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Abstract—Beaconing is a primitive communication task in
which every node locally broadcasts a packet to all its neighbors
within a fixed distance. Assume that all communications proceed
in synchronous time-slots and each node can transmit at most
one fixed-size packet in each time-slot. The problem Minimumlatency beaconing schedule (MLBS) in multihop wireless networks seeks a shortest schedule for beaconing subject to the
interference constraint. MLBS has been intensively studied since
the mid-1980s, but all assume the protocol interference model
with uniform interference radii. In this paper, we first present a
constant-approximation algorithm for MLBS under the protocol
interference model with arbitrary interference radii. Then, we
develop a constant-approximation algorithm for MLBS under
the physical interference model. Both approximation algorithms
have efficient implementations in a greedy first-fit manner.
Index Terms—Beaconing schedule, protocol interference, physical interference, approximation algorithm

I. I NTRODUCTION
Beaconing in multihop wireless networks is a communication task in which every node locally broadcasts a “beaconing”
packet to all nodes within a certain distance referred to as the
beaconing radius. It is frequently invoked by many networking
protocols which require all nodes to collect the information
of their nearby nodes. Thus, a fast beaconing is not only of
theoretical interest, but also of practical importance. Assume
that all communications proceed in synchronous time-slots and
each node can transmit at most one fixed-size packet in each
time-slot. A beaconing schedule assigns a time-slot to every
node subject to the constraint that the nodes assigned in each
time-slot are interference-free. The latency of a beaconing
schedule is the number of time-slots during which at least
one transmission occurs. The problem of computing a beaconing schedule with minimum latency in a wireless network
is referred to as Minimum-Latency Beaconing Schedule
(MLBS).
Variants of MLBS have been studied since the mid-1980s
[2], [3], [4], [8], [9], [13], [11], [12], [14], [15]. All the
prior works assumed either implicitly or explicitly the protocol
interference model. An instance of a network is specified by a
finite planar set V of nodes. Each node v has a unit beaconing
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The beaconing range and interfrence range of a node v.

radius, and its beaconing range is the unit disk centered at v. In
addition, each node v has an interference radius ρ (v) ≥ 1 and
its interference range is the disk centered at v of radius ρ (v)
(see Figure 1). Then, a pair of nodes u and v cannot transmit
in the same time-slot if and only if one of the three conditions
holds: (1) u and v are within each other’s beaconing range (see
Figure 2(a)), (2) some node w other than u and v is within
u’s beaconing range and v’s interference range (see Figure
2(b)), and (3) some node w other than u and v is within v’s
beaconing range and u’s interference range (see Figure 2(c)).
If u and v satisfy at least one these three conditions, they are
said to conflict with each other; otherwise, they are said to be
conflict-free or independent.
All prior works except [14] assumed implicitly that all nodes
also have unit interference radius. In other words, each node
has equal the interference radius and beaconing radius, both
of which are equal to one. Sen and Huson [11] proved the
NP-hardness of MLBS even in this simple setting. A classic
greedy coloring algorithm due to [7] was adopted by Sen
and Malesinska [12] to produce a beaconing schedule, whose
approximation bound was shown to be 7 by Wan et al. [15].
Recently, Wan et al. [14] considered a slightly more general
scenario in which all nodes have uniform interference radius
of arbitrary value ρ ≥ 1. They proposed a different algorithm
with approximation bound ranging from 3 to 6 depending on
the value of ρ. In particular, when ρ = 1 their algorithm

external–noise ξ. In order to correctly interpret the wanted
signal, the SINR must be no less than certain threshold σ.
Both of our approximation algorithms not only have constant
approximation bounds, but also have efficient implementation
in the greedy first-fit manner.

v

u

(a)

u

The remaining of this paper is organized as follows. In Section II, we introduce the first-fit coloring in general graphs and
define a graph parameter useful in bounding approximation
ratio of the first-fit coloring. In Section III, we present a firstfit beaconing schedule under the protocol interference model
with arbitrary interference radii and analyze its approximation
bound. In Section IV, we develop a first-fit beaconing schedule
under the physical interference model and derive its approximation bound. Finally, we summarize this paper in Section
V.
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Fig. 2. Three possible scenarios of conflict between a pair of nodes u and
v under the protocol interference model.

