighbors. Node I I  listens to the 
messages from its one-hop neighbors. 

3 )  Assume node I C  received a message informing existence 
of  edge :rg t RNG‘ from its neighbor :U. For each edge 
L I U  E RNG’. if uu is the longest among ILL). : 1 q .  iiz. 
and U!,. oode 1 6  removes edge I I .  Ties are broken by 
the lahel of the edges. Here assume that iruyz is the 
convex hull of IL. 1 1 .  z, and y. 

4) Let LRNG he the final structure formed by all remain- 
ing edges in RNG‘. 

Obviously. if an edge u u  is kept by node u. then it is also 
kept by uode I ) .  It was shown in [13]. [I41 that the structure 
LHNG has total edge length O(w(A4Sl’)). 

Clearly. the communication cost of Algorithm I is at most 
i n :  initially each node spends one message to tell its one-hop 
neighbors its position information. then each node 1 ~ 7 3  tells its 
one-hop neighbors a11 its incident edges uu E RNG‘ (there 
are at most total 611 such messages since RNG’ has at most 31i  
edges). The computational cost of Algorithm I could be high 
since for each link t i u  E RNG‘: node U has to test whether 
there is an edge x y  E RNG’ and z E N,(rr)  such that U I J  is 
the longest among U.U. zg- u:c. and We continue to present 
our new algorithms that improve the computational complexity 
of each node while still maintains low communication costs. 

Algorithrii 2: Construct Low Weight Structure by MST of 

I )  Each node (I. collects its two hop neighbors informa- 
tion Nz (16)  using a communication efficient protocol 
described in [381. 

2) Each node 11, computes the Euclidean minimum spanning 
tree A,/Sz’(N,(u)) of all nodes N,( I I . ) .  including U. 

itself. 
3 )  For each edge t i n  t AlST(N*(iL)). node 11, tells node o 

about this directed edge. 
4) Node II keeps an edge wu if IW E I\.IST(N2(,x)) or 

u u  t A.fST(Nz(u)).  Let LMSTf be the final structure 
formed by all edges kept. 

We then prove that structures LAlST?+ and LArSTT are 
connected. plana. low-weighted. and has bounded node degree 
at most 6. 

Lrmrlla 2: MST is a suhgraph of LAfSTy and LhfST:. 
Proof. We prove MST is a subgraph of LAfSTF by induction 
on the length of the edges in MST. 

Consider the shortest edge 7171 in the original unit disk graph. 
Clearly, the edge U I :  helongs to MST. arid MU belongs to 
AIST(&([u)) Tor any node ‘W. Thus. uu belongs to LMST,-. 

Assume that the first kth shortest edges from MST are 
in LAlSTT. Then consider the ( k  + 1)th shortest edge 
i i v  from MST. For the sake of conwadiclion. 
some node JU removes edge ii.u because U.U does not belong 
to AlST(N2( tu) )  and U t Nl(,o). From the property of 
minimum spanning tree. we know that there is a path in the 
unit disk graph formed on N z ( r u )  connecting IL and o using 

?-hop Neighbors 

‘ I 1  keeps an edgl if either node U or nudz U wants IO keep it. Another 
option i s  lo keep an edge only if hmh nudes want IO keep it. Le1 I,IMST,- 
k the slmcturd formed hy such edges. 
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edges with length at most ~ ~ I ~ . ~ I ~ /  (tics are broken by rank). 
Clearly. these edges are also in the original UDG and thus it 
is a contradiction to the fact that iiw belongs to MST. Tnus. 
edge t w  is also kcpt f,A/ST;. 

Thus_ MST is a subgraph of LMSTT. Since LMST; is 
a subgraph LiI/ST;. MST is a subgraph of LM.YT,+. 

