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Abstract—Consider a random multihop wireless network rep-
resented by a Poisson point process over a unit-area disk with
mean n. Let ¢, denote its critical transmission radius for its
greedy forward routing. Recently, asymptotic bounds on ¢,, have
been progressively improved. However, the precise asymptotic
probability distribution of ¢, remains open. In this paper, we

settle this open problem. Specifically, let o = %’r - ? Then for

any constant ¢, the asymptotic probability of ¢, <

Inn+c iS
on

proved to be exactly exp (— (ﬁ — %) e‘c).
Index Terms—Greedy forward routing, critical transmission
radius, random deployment, asymptotic distribution.

I. INTRODUCTION

Greedy forward routing (GFR) in multihop wireless net-
works is a classical geographic routing in which each node
discards a packet if none of its neighbors is closer to the
destination of the packet than itself, or otherwise forwards the
packet to the neighbor closest to the destination of the packet.
GFR only requires each node to maintain the locations of its
one-hop neighbors and each packet to contain the location
of its destination node. Thus, it can be implemented in a
localized and memoryless manner. However, GFR may discard
a packet before it reaches its destination if the transmission
radii of the nodes are small. To ensure that every packet can
reach its destination, all nodes should have sufficiently large
transmission radii. The critical transmission radius (CTR) of a
planar node set V' for GFR is the smallest transmission radius
by V which ensures successful delivery of any packets from
any source node in V' to any destination node in V. It is
explicitly given by

i : <
e mapcmin (] - o] < fJuol],w € VA {u})

where ||uv|| denotes the Euclidean distance between two nodes
u and v.
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Denote by P,, the Poisson point process over a unit-area
disk with density n, and by ¢,, the CTR of P,, for GFR. The
analytic study of GFR can date back to 1978 by Kleinrock
and Silvester [5]. Little is known about the asymptotics of
¢, until the study in 2006 by Wan et al. [11]. Denote by o
the geometric constant %” — @ (whose geometric meaning
will be explained in the later section). It was proved in [11]
that for any constant € > 0, it is asymptotically almost sure
(abbreviated by a.a.s.) that

Inn Inn

— <o < (14e)y) —. (1)
an an

(1-¢)

However, the asymptotic probability distribution of ¢, was
still unresolved. A recent progress was made by Wang et al.
[14]. Fix a constant ¢ and let

Inn+c
Ty =4\ ———.
on

It was shown in [14] that the asymptotic probability of

¢n < 1, is at least 1 — ( e~ ¢ and at most

1
o/m—1/3 20
—Ee A . di f ..
€ 20 . S an 1mmediate consequence, 1or any pOSlthe

sequence (¢, :n > 1) with ¢, = o(lnn) and ¢, — oo, it
is asymptotically almost sure that

lnngn Cn <6y < /lnngjl—cn. @)
We remark that the above inequalities are stronger than those
given in equation (1). But the precise asymptotic probability
distribution of ¢,, remains open.

In this paper, we derive the precise asymptotic probability
distribution of ¢,, and prove that the conjecture stated in [14]
is true. Let

The main result of this paper is stated in the following theorem.
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Theorem 1: lim,,_ o Pr{o, < r,] =e .

Our proof for the above theorem only uses two basic tools
from the probability theory: the Palm theory for Poisson
processes and the Brun’s sieve. The innovative part of our
proof is the subtle partition of the event ¢, < 7, into a
number of special events whose asymptotic probabilities can
be computed easily. We believe our approach is quite general
and can be applied to obtain the critical transmission radii of
other variants of greedy forward routing proposed in [1], [2],
(31, [4], 6], [71, [9], [15].

In what follows, o is origin of the Euclidean plane R2, and
DD is the unit-area (closed) disk centered at o. We assume that
P, is the Poisson point process over D with density n. We
denote by &,, = (X3,---,X,) the uniform n-point process
over D. The symbols O, o, ~ always refer to the limit n — oo.
To avoid trivialities, we tacitly assume n to be sufficiently large
if necessary. For simplicity of notation, the dependence of sets
and random variables on n will be frequently suppressed. For
any finite set S, card (S) denotes the cardinality of S. For
any set S and positive integer k, the k-fold Cartesian product
of S is denoted by S*. The Euclidean norm of a point x
is denoted by ||z||, and the Euclidean distance between two
points « and v is denoted by |luv||. The Lebesgue measure
(or area) of a measurable set A C R? is denoted by |A|. The
topological boundary of a set A C R? is denoted by OA. The
open (respectively, closed) disk of radius r centered at x is

denoted by D (x,r) (respectively, D (z,7)).

The remaining of this paper is organized as follows. The
proof for Theorem 1 is presented in Section III. Some pre-
liminary results to be used in the proof for Theorem 1 are
established in Section II. The proof for a technical lemma in
Section II on the limits of two relevant integrals is postponed
in Section IV.

II. PRELIMINARIES

For any pair of points v and v on the plane, define
L (u,v) = D (u, [[uv]]) N D (v, uv]]).

The set L (u,v) is called a lune of u and v (see Figure 1(a)).
It’s easy to verify that

2
L (u,0)| = o [Juv]]”

Thus, o is the area of the lune of two points with unit distance.

(@)
Fig. 1. Tllustrations for (a) L (u,v) and (b) L, (u,v) .

Let r be a positive number. For any two points v and v,
define

L, (u,v) = D (u,r) N D (v, ||uv]]),
Vp (u,v) = min{|L, (u,v) ND|, |L, (v,u) ND|}.

Figure 1(b) illustrates the region of L, (u,v) with 7 < |luv]|.
It’s easy to verify that if ||uv|] < r/2, then

2
| Ly (u,v)| = 7 [[uv]]”,
and otherwise,

r
L, (u,v)| =2 ||uv||? arcsin ——— + 72 arccos
| T( ) )| || || 2||’IMJH +

2
(el
T 4’

A geometric graph is a graph on a finite planar set whose

2|Juv]|

edges are line segments. Let V' be a finite planar set. We
use K (V) to denote the complete geometric graph over V.
Suppose that r is a positive number. We use GFR,. (V) to
denote the geometric graph on V in which there is an edge
between two nodes v and v if and only if |juv|| > 7 and either
L, (u,v)NV =0 or L, (v,u) NV = (). The r-disk graph of
V' is a geometric graph over V' which consists of all edges uv
satisfying that ||Juv| < r.