achieves an approximation bound 5, which is better than the
approximation bound 7 of the greedy algorithm proposed
earlier.
This paper makes two contributions to the algorithmic
studies of MLBS. Our first contribution is a constantapproximation algorithm for MLBS under the protocol interference model in which all nodes have arbitrary interference
radii. Our second contribution is a constant-approximation
algorithm for MLBS under the following physical interference
model. All the networking nodes V lie in a plane and transmit
at a fixed power P . The path loss is then determined by a
positive reference loss parameter η, and the path-loss exponent
κ, which is a constant greater than 2 but less than 6 typically.
Specifically, when a node u transmits a signal at power
P , the power of this signal captured by another node v is
−κ
ηP uv , where uv denotes the scaled Euclidean distance
between u and v so that the the beaconing radius is one.
The signal quality perceived by a receiver is measured by the
signal to interference and noise ratio (SINR), which is the
quotient between the power of the wanted signal and the total
power of unwanted signals and the ambient–both internal and

Let G = (V, E) be an undirected graph. The subgraph of
G induced by a subset U of V is denoted by G [U ]. The
minimum degree of G is denoted by δ (G). A subset I of V
is an independent set of G if no two vertices in I are adjacent.
If I is a independent set of G but no proper superset of I is a
independent set of G, then I is called a maximal independent
set of G. A vertex coloring of G is an assignment of colors to
V satisfying that adjacent vertices are assigned with distinct
colors. Equivalently, a vertex coloring of G is a partition of V
into independent sets. The chromatic number of G, denoted by
χ (G), is the smallest number of colors required by any vertex
coloring of G. The problem Minimum Vertex Coloring seeks
a vertex coloring of a given graph with the fewest colors. It
is NP-hard in general.
First-fit coloring is a simple greedy coloring algorithm.
Given a vertex ordering v1 , v2 , · · · , vn  of V , a coloring of V
with colors represented by natural numbers can be produced
in the following first-fit manner: Assign the color 1 to v1 . For
i = 2 up to n, assign to vi with the smallest color which is not
used by any neighbor of vi which precedes vi . Such coloring
of V is referred to as the first-fit coloring in the ordering
v1 , v2 , · · · , vn . It is easy to verify that the number of colors
used by the first-fit coloring in the ordering v1 , v2 , · · · , vn 
is at most 1 + max1<i≤n |Vi |, where each Vi with 1 < i ≤ n
consists of all neighbors vj of vi with 1 ≤ j < i. The value
max1<i≤n |Vi | is referred to as the inductivity of the ordering
v1 , v2 , · · · , vn .
Now, we describe a special vertex ordering, referred to
as smallest-last ordering [7], which achieves the smallest
inductivity. This ordering is produced iteratively as follows:
Initialize G to G. For i = n down to 1, let vi be a vertex
of the smallest degree in G and delete vi from G . Then, the

ordering v1 , v2 , · · · , vn  is a smallest-last ordering. It was
proved in [7] among all vertex orderings., the smallest-last
ordering achieves the smallest inductivity, which is given by
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δ ∗ = max δ (G [U ]) .

Consider an instance of a multihop network under the protocol interference model specified by a finite planar set V of
nodes together with unit beaconing radius and an interference
radius function ρ ∈ RV+ satisfying that ρ (v) ≥ 1 for each node
v ∈ V . We define the conflict graph of V as follows: For any
pair of distinct nodes u and v, there is an edge between u and
v in the conflict graph of V if and only if either one of the
three conditions holds: (1) uv ≤ 1, (2) there exists a node w
other than u and v satisfying that uw ≤ 1 and vw ≤ ρ (v),
(3) there exists a node w other than u and v satisfying that
uw ≤ ρ (u) and vw ≤ 1. Then, a beaconing schedule
for V under the protocol interference model is equivalent to a
coloring of H with the latency corresponding to the number of
colors. In particular, the beaconing schedule corresponding to
the first-fit coloring of the conflict graph of V in the smallestdegree-last ordering is referred to as the the first-fit beaconing
schedule under the protocol interference model.