The above lemma immediately implies that 
Leriiriia 3: Structures L M S T ,  and LAfST?+ are con- 

nected. 
Lnirsra 4: Structures L M S T ;  and LAWST$ are subgraphs 

of "G'. 
Proof. We prove the above hy contradiction. Assume that a 
node if. adds an edge uo 6 RNG' to LMST2. Since edge U I )  
RNG'. there is a node 711 inside the lune defined by segment 
I I O  or a node IO on the boundary of the lune with smaller 
ID. Remember that the minimum spanning tree of the node 
set NI(u) can be constructed by adding edges in ascending 
order (using IDS to break the ties) whenever it ~ ( K S  not create a 
cycle with previously added edges. Clearly. when we try to add 
edge im. there is already a path connecting (( and 'IC and ii path 
connecting 'IU and U since 111u and IOU are not longer than ( I C ?  (or 
have same length but with smaller IDS). It implies that node U 

cannot have edge u.1: in its MST(N2( i~ . ) ) .  Consequently. both 
graph LMST; and graph LMST; are subgraphs of RNG'. 

Since RNG' is a planar graph with bounded node degree at 
most 6. the above lemma immediately implies that 

Lernrno 5: Structures LMSTT and LhIST; are planar 
graphs and with bounded node degree at most 6. 

To prove that structure LAfST; is low-weighted. we need 
the following result proved in [131. [141. 

Leriirria 6: A subgraph C: of RNG' is low-weighted if for 
any two edges ui! E G and : i q  E 6. neither I L I I  nor :i:g is the 
longest edge of quadrilateral w y ~ .  

We then prove following lemma. 
Lemina 7: Structures Lhf5'TT and LiIfS'CT are low- 

weighted. 
Proof. Consider any quadrilateral II .L'~J:C formed by two edges 
~m E Li\/SE$ and :c,y E L A f S T , .  W.1.o.g. assume that uti 

is the longest edge. then ~ ~ u . ~ : ~ ~  5 1. 11y1111 5 1. Thus. the 
four edges of quadrilateral ui:q?: are in the UDG induced 
on N ~ ( U ) .  Consequently. edge LLO will be removed when 
constructing the local minimum spanning tree MST( .MI( U)). 
Together with Lemma 6. we know that LA'fST; is low- 
weighted. Structure LAISTC is low-weighted directly from 

Although the constructed structures LMST; and Li1,fSl:Lf 
have several nice properties such as being bounded degree, 
planar. and low-weighted; the communication cost of Algo- 
rithm 2 could be very large to save the computational cost of 
each node. The large communication costs are from collecting 
the two hop neighbors information Nz(II . )  for each node u. 
although the total communication of the protocol described in 
[3S] is O(v). the hidden constant is large. 

We could improve its communication cost of collecting 
&(U) by using a subset of two hop information without 

' 

LAfS'Z '~ L A I S E T ,  

sacrificing any properties. Define 

N : ~ " ' ( I , )  = {,tu 1 t:'tu E RNG' and U E ~ ~ ( ' 1 . ) )  U Iv,(tL). 

We will tirst build KNG' to collect N,RN"'(~r) for each node 
u. then apply local MST based on N f N G ' ( u ) .  We descrihe 
our modified algorithm as follows. 

Algorirhrii .I: Construct Low Weight Structure hy 2-hop 
Neighbors in RNG' 

1) Each node it. tells its position information to its one- 
hop neighbors , V ~ ( I I . )  using a local broadcast model. All 
nodes together construct the graph RNG' in a localized 
manner. 

2) Each node 11, locally broadcasts its incident edges in 
RNG' to its one-hop neighbors. Node U listeiis to the 
messages from its one-hop neighbors. 

3) Each node 11. computes the Euclidean minimum span- 
ning tree n,/ST(hr,""'"(tr)) of all nodes N,"N"'(u). 
including U itself. 

4) I'or each edge wv E IWST(N~~" ' ( I~ , ) ) .  node U tells 
node i! about this directed edge. 