Let H be a nonempty geometric graph. We use V (H) and
E (H) to denote the vertex set and edge set of H respectively.
An orientation of a graph H is a digraph obtained from H
by orienting each edge of H into an arc. Clearly, if H has k
edges, then H has 2* orientations. Suppose that r is a positive
number. Let x, (H) be the indicator for H C GFR,. (V (H)).
If x, (H) =1, we use D (H) to denote the set of orientations
H' of H satisfying that L, (u,v) NV (H) = () for each arc
(u,v) of H', and define

vp (H) = min ’(U(U’U)GE(H,)LT (u, v)) ﬂ]D)| )

H/eD(H)
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Suppose that n is a positive integer. For the pair of points
u and v, define

In (U,’U) _ efn\Lrn(u,v)ﬂ]m + efn\Lrn(v,u)ﬂm

efn|(L,.n (uw,v)UL,,, (v,u))ND| )

Intuitively, g, (u,v) is the probability of the event that either
L., (u,0)NP,=0or L, (v,u)NP, =0 when ||uv] > rp,.
For any nonempty geometric graph H, define

0, if xr, (H) =0;
n(H) = "
fn (H) {envrn(H)’ if x,, (H)=1;.
g )= ]  gnluw).
(u,w)EE(H)
Let ¢ = 0.001. Fix a sequence (c,) of real numbers

satisfying that ¢,, > ¢, ¢, = o(lnlnn) and ¢,, — co. Let

Inn—+c
Rn: 7na

an

m= () 5

Then, for sufficiently large n,we have r, < R, < Rl <
(14 ¢€)ry. Define

Q= {(21,22) €D*: 1y, < |lT122|| < R},
Q = {(.131,%2) S D? : R, < ||J)1$2|| < R;L} .

The following lemma was proved in [14] (see Section 3 in

[14]).

Lemma 2: The following asymptotic equalities are true:

—cC

e

2 —r (21,22) oo dpo o ——
n /e e 13

Q

n? /gn (x1,22) drrdrs ~ 24,
Q

Tl2 /gn (:cl, Ig) dl‘ldl‘g =0 (].) .
Q/

A topology with numbered vertices is specified by a col-
lection of the pairs of the indices of the numbered vertices.
For any integer m > 2, denote 7, set of topologies on m
numbered vertices without isolated vertex. For any 7 € T,,,
and any sequence U of m planar points, 7 (U) denotes the
geometric graph on U with topology 7. For any 7 € 7,,, we
denote by I' (7) the set of x € D™ satisfying that all edges of
7 (x) have length in (r,, R,]. Note that for each x € I" (1),
the v/3R,,-disk graph on the midpoints of the edges in any
connected component of 7 (x) is connected. Thus, the \/an-
disk graph on the midpoints of the edges in 7 (x) has no

more connected components than 7 (x) itself. For any positive
integer [ not larger than the number of connected components
of 7, we denote by I'; (1) the set of x € I'(7) such that the
V/3R,-disk graph on the midpoints of the edges in 7 (x) has
[ connected components.

Lemma 3: Suppose that 2 < m < 2k and 7 is a forest
in 7,, with k& edges. Then, for any positive integer [ <
min{m — k, k — 1},

n™ / fo(t(x))dx=0(1),
ry(r)

n™ / gn (T (x))dx =0(1).

ri(r)

The proof for Lemma 3 is postponed to Section IV. Lemma
3 implies the following two corollaries.

Corollary 4: Suppose that 7 € Ty is a perfect matching
for some k& > 2. Then,

n2 / gn (7 () dxc ~ (24)"

Fk(T)

Proof: We denote by C} the perfect matching of 2k

numbered vertices v1,va, - - - , V2, Which consists of k edges

v9;—1v9; for 1 < < k. By symmetry, we only have to prove
the lemma holds for 7 = C. Note that

Iy, (Cr) =T (Cr) \ UZ{' Ty (Ci).
Since T' (C) = QF, we have
n2k / gn (Ck (x)) dx

I'(Ck)

k
2

=II |~ /gn (T2i-1, T2i) dwzi—1das;
=1\ 3

~ (2u)",
By Lemma 3 foreach 1 <[ <k —1,
2k _
n / g (Cro (X)) dx = 0 (1)
Fl(Ck)

Thus, the corollary holds. |

Corollary 5: Suppose that 7 € 7Ty, is not a perfect match-
ing. Then,

n'™ / fo(T(x))dx=0(1).

I'(7)
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Proof: Clearly, m

> 2. Let 7/ be a maximal spanning

forest of 7. Then, 7" € T,, and 7’ is not a perfect matching.

In addition, T (7/) 2

I'(7), and for any x € I" (1),

fa (7 (%) = fu (7 (%)) -
Hence,
[conaxs [ 10 dX</fn
Ir(r) (1) (")

Thus, it’s sufficient to show that

nm

/ o (7 () dx = 0 (1).

(")

Let k be the number of edges in 7/. Then, T has m — k tree

components and hence

I (r')= Uﬁ;kl—‘l ().

Since 7’ is not a perfect matching, we have m < 2k, which

implies m —k < k—1. By Lemma 3, forany 1 <! <m—k,

For any geometric graph H and any n > 0, let B,, (H) be

the indicator for H C GFR,, (V (H

)UP,,) and all edges of

H have length in (7, R,].

Lemma 6: For any T € T,,, if 7 is a perfect matching then

n"E

otherwise,

[Ba (7 (X)) ~ (20)™7;

n™E B, (1 (Xn))] =0(1).

Proof: Consider a topology T € 7,,. Let k be the number

of edges in 7. Then,

k <m(m —1) /2. It’s easy to verify that

and hence the claim holds trivially. Now, assume that
Xr, (7(x)) = 1. Then,

1 < card (D (1 (x))) < 2.

In addition, the event B, (7 (x)) = 1 implies that the geo-
7 (x) has an orientation H' € D (7 (x)) such
that none of the regions L, (u,v) for all arcs (u,v) of H'

metric graph

contains any point in P,. Note that the probability of the
event that none of the regions L, (u,v) for all arcs (u,v)
of an orientation H' € D (7 (x)) contains any point in P, is

—n U(u,v)eE(H/)LTn (u,v)) ND

exactly e . Therefore,

Pr [Bn (T (x)) — 1]
< Z e_n|(U(u,'u)EE(H/)LT.”(uﬂ]))mD"

H'eD(7(x))
As
Vp, (7_ (X)) = H'erggl(x)) |(U(u,'u)EE(H’)LT’n (U,U)) N D| ’
we have
Pr (B, (7 (x)) = 1]
< card (D (1 (x))) e~ (7CD
= card (D (T (x))) fa (7 (x))

Hence, the claim also holds if x,, (7(x))=1.
Clearly,

E[B, (1 (Xn))] = [ Pr[B,(r(x)) =

I'(r)

1] dx.