U ⊆V

∗

The parameter δ is referred to as the inductivity of G.
Next, we introduce a graph parameter useful in bounding
both the inductivity of a vertex ordering and the inductivity
of G. Given a vertex ordering v1 , v2 , · · · , vn  of V , its
inductive local independence number (LIN) is defined to be
the maximum size of any independent set contained in some
Vi with 1 ≤ j < i, where Vi consists of all neighbors vj of
vi with 1 ≤ j < i.
Lemma 1: For any vertex ordering v1 , v2 , · · · , vn  of G,
its inductivity is at most α∗ (χ (G) − 1), where α∗ is its
inductive LIN.
Proof: For each 1 ≤ i ≤ n, let Vi denote the set of nodes
vj with 1 ≤ j < i adjacent to vi . Then, at most α∗ nodes
in each Vi can share the same color. Therefore, the nodes in
Vi require at least |Vi | /α∗  colors. Since vi must be colored
differently from its neighbors, Vi and vi itself require at least
|Vi | /α∗  + 1 colors. Hence,
χ (G) ≥ |Vi | /α∗  + 1,
which implies that
|Vi | ≤ α∗ (χ (G) − 1) .
Thus, the inductivity of v1 , v2 , · · · , vn  is at most
α∗ (χ (G) − 1).
From Lemma 1, we immediately get our first “master
theorem” on the performance of a first-fit coloring.
Theorem 2: The first-fit coloring of G in an ordering with
inductive LIN α∗ uses at most α∗ (χ (G) − 1) + 1 colors, and
hence has approximation bound α∗ .
From Lemma 1 and the fact that the smallest-last ordering
has the smallest inductivity, we obtain our second “master
theorem” on the performance of a first-fit coloring.
Theorem 3: Suppose that G has a vertex ordering with
inductive LIN α∗ . Then, the first-fit coloring in the smallest
degree last ordering uses at most α∗ (χ (G) − 1) + 1 colors,
and hence has approximation bound α∗ .

In this section, we prove the following approximation bound
of the first-fit beaconing schedule under the protocol interference model.
Theorem 4: The approximation bound of the first-fit beaconing schedule under the protocol interference model is at
most 61.
To prove this theorem, we consider a node ordering called
interference radius decreasing ordering, in which all nodes are
sorted in descending order of their interference radii. We will
show that its inductive LIN in the conflict graph is at most 61,
from which Theorem 4 follows immediately by Theorem 3.
Lemma 5: The inductive LIN of interference radius decreasing ordering in the conflict graph is at most 61.
The proof of this lemma utilizes the following classical
result on circle packing due to Groemer [5].
Theorem 6 (Groemer Inequality): Suppose that C is a compact convex set and I is a set of points with mutual distances
at least one. Then
|I ∩ C| ≤

area (C) peri (C)
√
+1
+
2
3/2

where area (C) and peri (C) are the area and perimeter of C
respectively.
When the set C is a disk or a half-disk, we have the
following packing bound.

Corollary 7: Suppose that S (respectively, S  ) is a disk
(respectively, half-disk) of radius r, and I is a set of points
with mutual distances at least one. Then
2πr2
|I ∩ S| ≤ √ + πr + 1,
3

πr2  π

+ 1 r + 1.
|I ∩ S | ≤ √ +
2
3
In addition, the following geometric fact will be used in the
proof of Lemma 5.
√
Lemma 8: Suppose that 7 ≤ uv ≤ uw ≤ 1 +
5
r and vuw
 ≤ arccos 2√
≈ 19.107 ◦ . Then vw ≤
7
max {1, r − 1}.

w
x
2
u

I be an independent set of nodes which are neighbors of
u in the conflict graph and precede u in the interference
radius decreasing ordering. We partition I into two subsets.
of the nodes in
I1 consists√
 I whose distances from u are at
most max
7, ρ (u) + 1 , and I2 = I \ I1 (see Figure 4).
Clearly, all nodes in I1 have mutual distances greater than
max {1, ρ (u) − 1}. To bound |I1 |, we show that

√
7, ρ (u) + 1
max
≤ 3.
max {1, ρ (u) − 1}
√
If 1 ≤ ρ (u) ≤ 7 − 1, then

√
√
7, ρ (u) + 1
max
= 7 ≤ 3.
max {1, ρ (u) − 1}
√
If 7 − 1 < ρ (u) ≤ 2, then

√
7, ρ (u) + 1
max
= ρ (u) + 1 ≤ 3.
max {1, ρ (u) − 1}
If ρ (u) > 2, then

60 o
1
v’

v

√

max
7, ρ (u) + 1
ρ (u) + 1
=
max {1, ρ (u) − 1}
ρ (u) − 1
2
2
<1+
= 3.
=1+
ρ (u) − 1
2−1

v’’

√

max
7, ρ (u) + 1
≤ 3.
max {1, ρ (u) − 1}

Therefore,

Fig. 3.

vw ≤ max {1, r − 1}.