5) Node IL keeps an edge ut: if uu E I\IST(IV?RIVG'(iI)) 
or iiu E A I S T ( A r ~ N C ' ( ~ ! ) ) .  Let IMRG+ be the final 
structure formed by all edges kept. Similarly. the final 
Structure is called IAfRG- when edge u u  is kept 
if and only if  ut' E AIST(NfNC'(u)) and uv t 
hfL5'T(,V."'"'(i>)). Here IMRG is the abbreviation of 
Incidcni MST and RNG Graph. 

Notice that in the algorithm. node U constructs the lo- 
cal minimum spanning tree M S T ( N f N c ' ( u ) )  based on the 
induced IJDG of the point sets N,"""'(u). As seen later 
(Lemma 8). the constructed structures are subgraphs of the 
modified RNG graph. Thus. these structures are planar and 
have at most 3 1 1  edges. In addition. the total communication 
cost of Algorithm 3 is at most 1 Y i r  when either structure 
IMRG- or IMRG+ is needed: the total communication cost is 
at most i t ,  if the directed structure IMRG is needed. (Step 1 
takes n messages; Step 2 takes 617 messages since each edge 
is broadcasted by at mnst its 2 end-pointS and the total number 
of edges is at most : < ? I :  similarly Step 4 takes 61, messages.) 

Leinrna 8: Structure IMRG is a subgraph of modified RNG. 
Proof. Consider any edge UI! @ RNG'. We show that node 11, 

will not propose ut! .  From the definition of RNG'. we know 
that there is a node TO inside the lune defined by segment 
and edge u . 7 ~  and ~ U U  has a label less than ut!, Considering the 
process of constructing AfST(N,RN"'(u)). when we decide 
whether to add edge UI! after processing edges with smaller 
label. there is already a path connecting U and ILL and a path 
connecting 10 and U. Thus. edge uu cannot be added by node 

The above lemma immediately implies that all structures 
IMRG+ and IMRG- are planar graph. and have bounded node 
degree at most G .  

We then show that structures IIIIRG' and IA,/HG- are 
still connected and low-weighted. Clearly. the constructed 

U to illST(~~,R""'(t,,)). This linishes the proof. 
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structures are a supergraph o i  the previous structures. i.e.. 
LAlSTZ C I!IIRG+ and LAIST; C IVRC- .  since 
Algorithm 3 uses less information than Algorithm 2 in con- 
structing the local minimum spanning tree. If an edge i , . ~  is 
removed from AIST(N:wc'(~~)) .  i t  means that there is a 
path connecting IL and 1; using shorter edges when we process 
uu. By simple induction. we can show that there is also a 
path connecting i i  and U when we process 11u in construct- 
ing AlST(iV>(ih)). Thus. these two structures IAPRG+ and 
IMRG- are still connected. 

We then prove the following lemma. 
Lemia 9: Structures I A I I G -  and Ii\RG+ are still low- 

weighted. 
Proof. We only need to prove that IMRG+ is still low- 
weighted since I.RIRG- C_ fMRG+. Consider any quadri- 

t IAIRG+ and :iq E 
IhIRG+. By the construction algorithm. we know that both 
edges ii.u and :q are in RNG'. W.l.o.g. assume that u u  is the 
longest edge of the quadrilateral, then ( lu l l  5 1. llgull 5 1. 
Thus. the four edges of quadrilateral ur!y:u are in the UDG 
induced on N:""'(IL): node if.  will know the existence of 
edge qi E RNG' through node 2. node 1 %  will know the 
existence of edge q E RNGI through node g. Consequently. 
edge (I(! will he removed when constructing the local minimum 
spanning tree A,iST(N2(u)).  Together with Lemma 6_ we 
h o w  that IAlRG+ is low-weighted. Structure IAIRG- is 

!a 
Theorern IO: Algorithm 3 constructs sttuctures IMRG- 

or IAIRG' using at most 1317 messages. 'The structures 
IAIRG- or IAIRGf are connected. planar. bounded degree, 
and low-weighted. Both IMRG- and IAlHCf have node 
degree at most 6. 