If 7 is not a perfect matching, then by Corollary 5, we have

DEE S B

T(r)

n™E By, (1 (X ))dx =o0(1).

In the next, we assume that 7 is a perfect matching. Then

m = 2k. For k = 1, T'(7) = Q and hence by Lemma 2 we

if 7 is a perfect matching, then for any x € T'y, (7),

1] = gn (7 (x)).

In general, we claim that for any x € " (7),
Pr[B, (7 (x)) = 1] <2"f, (7 (x)).

Indeed, if x,, (7 (x)) =0, then

Pr[B, (7 (x)) =

Pr[B, (r (x)) =1] =0

have
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So, the lemma holds for £ = 1. So, we further assume that
k > 2. Note that

By Corollary 4 we have
n2k / Pr[B, (7 (x)) =1]dx
Dy(7)

= n2k / gn (7 (%)) dx
Li(r)
~ (2w)",
and for any 1 <[ < k,

Pr[B, (7 (x)) = 1]dx

()
< n?k / 2k £, (1 (x))dx
ry(7)

=o0(l).

Thus,
2k k

n*E[By, (1 (Xor))] ~ (2p1)" .

So, the lemma holds in this case. [ |

For any x = (z1,22) € D?, let B., (x) to be the indicator
for R,, < ||z1z2| < R), and either L, (x1,22) NP, =0 or
Lrn (xg,xl) N Pn = @

Lemma 7: nE[B!, (X2)] =0(1).

Proof: For any x = (x1,22) €

Pr(B, (x) = 1] = gn (1,22) .

Thus,
n’E By, (X2)]
/ Pr[B) (x) = 1]dx
= %/ (z1,22) dr1das
~o(1),
where the last equality follows from Lemma 2. |

III. PROOF FOR THEOREM 1

We first give a brief overview on our approach to prove
Theorem 1. Let M,, (respectively, M/ and M//) denote the
number of edges in GFR,, (P,) with length in (r,, R,]
(respectively, (R, R]] and (R,,+00)). Then, ¢, < r, if
and only if M,, + M + M/ = 0. In Lemma 8, we will
show that M/ = 0 is a.a.s.. In Lemma 11, we will prove
that F' [M]] = o (1), which implies that M/ = 0 is a.a.s. by
Markov’s inequality. In Lemma 13, we will prove that M, is
asymptotically Poisson with mean p. Consequently,

lim Pr¢, <r,)

n—oo

= lim Pr[M, + M} + M = 0]

n—0o0

= lim Pr[M, = 0]

n—oo

=e P

We first utilize the tool of minimal scan statistics developed
in [11] to prove that M/ =0 is a.a.s..

Lemma 8: Pr[M]! > 0] =o(1).

Proof: For any finite point set V' C D and any r > 0,
define

S(V,r)= min \%

, min N Ly (u,v)].
(u,v)€D?,||luv||=(14€/4)r

For any (u,v) € D? with |Juv|| = (14 &/4) r, let v’ be the
point on uv satisfying that ||uv’|| = r. Then, there is a positive
constant ¢’ > 0 such that

|Ly (u,v)| > (14 €")|L (u,v")].

Using this fact and following the same argument in the proof
of Lemma 9 in [11], we can prove that S (P,,,7,) > © (Inn)
is a.a.s.. In particular, S (P,,,r,) > 0 a.as..

Next, we claim that the event M,/ > 0 implies the event
S (Pyp,7y) = 0. Suppose that M’ > 0. Then there are a pair
of nodes {X,Y} C P, such that | XY| > R and either
L. (X, Y)NP, or L. (Y,X)NP, is empty. By symmetry,
we assume that L, (X,Y)NP, is empty. Let Y’ be the point
on the ray XY satisfying that || XY”|| = (14 ¢/4) r,,. When
n is sufficiently large, R, > (14 ¢/4)r, and hence Y’ is on
the line segment XY. Thus L, (X,Y’) C L, (X,Y). So
L. (X,Y')NP, is empty. This implies that S (P, r,) = 0.
Therefore, our claim holds.

Consequently,

Pr[M] > 0] <Pr[S(P,,rn) =0 =0(1).
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Two key techniques used in our remaining proof are the
Palm theory for Poisson processes (see, e.g., Theorem 1.6 in
[8]) and the Brun’s sieve (see, e.g., Theorem 10 in [12]), which
are stated below.

Theorem 9: (Palm theory) Suppose that h(U,V) is a
bounded measurable function defined on all pairs of the form
(U, V) with V being a finite planar set and U being a subset
of V. Then for any positive integer k,

Bl )

UCP,,|U|=k

k
h(U,Py) | = %E[h (X, XsUP)] |

where A&, is the uniform n-point process over D.

Theorem 10: (Brun’s sieve) Let n be a positive integer
parameter. Suppose that N = N(n) is a non-negative integer
random variable depending on n, and Bi,---,By are N
Bernoulli random variables depending on n. If there is a
constant p such that for every fixed positive integer k,

ik
E Z HBi ~ AT

IC{1,+,N}, |I|=k i€l

then vazl B; is asymptotically Poisson with mean p (with
respect to n — 00).

Now, we apply Palm theory to show that E [M],] is vanish-
ing.

Lemma 11: E[M]]=o0(1).

Proof: For any pair (U, V) with V being a finite planar
set and U being a subset of V, define h’' (U, V) to be the
number of edges in K (U) which have length in (R,, R}]
and are edges of GFR,. (V). By applying the Palm theory
(Theorem 9), we have

E[M,]

=E

D

UCPy,|U|=2

Tl2

= SB[ (X2, X;UP,)]

TL2

— L BB, (%)

By Lemma 7, the lemma follows. [ ]

r' (U, Pp)

For any positive integer k, denote by H,, ;. the collection
of k-edge subgraphs of GFR,, (P,) in which all edges
have length in (r,, R,] and no vertex is isolated. Next, we

apply Palm theory to compute the asymptotic average of
card (Hn, 1)

Lemma 12: For any fixed positive integer k,

k

E [card (Hy )] ~ %

Proof: For any pair (U, V') with V being a finite planar set
and U being a subset of V, define i (U, V) to be the number
of k-edge subgraphs of GFR,. (V) on U in which all edges
have length in (r,, R,,] and no vertex is isolated. By applying
the Palm theory, we have

E [card (Hn 1))

2k
=E|> Y h(UP)

m=2UCPp,,|lU|=m

D

UCPn,|U|=m

h (U, Py)

=N L EBh(X, XnUP,)).