Proof: Since vw increases with vuw
 while fixing the
lengths of uv and uw, it is sufficient to show that the lemma
5
holds when vuw
 = arccos 2√
. So, we assume that vuw
 =
7
5

arccos 2√
.
Let
v
be
the
point
in
the
ray
uv
satisfying
that
7√


uv  = 7, and v be the point in the ray uv satisfying
that uv   = uw (see Figure 3). The v lies on the segment
v  v  . It’s sufficient to show that both v  w and v  w are
at most max {1, r − 1}. Let x be the intersection point on uw
with ux = 2. Then,
wx = uw − 2 ≤ 1 + r − 2 = r − 1.
√
 = 120 ◦ .
Since uv   = 7, we havev  x = 1 and uyv
◦

Hence v
xw = 60 . Hence,




v w < max {v x , wx} ≤ max {1, r − 1} .
On the other hand,
v  w = 2 uw sin

uw
vuw

<
2
3

1+r
≤ max {1, r − 1} .
3
So, the lemma follows.
≤

Now, we are ready to prove Lemma 5. Consider an arbitrary
node u in the interference radius decreasing ordering. Let

By Corollary 7,




2π 2
|I1 | ≤ √ · 3 + 3π + 1 = 43.
3
Note that all nodes in I2 are in-neighbors of u in the interference digraph. By Lemma 8, any pair of nodes in I2 are
5
separated by an angle greater than arccos 2√
. Hence,
7
|I2 | ≤

2π
5
arccos 2√
7

− 1 = 18

Therefore,
|I| = |I2 | + |I2 | ≤ 43 + 18 = 61.
So, Lemma 5 holds.
In the remaining of this section, we will derive the approximation bound in case of all nodes have uniform interference
radii equal to ρ. For any r ≥ 1, let μ (r) denote the maximum
number of points in a half-disk of radius r whose mutual
distances are greater than one. By Corollary 7, we have
 2 
 
πr
π
μ (r) ≤ √ +
+ 1 r + 1.
2
3
Theorem 9: In case of uniform interference radii ρ, the
approximation
boundof the first-fit beaconing scheduling is at

ρ+1
most μ max{1,ρ−1} in general, and at most 7 when ρ = 1.

upper bound 25
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Fig. 4. I1 consists of all nodes inside the disk, I2 consists of all nodes
outside the disk.

interference radius ρ, and a 7-approximation when all nodes
have unit interference radii.

Proof: The approximation bound 7 when ρ = 1 was
proved in [15]. So we assume that ρ > 1. Consider the
lexicographic ordering of V , in which all nodes are sorted
in the lexicographic order of
We prove that its

 their positions.
ρ+1
inductive LIN is at most μ max{1,ρ−1} in the conflict graph.
Consider an arbitrary node v. Let U denote all the neighbors of
v in the conflict graph which precedes v in the lexicographic
ordering. Then, all nodes in U lie in the left half-disk of radius
ρ + 1 centered at v. Let I be an independent set of the conflict
graph contained in U . Then, the mutual distances of the nodes
in I are greater than min {1, ρ − 1}. By Corollary 7,
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|I| ≤ μ

ρ+1
max {1, ρ − 1}

.