We show that the constructed structure IhlRG- is always 
a subgraph oi the structure G, consuucted in [L?). 

Lernriia 11: The constructed structure IMRG- is always a 
subgraph of the structure G; constructed in [I?]. 
Proof. Consider any edge ((PI from UDG that does not belong 
to G,. Remember that G; contains an edge :cy if and only 
if the edge r y  belongs to the local minimum spanning tree 
MST(Nl(ii.)) and .bIST(N?(ii.)). Without loss of generality. 
assume that edge u.13 is removed because it is not in the local 
minimum spanning tree A l S T ( N l ( c t ) ) .  Thus, there is a path 
connecting U and 17 in the induced unit disk graph o n  N, (u ) ,  
whose edges have length less than ( ( I I . u ( (  (Ties are broken by 
IDS). Clearly, this path is still in the induced unit disk graph 
on N?RNG'(u) since N l ( u , )  c N:"G'(7~.). Consequently. 
edge L L U  cannot appear in the Euclidean minimum spanning 
tree ~lIs?.(N,"~"(u)). It further implies that 71: is not in 
iA inG- .  !a 

Similarly, the constructed structure IAIRG+ is always a 
subgraph of the structure G: constructed in [121. 

In summary, we have the following relations among these 
structures: 

formed by two edges 

low-weighted directly from IMRG- C I M R G f .  

AiST C LMSTg C 1MRC= C Gn 

MST C LhlST.2 C IMRG LRNG RNG' 2 RNG 
RNG' C RNG 

C, B u ~ d  rhr Longrsr Ed@ Lrngrh 

Notice that the min-max assignment problem is basically 
to tind a connected structure whose longest edge is minimum. 
It was proved in 131 that the longest edge of the Euclidean 
minimum spanning tree is always the critical link for min- 
max assignment. However. i t  is communication expensive 
to construct MST in a distributed manner. Thus. i t  is natural 
to ask whether we can construct a structure in a localized 
manner such that the longest edge of this structure is within 
a constant factor o i  that of MST. 

We show by example that there is unfortunately no such 
deterministic localized algorithm. Assume that there is such 
a deterministic localizcd algorithm A that uses L-hop infor- 
mation. Figure 2 illustrates such an example that algorithm 
A cannot approximate the longest edge of the MST within a 
constant factor. In  the example. the distance between nodes 11 

(a) (h) 
Fig. 2. No localized algorithm approxlnvitcs the lonfcsl edge. 

and n: is more than k hops. Then algorithm A will have the 
same information at node for both configurations (a) and 
(h). If A decides to keep edge ti%'_ then the the longest edge 
kept by A could be arbitrarily larger than that of MST for 
configuration (21). If A decides not to keep edge im. then the 
structure consuucted by A is not connected for configuration 
(b). 

Thus. we have the following theorem. 
nreorem 12: It is IriiyossiDle to have a deterministic local- 

ized algorithm to construct a connected structure such that 
the maximum node power based on this structure is within a 
constant factor of that based on MST. 

IV. EXPERIMENTS 

We conducted extensive simulations to study the perfor- 
mance of our suucture in terms of the longest edge length 
and the total edge length. Although network throughput is an 
important performance metric. it is influenced by many other 
factors such as the MAC protocol, routing protocol and so 
on. Therefore. most related work does not  test the throughput 
performance. As almost all previously related work did. we 
will use the following metrics to compare the periormance: 

1) Total Mesages: In wireless networks, less messages to 
construct a topology will saves energy consumption. We 
already showed that the toial messages of IMRG is at 
most l:h 