Thus, it is sufficient to show that

m 0, if2<m<2k
LB (X, XpUP) ~{
m! by, if m =2k,

For any positive integer k£ and any 2 < m < 2k, denote 7Ty,
the set of topologies in 7, with exactly k edges. Note that
any topology in 7T is a perfect matching, and

1/ 2% (2k)!
card (Tak1) = k‘!(Q 9 ... 2) = k!22€ :

By Lemma 6, we have

n2k

(2Kk)!

E [h (Xo, XopUPy)]

> n*E(B, (1 (Xa))]

1
T2k

(2k)! T
1 (2k)!
(2k)! K12k

b

=
Now suppose that 2 < m < 2k. Then any topology in Ty,

- (2p)"

is not a perfect matching. By Lemma 6,
DB [h (X, XnUPR) = Y n"E[B, (1 (Xn))] =o0(1).
Teﬁn,,k
|

Finally, we apply the Brun’s sieve together with Lemma 12
to prove M, is asymptotically Poisson.
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Lemma 13: M, is asymptotically Poisson with mean .

Proof: Let &, be the set of edges of K (P,). For any
edge e € &,, define B (e) to be the Bernoulli random variable
which equals to one if and only if r, < |le|| < R, and e is
an edge of GFR,._ (Py). Then

M, => Ble).
e€&,

For subset F' of &, [[.cp B(e) = 1 if and only if F is
the edge set of a subgraph of GFR,., (P,) in which all edges
have length in (ry,, R, and no vertex is isolated. Fix a positive
integer k. By treating each k-subset F' of &, as an k-edge
subgraph of K (P,,), we have that

Z H B(e) = card (Hnk) -
Fg5717‘F‘=k eceF

Hence, by Lemma 12,

k
= H
E > JIBe|~ R
FCE, |F|=k cEF
By Brun’s sieve (Theorem 10), M,, is asymptotically Poisson
with mean p. u

IV. PROOF FOR LEMMA 3

In this section, we prove Lemma 3. The correctness of
Lemma 3 with [ = 1 is proved in Lemma 15, and the
correctness of Lemma 3 with [ > 1 is proved in Lemma 16.
We begin with a geometric inequality used by the proof of

Lemma 15.

Lemma 14: Suppose that 0 < R < 2001\/E and r €

[R/(1+4¢),R]. Consider a geometric graph H over a finite

subset of D with at least two edges satisfying that all the edges
have length between r and R and the midpoints of its edges
induce a connected \/3R-disk graph. Let ¢/ be an edge of
H whose midpoint is the nearest to 0D, and ¢ be the largest
distance between the midpoint of e and the midpoints of other
edges of H. Then,

> vr(e) > v (€) +0.0026RC — 16eR>.
ecE(H)

In addition, if x, (H) = 1 then

vy (H) > v, (¢/) + 0.0026 R¢ — 16e R?.

The proof of this lemma is very complicated and very
lengthy. We omit the proof here due to the limitation on the

space, and interested readers can find the detailed proof in [13]
(see Lemma 11 in [13]).

We will frequently change the integral variables using a
technique introduced in [12]. Consider a tree topology on
k planar points z1,xo,--- ,x, and assume without loss of
generality that x;_;x is an edge in this tree. Let zx_1, p,
and w be the midpoint, half-length and the slope of xy_;ixy
respectively. We root the tree at x3. For 1 < ¢ < k — 2,
let z; be the midpoint of the edge between z; and its parent
in such rooted tree. Then, we replace x1,x2,---,T) by
Z1,- -+ ,2k—1, P,w. The Jacobian determinant of this change
is 4= 1p.

Lemma 15: Suppose that 2 < m < 2k and 7 is a forest in
T.» with k edges. Then,

w [ gt G)dx=o(1),
T(7)

n™ / gn (T (x))dx=0(1).

Fl(T)

Proof: Enumerate the edges of 7 arbitrarily by e, - - - , e.
For any x € I'; (1), let z; denote the middle point of e; in
F (x) for each 1 <14 < k. For any pair of distinct integers p
and ¢ between 1 and k, let S,, denote the set of x € I'y (7)
satisfying that e, is an edge in 7 (x) whose midpoint is the
nearest to 0D, and z, is the farthest from z, among all
z1,- -+, 2. Then, it suffices to prove for any such p and g,

w [ (e () dx = o ().
SP‘I

nm/gn (t(x))dx=0(1).

SPq

Fix a pair of distinct integers p and g between 1 and k. Let
p’ and p” be the indices of the two endpoints of the edges e,,.
We claim that for any x € Spq,
Fu (7 (x)) < e (@wepn ) AmBallzpzall —men L) (3
2

In (7_ (X)) < le—n(y,vn (mp/zpu)—i-mRnHz,,qu—nganR, )’ 4)

in which 7; = 0.0026 and 7 = 16. Indeed, if x,,, (7(x)) =0
then f,, (7 (x)) = 0 and hence the inequality (3) holds trivially.
If x,, (7(x)) =1, then

Jo (7 (x)) = 7 (70
and by Lemma 14,

vr, (T(%x)) > v, (xp’xp”) +mR, ”szqH - 7725nR72m
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Thus, the inequality (3) also holds if x,. (7(x)) = 1. Note
that for any edge e of 7 (x),

gn () < 2e7 " (),
Thus,

gmrx)= [ ame<2" ][]
e€E(7(x)) c€E(r(x))
frd 2]@6*” ZCEE(T(X)) Vrp, (e).

o~ ()

By Lemma 14, the inequality (4) holds. Therefore, we only
need to show that

nm/efn(urn (xp/:vp//)JHhRn”szqH*ngsnRi)dX -0 (1) )
Spq

We change the integral variables xq,---,x,, as follows.
For the tree component containing e,,, we replace the z;’s in
this tree by the midpoints of the edges in this tree except
zp and x,, T, (both of which are kept). For any other tree
component, we use the method introduced at the beginning
of this section: pick an arbitrary edge as the rooted edge. We
replace x;’s in this tree by the midpoints of all the edges in
this tree together with the half-length and slope of the root

edge. Such change of integration variables yields

nm/e—n(uml(acp/mp//)+C1Rn||z,,zqH—canRi)dX

SPLI

S o) (1> echanRinm /e*”’/rn (a:p/wpu)dxp,dxp”

Q
Ry m—k—1
(/ 2 pdp) /efc1anHzpququ
2
k—2
ZP’”ZPZqH)
~ O(l) lnn 1nlnn: nm—2 (R2 - 2)m7k71
/e—c1anHZquH ||Z 2 ||2(k 2) dzq
R2
o(lnlnﬂ) Ly ) k1
O(l lnn) Ininn (Rn— n)