Therefore, the inductive LIN of the lexicographic
ordering in

ρ+1
. By Theorem 3,
the conflict graph is at most μ max{1,ρ−1}
the theorem follows.
Note that
ρ+1
μ
max {1, ρ − 1}
⎢ 
⎥
2
⎢
⎥
ρ+1
⎢ π max{1,ρ−1}
⎥

π
ρ+1
⎢
⎥
√
+1
+
≤⎣
⎦ + 1.
2
max {1, ρ − 1}
3

Consider an instance of a multihop network under the
protocol interference model specified by a finite planar set V
of nodes together with their transmission power P . By proper
scaling, we assume that the beaconing radius is one. When
a node u transmits a signal at power P , the power of this
−κ
signal captured by another node v is ηP uv , where η is
the reference loss parameter, and κ is the path-loss exponent
greater than 2 but less than 6 typically. Let ξ be the noise
power. In the presence of the interference from a set W of
nodes, the SINR of the signal from a node u ∈
/ W at a node
v∈
/ W is given by
−κ

ηP uv

−κ ,
ξ + w∈W ηP wv
and v can successfully receive the signal from u if and only
in the above SINR is no less than a threshold σ. Let
R=

ηP
σξ

1/κ

.



ρ+1
. As
Figure 5 is a plot of such upper bound on μ max{1,ρ−1}
shown in the figure, this upper bound achieves the maximum
25 at ρ = 2.

Then, a pair of nodes u and v can communicate with each
other in the absence of interference if and only if uv ≤ R.
The value R is thus referred to as the maximum transmission
radius. Let λ = 1/R, i.e. the ratio of the beaconing radius
and the maximum transmission radius. We assume λ ≤ 1 − ε
for some small positive constant ε. This assumption is valid
in almost all practical applications.

In summary, the first-fit beaconing schedule under protocol interference
 model is a 61-approximation in general, a
ρ+1
μ max{1,ρ−1} -approximation when all nodes have uniform

A set I of nodes is said to be independent under the physical
interference model if (1) the mutual distances of the nodes in
I are greater than one, and (2) when all nodes in I transmit

simultaneously, the transmission by each node u ∈ I can
be received successfully by all nodes within a unit distance
from u. Then, any beaconing schedule is a partition of V into
independent sets. We first present a sufficient condition for a
set of nodes to be independent. Our condition makes use of
the Riemann zeta function in the following form :
∞

1
ζ (x) =
.
jx
j=1

Consider a node v in the unit-disk centered at u. Then, for
each w ∈ Ij with j ≥ 1,
wv ≥ wu − uv ≥ jρ − 1 ≥ j (ρ − 1) .
So,


w∈I\{u}
∞ 


j=1 w∈Ij

<

∞


= (ρ − 1)
ζ (1.5) = 2.612,
π2
ζ (2) =
= 1.6449,
6
ζ (2.5) = 1.341,

< (ρ − 1)

⎝|I1 | +

−κ

∞

|Ij |
j=2

⎝18 + 8

jκ

⎞
⎠

∞

2j + 1
j=2

jκ

⎞
⎠

−κ

≤ (ρ − 1) (16ζ (κ − 1) + 8ζ (κ) − 6)
1 − λκ
.
=
σ
Next, we show that the SINR of the signal from u at v
exceeds σ. In the presence of the interference from I \ {u},
the SINR of the signal from u at v is

ζ (3.5) = 1.127,
π4
ζ (4) =
= 1.082 ,
90
ζ (5) = 1.041,
π6
= 1.017.
ζ (6) =
945

−κ

ξ+

Define
1/κ

.

Then, we have the following simple sufficient condition for a
set I to be independent.
Lemma 10: Suppose that I is a set of nodes whose mutual
distances are greater than ρ. Then, I is an independent set
under the physical interference model.
Proof: Consider a node u ∈ I and a node v with 0 <
uv ≤ 1. Clearly, v ∈
/ I. We first show that
κ

uv
1 − λκ
.
<
wv
σ
w∈I\{u}

For each j ≥ 1, define
Ij = {w ∈ I : jρ ≤ uw < (j + 1) ρ} ,
Then, I1 , I2 , · · · form a partition of I \{u}. By a classic result
due to Bateman and Erdös [1], |I1 | ≤ 18. For j ≥ 2, using
the folklore area argument we have
2
2


π (j + 1) ρ + ρ2 − π jρ − ρ2
|Ij | ≤
 2
π ρ2
≤ 8 (2j + 1) .

−κ

⎛

ζ (3) = 1.202,

σ (16ζ (κ − 1) + 8ζ (κ) − 6)
1 − λκ

κ

|Ij |
κ
(j (ρ − 1))
⎛

j=1

The values of ζ (x) for small values of x are

ρ=1+

uv
wv

=

Note ζ (1) = ∞, and for any x > 1,
 ∞
∞

1
1
x
.
≤1+
dy =
ζ (x) =
x
x
j
y
x−1
1
j=1

κ

uv
wv

=
=
>





λκ
σ

= σ.