2) Max Messages: Wc also test what is the maximum 
number of messages a node will send in building this ! 
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structure. A large number of messages at some node will 
delay the topology updating and drain out its battery 
power quickly. 
Average Nnde Degree: A smaller average node degree 
often implies less contention and interference for signal 
and thus a better frequency spatial reuse. which in turn 
will improve the throughput of the network. 
Max Node Degree: We also test the maximum node 
degree. A larger node degree at some node will cause 
more contention and interference for signal. and also 
may drain out its battery power quickly. Here, in all our 
simulations. we set the constant p = 2. so that the power 
needed to support a link u:u is l/fwl12. 
Max Nixle Pnwer: Notice that each user u will set its 
transmission range equal to  the length of the longest 
edge incident on u, called node power.. Thus. a smaller 
node power will always save the power consumption. 
The max-node-power captures the maximum power used 
by all nodes. I t  is known that the maximum node 
power based on MST is the optimum to guarantee 
the network connectivity. We would like to compare 
the maximum node power induced from our structure 
IMRG- compared with that based on MST. 
Total Nnde Pnwer: The total node power approximates 
the total power used by all nodes to keep the connectiv- 
ity. 
Total Nnde Pnwer for Broadcasting: The total node 
power approximates the total power used by doing 
broadcasting. The difference with total node power is 
not considering the powers of leaves. 
Total Edge Length: We proved that all structures 
proposed have the total edge length within a constant 
factor of MST. while no previously known Structures 

LRNG IMRG 

having this property. 
9) Tutal Link Pnwer: It was also proved in [9] that a 

broadcasting based on MST consumes energy within a 
constant factor of the optimum. We thus compare the 
total link power used by our structure with previously 
known structures. 

In the simulations. since we already showed that structure 
I A I R C  is a subgraph of IAIRG+ and LilrST,- is a 
subgraph of Li\,fST$. we will only test the performances 
of structure IMHG- and LMST;. compare them with 
previously known structure LRNG in [131. [141. C;; in 1121, 
RNG in terms of the above metrics. The reason for only 
selecting C; and RNG is that in [12], their simulations already 
show that G; out-performs other previously known structures 
in ternis of the node degree. max node power. and the total 
node power. Hereafter, we use LMST. LMST2 and IMRG 
instead of C;. LhfST; and IillhlG- in the experiments. 
if i t  is clear from the context. 

In the tirst simulation. we randomly generate 100 nodes 
uniformly in a lOO0ni x 1000m region. The maximum trans- 
mission range of each node is set as % O m  for all the 
nodes. ?lie topology (i.e.. UDG) derived using the maximum 
transmission power. MST. RNG. LMST (i.e., G;). LMSTz 
(i.e.. LAfSTF).  LRNG. and IMRG (i.e.. IMRG-)  are shown 
in Figure 3 respectively. To make the performance testing 
precise. we generate 100 samples of 100-node sets and com- 
pute the performance met& accordingly. The corresponding 
performances are illustrated in the following Table 1V. Here 
for max node degree. max message and max node power. we 
show both the maximum and average values Over the 100 sets. 

As we proved. our slructures I..MST? and IMRG out- 
perform the structure LMST in all aspects except the number 
of messages used. The maximum node power used Lo guar- 
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TABLE I 
TBE PERFORMANCES COMP:\RISOX OF5EVER.AL STRUCTURES.  NLIMBER O F M E S S A G E S  WITH * DOES NOT COLTNTMESSAGES FOR COLLECTING ?-HOP 

NEIGHBORS WHEN BVILDING LMST? 

antee the network connectivity by structure LMST is higher 
than those by OUI structure LMSTa and IMRG. The total 
node power used to guarantee the network connectivity by 
LMST is also much higher than that by LMSTa and IMRG in 
average. Among the structures LMSTa and IMRG. we prefer 
IMRG in practice though its power consumption is slightly 
higher. The reason is that the construction ofLMST2 has large 
communication costs (it is still O(n)  but the hidden constant 
here is large). Notice in the experiments, we do not count the 
number of messages used to collect the information of ?-hop 
neighbors when building LMST?. Notice. if we simply ask 
each nodc to broadcast its one-hop neighbors to collect the 
two-hop neighbors. it will cost c1.i messages. where d? is 
the number of one-hop neighhors of node U ,  in the UDG. 
Clearly, Ed; = '%I, where 111 is the number of links in 
UDG, which could be as large as n2 fnr dense graphs. The 
total number of messages used by this simple approach clearly 
could he much higher than those by IMRG and LMST. On the 
other hand. even the method given in [3S] can collect two- 
hop neighbors for all nodes with total O(n) messages using 
geometry information. the hidden theoretical constant could 
be as large as several hundreds. 