761an,u 2k— Bd/.t

0
)m—k:—l

o(ln In n)

m—2 R2_ 2
— O(1) (lnn) wwr 2 (5 — 7

(an)z(k—n

o(lnlnn) R2 _ gym—k—1
— 0(1) (m 2 (2Fn mﬁl
)
m—k—1
o(lnlnn) _
=0(1)(lnn) e (cn —©) .
(Inn)

o(ln In n) (Cn)m_k_l

~ O (1) (lnn) Inlnn

(Inn)**

(cn)mfkfl

o(nlnn)
(Inn)" '~

=0(1) =o0(1),

Inlnn
where the asymptotic equality follows from Lemma 2, and the
last equality follows from ¢,, = o (Ilnlnn) and k > 2. [ |

Lemma 16: Suppose that 2 < m < 2k and 7 is a
forest in 7, with k edges. For any integer 2 < [ <
min {m — k, k — 1},

Ty(r)

n™ / gn (T (x))dx=0(1).

Fl (T)

Proof: T has m — k tree components on m num-
bered vertices vy, ve, - - ,Uy,. Enumerate them arbitrarily by
Ty,--+ ,Ton_i. Foreach 1 < g <m —k, let

I, ={1<i<m:v; is a vertex of T,}.

Fix an integer 2 < | < min{m—k,k—1}. Con-

sider any nontrivial [-partition II = {Q1,Q2,- - ,Q:}
of {1,2,--- ,m—k}. It induces a partition II' =
{P1, Py, -+, P} of {1,2,---,m} in which P; = Useq,,
foreach 1 < j <. Let .S (IT) denote the set of x € T'; (7) such
that for each 1 < 5 <[, the set of midpoints of the subgraph
of 7 (x) induced by {z; : i € P;} is a connected component
of the /3R, -disk graph on the midpoints of the edges in
7 (x). Then I'; (7) is the union of S (II) over all nontrivial [-
partitions IT of {1,2,--- ,m — k}. So, it is sufficient to show
that for any l-partition IT of {1,2,--- , k},

w [ g e ) dx=o(1),
5(10)

n™ /gn(T(x))dx:o(l).
S(IT)

Now, fix an [-partition II = {Q1,Q2, - ,Q:} of
{1,2,---,m —k}.LetIl' = {Py, Py, - - , P} be the partition
of {1,2,---,m} induced by II. For each 1 < j < [,
let m; = card(P;), 7; be the topology on m; numbered

vertices which is a subgraph of 7 induced by the subset of
vertices {v; : 4 € P;}. Then, at least one m,; > 2. For any

x = (z1,22, -+ ,Tm) € D™ and each 1 < j <, let

J) — ) ) )
X( ) = (xnvxlw"' ’xlmj)
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where il,i2, ce

x() € T';y (;). Hence,
S(H)g{XE]D)m:x(j)GFl(Tj),lgjgl}.

For any x € S (II),

vr, (T(X) =) _vr,

Thus,

nm / fu (7 (%)) dx

S(10)

< nTn

[ T (s (<))
s(m) I=1
1

e HRE)s

{xeDmxer (ry)1<5<t}

l
m; (DY gx@
I (o [ 5o (5 () axt

Ti(75)

IN

=o(1),

, z'm], are the m; indices in P; in the increasing
order. Clearly, for each x € S(II) and each 1 < j < [,
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where the last equality follows from Lemma 2, Lemma 15 and

the fact that at least one m; > 2. Similarly, we can show that

n'™ / gn (T (X))dx=0(1).
S(1m)

So, the lemma follows.

989

REFERENCES

P. Bose, P. Morin, 1. Stojmenovic, and J. Urrutia: Routing with guar-
anteed delivery in ad hoc wireless networks, Wireless Networks, vol. 7,
pp. 609-616, 2001.

G. Finn: Routing and addressing problems in large metropolitan-scale
internetworks, ISI Research Report ISU/RR-87-180, March 1987.

R. Jain, A. Puri, and R. Sengupta: Geographical routing using partial
information for wireless ad hoc networks, IEEE Personal Communica-
tions, pp. 48-57, February 2001.

B. Karp and H. Kung: GPSR: Greedy perimeter stateless routing for
wireless networks, ACM MobiCom, 2000.

L. Kleinrock and J. Silvester: Optimum transmission radii for packet
radio networks or why six is a magic number, Proceeding of IEEE
National Telecommunications Conference, 1978, pp. 431-435.

E. Kranakis, H. Singh, and J. Urrutia: Compass routing on geometric
networks, Proc. 11th Canadian Conference on Computational Geometry,
August 1999, pp. 51-54.

F. Kuhn, R. Wattenhofer, and A. Zollinger: Asymptotically optimal
geometric mobile ad-hoc routing, ACM Dial-M 2002.

M. Penrose: Random Geometric Graphs, Oxford University Press, 2003.
H. Takagi and L. Kleinrock: Optimal transmission ranges for randomly
distributed packet radio terminals, IEEE Transactions on Communica-
tions 32(3): 246-257, 1984.

G. Toussaint: The relative neighborhood graph of a finite planar set,
Pattern Recognition 12(4):261-268, 1980.

P-J. Wan, C.-W. Yi, FE. Yao, and X. Jia: Asymptotic Critical Transmission
Radius for Greedy Forward Routing in Wireless Ad Hoc Networks, ACM
MOBIHOC 2006, pp 25-36.

P-J. Wan, and C.-W. Yi: On The Longest Edge of Gabriel Graphs
in Wireless Ad Hoc Networks, IEEE Transactions on Parallel and
Distributed Systems 18(1):111-125, 2007.

L. Wang, Random Geometric Aspects in Multihop Wiress
Networks, PhD  thesis, Department of Computer Science,
Illinois  Inisitite of Technology, 2010. Available online at

http://www.cs.iit.edu/"wan/Thesis/LWangthesis.pdf.

L. Wang, F. Yao, and C.-W. Yi: Improved Asymptotic Bounds on Critical
Transmission Radius for Greedy Forward Routing in Wireless Ad Hoc
Networks, ACM MOBIHOC 2008, pp. 131-138.