−κ

ηP wv
1


κ
uv + w∈I\{u}

w∈I\{u}

ξ
ηP
1
σ

ηP uv

uv
R

κ

+

1

w∈I\{u}



uv
wv
uv
wv

κ
κ

1
κ
+ 1−λ
σ

So, the lemma follows.
We remark that for practical applications, the value of ρ is
a small constant. Figure 6 is a plot of an upper bound on ρ
for κ = 4 and σ = 16. When λ = 0.99, 0.95, 0.9, 0.81, ρ is at
most 10.71, 7. 6, 6.6.5, 6 respectively.
For any r > 0, the r-disk graph on V is an undirected
graph in which there is an edge between two nodes u and
v if and only if 0 < uv ≤ r. Then, a set I of nodes is
an independent set of the r-disk graph on V if and only if
their mutual distances are greater than r. So, Lemma 10 has
the following alternative interpretation: Any independent set
of the ρ-disk graph on V is an independent set under the
physical interference model. As a result, any coloring of the

10

opt − 1. Thus, the first-fit coloring of the ρ-disk graph on V
in the smallest-last ordering uses at most

9

μ (ρ) · opt − 1 + 1 = μ (ρ) · opt

pho

colors. This means that the latency of the first-fit beaconing
schedule under the physical interference model is at most
μ (ρ) · opt. Thus, the theorem holds.
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An upper bound on ρ when κ = 4 and σ = 16.

ρ-disk graph on V gives rise to a beaconing schedule under
the physical interference model. In particular, the beaconing
schedule corresponding to the first-fit coloring of the ρ-disk
graph on V in the smallest-degree-last ordering is referred
to as the the first-fit beaconing schedule under the physical
interference model.
In the remaining of this section, we prove the following
approximation bound of the first-fit beaconing schedule under
the physical interference model.
Theorem 11: The approximation bound of the first-fit beaconing schedule under the physical interference model is at
most μ (ρ) .
Proof: Let opt be the latency of a shortest beaconing
schedule under the physical interference model. We first prove
that the inductivity of the lexicographic ordering in the ρ-disk
graph on V is at most μ (ρ) · opt − 1. Consider an arbitrary
node v. Let U denote all the neighbors of v in the ρ-disk
graph on V which precedes v in the lexicographic ordering.
Then, all nodes in U lie in the left half-disk of radius ρ
centered at v. Then, at most μ (ρ) nodes in U ∪ {u} have
mutual distances greater than one. On the other hand, in any
beaconing schedule, all the nodes transmitting in a time-slot
must have mutual distances greater than one. Therefore, in
any time-slot of any shortest beaconing schedule under the
physical interference model, at most μ (ρ) nodes come from
U ∪ {u}. So,
opt · μ (ρ) ≥ |U ∪ {u}| = |U | + 1,
which implies that
|U | ≤ μ (ρ) · opt − 1.
Therefore, the inductivity of the lexicographic ordering in the
ρ-disk graph on V is at most μ (ρ) · opt − 1.
Since the smallest-last ordering has the smallest inductivity,
its inductivity in the ρ-disk graph on V is also at most μ (ρ) ·

V. C ONCLUSION
MLBS under the protocol interference model with uniform
interference radii has been well studied in the literature.
However, MLBS under the protocol interference model with
arbitrary interference radii and MLBS under the physical interference model have not been explored before. In this paper,
we first developed a first-fit beaconing schedule under the protocol interference model with arbitrary interference radii. This
schedule is a 61-approximation in general, a 25-approximation
when all nodes have uniform interference radius, and a 7approximation when all nodes have unit interference radii.
Then, we developed another first-fit beaconing schedule under
the physical interference model. Its approximation ratio is
bounded by a geometric packing parameter μ (ρ), where ρ
is a small constant depending on the ratio of the beaconing
radius to the maximum transmission radius, and μ (ρ) is the
maximum number of points in a half-disk of radius ρ with
mutual distances greater than one. Both first-fit beaconing
schedules can be computed efficiently in a greedy first-fit
manner.
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