We then vary the number of nodes in the region from 50 
to 500. The transmission range of each node is still set as 
250ni. We plotted the performances of all structures in Figure 
4. We observed that our structure has the best performance 
among all locally constructed structures such as LMST. RNG, 
and IMRG. For example. the broadcasting based on RNG 
consumes almost twice the energy than that based on structure 
IMRG. Morc importantly. the broadcasting based on structure 
IMRG is almost as good as that based on MST. Remember 
that i t  is proven in [Y] that the broadcasting hased on MST 
consumcs energy no more than 12 times of the optimum. 

Flndlly. we tix the number of nodes in the region as 500 
and grow the transmission range of each node from 1001n to 
3 O O f n .  We plotted the performances of all Structures in Figure 
5. We found that our structures still out-perform the previously 
hest known structures significantly. 

All the results show that IMRG has better performance than 
LMST and RNG. In other words, IMRG has less length cost 

and power cost for broadcasting; it has smaller node power to 
keep the connectivity. The messages used for construction of 
IMRG are slightly more than the one of LMST. The simulation 
results confirm all of our theoretical analysis. Remember 
that IMRG maybe spend O(nB-l)  times of power of the 
optimum for hroadcasting. However. our simulations show that 
the energy consumption of broadcasting based on IMRG is 
within a small constant factor (about 10% more) of that based 
on the MST and is much better than the energy consumed 
based on RNG. or LMST. In summary, the IMRG is the 
best among all these known local structures: additionally. it 
can approximate MST theoretically and be used for energy 
efficient broadcasting. 

V. CONCLUSION 
We consider a wireless network composed of a set of n 

wireless nodes distributed in a two dimensional plane. We pre- 
sented the first localized method to construct a bounded degree 
planar connected structure IMRG- whose total edge length is 
within a constant factor of that of the minimum spanning tree. 
'me total communication cost of our method is at most 1311. 
and every node only uses its partial two-hop information to 
construct such structure. Notice that some two-hop information 
is necessary to construct any low-weighted structure [131, 1141. 
We conducted extensive simulations to study the performance 
of our smctures compared with previously known structures 
and it out-performs all previously known structures (with small 
message overhead). 

The constructed structure is planar. and has bounded de- 
gree, low-weight. Li and Wang [40], 1141 recently gave an 
O(rf, log it )-time cenualized algorithm constructing a bounded 
degree, planar. and low-weighted spanner. However. we do 
not have a distributed algorithm using O ( n )  communications 
without sacrificing the spanner property. On the other hand. we 
[SI showed how to construct a planar spanner with bounded 
degree in a localized manner (using O ( n )  messages) for 
unit disk graph. However. the constructed suucture does not 
seem to have low-weight. It remains open how to construct 
a bounded degree. planar. and low-weighted spanner in a 
distributed manner using only O(n) communications under 
the local broadcasting communication model. 
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For topology control of the wireless network. there are 
two objectives: either minimize the maximum node power 
or minimize the total node power needed to guarantee the 
network connectivity. We showed that i t  is impossible to have 
a deterministic localized algorithm to construct a connected 
structure such that the maximum node power hased on this 
structure is within a conslant factor of optimum. Our structure 
IlllHG has total edge length within a small constant hctor 
of that MST. However. its total link power (or node power) 
could still he O ( d - ' )  times of the optimum to guarantee the 
network connectivity. We leave i t  as future research wherher 
here is a deterministic localized dgorithm to construct a 
connected structure whose total link power (or node power) is 
within a constant factor of that of MST. 
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