G. Xing, C. Lu, R. Pless, and Q. Huang: On greedy geographic routing
algorithms in sensing-covered networks, ACM MobiHoc 2004.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.6
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /AbadiMT-CondensedLight
    /ACaslon-Italic
    /ACaslon-Regular
    /ACaslon-Semibold
    /ACaslon-SemiboldItalic
    /AdobeArabic-Bold
    /AdobeArabic-BoldItalic
    /AdobeArabic-Italic
    /AdobeArabic-Regular
    /AdobeHebrew-Bold
    /AdobeHebrew-BoldItalic
    /AdobeHebrew-Italic
    /AdobeHebrew-Regular
    /AdobeHeitiStd-Regular
    /AdobeMingStd-Light
    /AdobeMyungjoStd-Medium
    /AdobePiStd
    /AdobeSansMM
    /AdobeSerifMM
    /AdobeSongStd-Light
    /AdobeThai-Bold
    /AdobeThai-BoldItalic
    /AdobeThai-Italic
    /AdobeThai-Regular
    /AGaramond-Bold
    /AGaramond-BoldItalic
    /AGaramond-Italic
    /AGaramond-Regular
    /AGaramond-Semibold
    /AGaramond-SemiboldItalic
    /AgencyFB-Bold
    /AgencyFB-Reg
    /AGOldFace-Outline
    /AharoniBold
    /Algerian
    /Americana
    /Americana-ExtraBold
    /AndaleMono
    /AndaleMonoIPA
    /AngsanaNew
    /AngsanaNew-Bold
    /AngsanaNew-BoldItalic
    /AngsanaNew-Italic
    /AngsanaUPC
    /AngsanaUPC-Bold
    /AngsanaUPC-BoldItalic
    /AngsanaUPC-Italic
    /Anna
    /ArialAlternative
    /ArialAlternativeSymbol
    /Arial-Black
    /Arial-BlackItalic
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialMT-Black
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialRoundedMTBold
    /ArialUnicodeMS
    /ArrusBT-Bold
    /ArrusBT-BoldItalic
    /ArrusBT-Italic
    /ArrusBT-Roman
    /AvantGarde-Book
    /AvantGarde-BookOblique
    /AvantGarde-Demi
    /AvantGarde-DemiOblique
    /AvantGardeITCbyBT-Book
    /AvantGardeITCbyBT-BookOblique
    /BakerSignet
    /BankGothicBT-Medium
    /Barmeno-Bold
    /Barmeno-ExtraBold
    /Barmeno-Medium
    /Barmeno-Regular
    /Baskerville
    /BaskervilleBE-Italic
    /BaskervilleBE-Medium
    /BaskervilleBE-MediumItalic
    /BaskervilleBE-Regular
    /Baskerville-Bold
    /Baskerville-BoldItalic
    /Baskerville-Italic
    /BaskOldFace
    /Batang
    /BatangChe
    /Bauhaus93
    /Bellevue
    /BellGothicStd-Black
    /BellGothicStd-Bold
    /BellGothicStd-Light
    /BellMT
    /BellMTBold
    /BellMTItalic
    /BerlingAntiqua-Bold
    /BerlingAntiqua-BoldItalic
    /BerlingAntiqua-Italic
    /BerlingAntiqua-Roman
    /BerlinSansFB-Bold
    /BerlinSansFBDemi-Bold
    /BerlinSansFB-Reg
    /BernardMT-Condensed
    /BernhardModernBT-Bold
    /BernhardModernBT-BoldItalic
    /BernhardModernBT-Italic
    /BernhardModernBT-Roman
    /BiffoMT
    /BinnerD
    /BinnerGothic
    /BlackadderITC-Regular
    /Blackoak
    /Bodoni
    /Bodoni-Bold
    /Bodoni-BoldItalic
    /Bodoni-Italic
    /BodoniMT
    /BodoniMTBlack
    /BodoniMTBlack-Italic
    /BodoniMT-Bold
    /BodoniMT-BoldItalic
    /BodoniMTCondensed
    /BodoniMTCondensed-Bold
    /BodoniMTCondensed-BoldItalic
    /BodoniMTCondensed-Italic
    /BodoniMT-Italic
    /BodoniMTPosterCompressed
    /Bodoni-Poster
    /Bodoni-PosterCompressed
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /Bookman-Demi
    /Bookman-DemiItalic
    /Bookman-Light
    /Bookman-LightItalic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolOne-Regular
    /BookshelfSymbolSeven
    /BookshelfSymbolThree-Regular
    /BookshelfSymbolTwo-Regular
    /Botanical
    /Boton-Italic
    /Boton-Medium
    /Boton-MediumItalic
    /Boton-Regular
    /Boulevard
    /BradleyHandITC
    /Braggadocio
    /BritannicBold
    /Broadway
    /BrowalliaNew
    /BrowalliaNew-Bold
    /BrowalliaNew-BoldItalic
    /BrowalliaNew-Italic
    /BrowalliaUPC
    /BrowalliaUPC-Bold
    /BrowalliaUPC-BoldItalic
    /BrowalliaUPC-Italic
    /BrushScript
    /BrushScriptMT
    /CaflischScript-Bold
    /CaflischScript-Regular
    /Calibri
    /Calibri-Bold
    /Calibri-BoldItalic
    /Calibri-Italic
    /CalifornianFB-Bold
    /CalifornianFB-Italic
    /CalifornianFB-Reg
    /CalisMTBol
    /CalistoMT
    /CalistoMT-BoldItalic
    /CalistoMT-Italic
    /Cambria
    /Cambria-Bold
    /Cambria-BoldItalic
    /Cambria-Italic
    /CambriaMath
    /Candara
    /Candara-Bold
    /Candara-BoldItalic
    /Candara-Italic
    /Carta
    /CaslonOpenfaceBT-Regular
    /Castellar
    /CastellarMT
    /Centaur
    /Centaur-Italic
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchL-Bold
    /CenturySchL-BoldItal
    /CenturySchL-Ital
    /CenturySchL-Roma
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /CGTimes-Bold
    /CGTimes-BoldItalic
    /CGTimes-Italic
    /CGTimes-Regular
    /CharterBT-Bold
    /CharterBT-BoldItalic
    /CharterBT-Italic
    /CharterBT-Roman
    /CheltenhamITCbyBT-Bold
    /CheltenhamITCbyBT-BoldItalic
    /CheltenhamITCbyBT-Book
    /CheltenhamITCbyBT-BookItalic
    /Chiller-Regular
    /CMB10
    /CMBSY10
    /CMBSY5
    /CMBSY6
    /CMBSY7
    /CMBSY8
    /CMBSY9
    /CMBX10
    /CMBX12
    /CMBX5
    /CMBX6
    /CMBX7
    /CMBX8
    /CMBX9
    /CMBXSL10
    /CMBXTI10
    /CMCSC10
    /CMCSC8
    /CMCSC9
    /CMDUNH10
    /CMEX10
    /CMEX7
    /CMEX8
    /CMEX9
    /CMFF10
    /CMFI10
    /CMFIB8
    /CMINCH
    /CMITT10
    /CMMI10
    /CMMI12
    /CMMI5
    /CMMI6
    /CMMI7
    /CMMI8
    /CMMI9
    /CMMIB10
    /CMMIB5
    /CMMIB6
    /CMMIB7
    /CMMIB8
    /CMMIB9
    /CMR10
    /CMR12
    /CMR17
    /CMR5
    /CMR6
    /CMR7
    /CMR8
    /CMR9
    /CMSL10
    /CMSL12
    /CMSL8
    /CMSL9
    /CMSLTT10
    /CMSS10
    /CMSS12
    /CMSS17
    /CMSS8
    /CMSS9
    /CMSSBX10
    /CMSSDC10
    /CMSSI10
    /CMSSI12
    /CMSSI17
    /CMSSI8
    /CMSSI9
    /CMSSQ8
    /CMSSQI8
    /CMSY10
    /CMSY5
    /CMSY6
    /CMSY7
    /CMSY8
    /CMSY9
    /CMTCSC10
    /CMTEX10
    /CMTEX8
    /CMTEX9
    /CMTI10
    /CMTI12
    /CMTI7
    /CMTI8
    /CMTI9
    /CMTT10
    /CMTT12
    /CMTT8
    /CMTT9
    /CMU10
    /CMVTT10
    /ColonnaMT
    /Colossalis-Bold
    /ComicSansMS
    /ComicSansMS-Bold
    /Consolas
    /Consolas-Bold
    /Consolas-BoldItalic
    /Consolas-Italic
    /Constantia
    /Constantia-Bold
    /Constantia-BoldItalic
    /Constantia-Italic
    /CooperBlack
    /CopperplateGothic-Bold
    /CopperplateGothic-Light
    /Copperplate-ThirtyThreeBC
    /Corbel
    /Corbel-Bold
    /Corbel-BoldItalic
    /Corbel-Italic
    /CordiaNew
    /CordiaNew-Bold
    /CordiaNew-BoldItalic
    /CordiaNew-Italic
    /CordiaUPC
    /CordiaUPC-Bold
    /CordiaUPC-BoldItalic
    /CordiaUPC-Italic
    /Courier
    /Courier-Bold
    /Courier-BoldOblique
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /Courier-Oblique
    /CourierStd
    /CourierStd-Bold
    /CourierStd-BoldOblique
    /CourierStd-Oblique
    /CourierX-Bold
    /CourierX-BoldOblique
    /CourierX-Oblique
    /CourierX-Regular
    /CreepyRegular
    /CurlzMT
    /David-Bold
    /David-Reg
    /DavidTransparent
    /Desdemona
    /DilleniaUPC
    /DilleniaUPCBold
    /DilleniaUPCBoldItalic
    /DilleniaUPCItalic
    /Dingbats
    /DomCasual
    /Dotum
    /DotumChe
    /EdwardianScriptITC
    /Elephant-Italic
    /Elephant-Regular
    /EngraversGothicBT-Regular
    /EngraversMT
    /EraserDust
    /ErasITC-Bold
    /ErasITC-Demi
    /ErasITC-Light
    /ErasITC-Medium
    /ErieBlackPSMT
    /ErieLightPSMT
    /EriePSMT
    /EstrangeloEdessa
    /Euclid
    /Euclid-Bold
    /Euclid-BoldItalic
    /EuclidExtra
    /EuclidExtra-Bold
    /EuclidFraktur
    /EuclidFraktur-Bold
    /Euclid-Italic
    /EuclidMathOne
    /EuclidMathOne-Bold
    /EuclidMathTwo
    /EuclidMathTwo-Bold
    /EuclidSymbol
    /EuclidSymbol-Bold
    /EuclidSymbol-BoldItalic
    /EuclidSymbol-Italic
    /EucrosiaUPC
    /EucrosiaUPCBold
    /EucrosiaUPCBoldItalic
    /EucrosiaUPCItalic
    /EUEX10
    /EUEX7
    /EUEX8
    /EUEX9
    /EUFB10
    /EUFB5
    /EUFB7
    /EUFM10
    /EUFM5
    /EUFM7
    /EURB10
    /EURB5
    /EURB7
    /EURM10
    /EURM5
    /EURM7
    /EuroMono-Bold
    /EuroMono-BoldItalic
    /EuroMono-Italic
    /EuroMono-Regular
    /EuroSans-Bold
    /EuroSans-BoldItalic
    /EuroSans-Italic
    /EuroSans-Regular
    /EuroSerif-Bold
    /EuroSerif-BoldItalic
    /EuroSerif-Italic
    /EuroSerif-Regular
    /EuroSig
    /EUSB10
    /EUSB5
    /EUSB7
    /EUSM10
    /EUSM5
    /EUSM7
    /FelixTitlingMT
    /Fences
    /FencesPlain
    /FigaroMT
    /FixedMiriamTransparent
    /FootlightMTLight
    /Formata-Italic
    /Formata-Medium
    /Formata-MediumItalic
    /Formata-Regular
    /ForteMT
    /FranklinGothic-Book
    /FranklinGothic-BookItalic
    /FranklinGothic-Demi
    /FranklinGothic-DemiCond
    /FranklinGothic-DemiItalic
    /FranklinGothic-Heavy
    /FranklinGothic-HeavyItalic
    /FranklinGothicITCbyBT-Book
    /FranklinGothicITCbyBT-BookItal
    /FranklinGothicITCbyBT-Demi
    /FranklinGothicITCbyBT-DemiItal
    /FranklinGothic-Medium
    /FranklinGothic-MediumCond
    /FranklinGothic-MediumItalic
    /FrankRuehl
    /FreesiaUPC
    /FreesiaUPCBold
    /FreesiaUPCBoldItalic
    /FreesiaUPCItalic
    /FreestyleScript-Regular
    /FrenchScriptMT
    /Frutiger-Black
    /Frutiger-BlackCn
    /Frutiger-BlackItalic
    /Frutiger-Bold
    /Frutiger-BoldCn
    /Frutiger-BoldItalic
    /Frutiger-Cn
    /Frutiger-ExtraBlackCn
    /Frutiger-Italic
    /Frutiger-Light
    /Frutiger-LightCn
    /Frutiger-LightItalic
    /Frutiger-Roman
    /Frutiger-UltraBlack
    /Futura-Bold
    /Futura-BoldOblique
    /Futura-Book
    /Futura-BookOblique
    /FuturaBT-Bold
    /FuturaBT-BoldItalic
    /FuturaBT-Book
    /FuturaBT-BookItalic
    /FuturaBT-Medium
    /FuturaBT-MediumItalic
    /Futura-Light
    /Futura-LightOblique
    /GalliardITCbyBT-Bold
    /GalliardITCbyBT-BoldItalic
    /GalliardITCbyBT-Italic
    /GalliardITCbyBT-Roman
    /Garamond
    /Garamond-Bold
    /Garamond-BoldCondensed
    /Garamond-BoldCondensedItalic
    /Garamond-BoldItalic
    /Garamond-BookCondensed
    /Garamond-BookCondensedItalic
    /Garamond-Italic
    /Garamond-LightCondensed
    /Garamond-LightCondensedItalic
    /Gautami
    /GeometricSlab703BT-Light
    /GeometricSlab703BT-LightItalic
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /GeorgiaRef
    /Giddyup
    /Giddyup-Thangs
    /Gigi-Regular
    /GillSans
    /GillSans-Bold
    /GillSans-BoldItalic
    /GillSans-Condensed
    /GillSans-CondensedBold
    /GillSans-Italic
    /GillSans-Light
    /GillSans-LightItalic
    /GillSansMT
    /GillSansMT-Bold
    /GillSansMT-BoldItalic
    /GillSansMT-Condensed
    /GillSansMT-ExtraCondensedBold
    /GillSansMT-Italic
    /GillSans-UltraBold
    /GillSans-UltraBoldCondensed
    /GloucesterMT-ExtraCondensed
    /Gothic-Thirteen
    /GoudyOldStyleBT-Bold
    /GoudyOldStyleBT-BoldItalic
    /GoudyOldStyleBT-Italic
    /GoudyOldStyleBT-Roman
    /GoudyOldStyleT-Bold
    /GoudyOldStyleT-Italic
    /GoudyOldStyleT-Regular
    /GoudyStout
    /GoudyTextMT-LombardicCapitals
    /GSIDefaultSymbols
    /Gulim
    /GulimChe
    /Gungsuh
    /GungsuhChe
    /Haettenschweiler
    /HarlowSolid
    /Harrington
    /Helvetica
    /Helvetica-Black
    /Helvetica-BlackOblique
    /Helvetica-Bold
    /Helvetica-BoldOblique
    /Helvetica-Condensed
    /Helvetica-Condensed-Black
    /Helvetica-Condensed-BlackObl
    /Helvetica-Condensed-Bold
    /Helvetica-Condensed-BoldObl
    /Helvetica-Condensed-Light
    /Helvetica-Condensed-LightObl
    /Helvetica-Condensed-Oblique
    /Helvetica-Fraction
    /Helvetica-Narrow
    /Helvetica-Narrow-Bold
    /Helvetica-Narrow-BoldOblique
    /Helvetica-Narrow-Oblique
    /Helvetica-Oblique
    /HighTowerText-Italic
    /HighTowerText-Reg
    /Humanist521BT-BoldCondensed
    /Humanist521BT-Light
    /Humanist521BT-LightItalic
    /Humanist521BT-RomanCondensed
    /Imago-ExtraBold
    /Impact
    /ImprintMT-Shadow
    /InformalRoman-Regular
    /IrisUPC
    /IrisUPCBold
    /IrisUPCBoldItalic
    /IrisUPCItalic
    /Ironwood
    /ItcEras-Medium
    /ItcKabel-Bold
    /ItcKabel-Book
    /ItcKabel-Demi
    /ItcKabel-Medium
    /ItcKabel-Ultra
    /JasmineUPC
    /JasmineUPC-Bold
    /JasmineUPC-BoldItalic
    /JasmineUPC-Italic
    /JoannaMT
    /JoannaMT-Italic
    /Jokerman-Regular
    /JuiceITC-Regular
    /Kartika
    /Kaufmann
    /KaufmannBT-Bold
    /KaufmannBT-Regular
    /KidTYPEPaint
    /KinoMT
    /KodchiangUPC
    /KodchiangUPC-Bold
    /KodchiangUPC-BoldItalic
    /KodchiangUPC-Italic
    /KorinnaITCbyBT-Regular
    /KozGoProVI-Medium
    /KozMinProVI-Regular
    /KristenITC-Regular
    /KunstlerScript
    /Latha
    /LatinWide
    /LetterGothic
    /LetterGothic-Bold
    /LetterGothic-BoldOblique
    /LetterGothic-BoldSlanted
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LetterGothic-Slanted
    /LetterGothicStd
    /LetterGothicStd-Bold
    /LetterGothicStd-BoldSlanted
    /LetterGothicStd-Slanted
    /LevenimMT
    /LevenimMTBold
    /LilyUPC
    /LilyUPCBold
    /LilyUPCBoldItalic
    /LilyUPCItalic
    /Lithos-Black
    /Lithos-Regular
    /LotusWPBox-Roman
    /LotusWPIcon-Roman
    /LotusWPIntA-Roman
    /LotusWPIntB-Roman
    /LotusWPType-Roman
    /LucidaBright
    /LucidaBright-Demi
    /LucidaBright-DemiItalic
    /LucidaBright-Italic
    /LucidaCalligraphy-Italic
    /LucidaConsole
    /LucidaFax
    /LucidaFax-Demi
    /LucidaFax-DemiItalic
    /LucidaFax-Italic
    /LucidaHandwriting-Italic
    /LucidaSans
    /LucidaSans-Demi
    /LucidaSans-DemiItalic
    /LucidaSans-Italic
    /LucidaSans-Typewriter
    /LucidaSans-TypewriterBold
    /LucidaSans-TypewriterBoldOblique
    /LucidaSans-TypewriterOblique
    /LucidaSansUnicode
    /Lydian
    /Magneto-Bold
    /MaiandraGD-Regular
    /Mangal-Regular
    /Map-Symbols
    /MathA
    /MathB
    /MathC
    /Mathematica1
    /Mathematica1-Bold
    /Mathematica1Mono
    /Mathematica1Mono-Bold
    /Mathematica2
    /Mathematica2-Bold
    /Mathematica2Mono
    /Mathematica2Mono-Bold
    /Mathematica3
    /Mathematica3-Bold
    /Mathematica3Mono
    /Mathematica3Mono-Bold
    /Mathematica4
    /Mathematica4-Bold
    /Mathematica4Mono
    /Mathematica4Mono-Bold
    /Mathematica5
    /Mathematica5-Bold
    /Mathematica5Mono
    /Mathematica5Mono-Bold
    /Mathematica6
    /Mathematica6Bold
    /Mathematica6Mono
    /Mathematica6MonoBold
    /Mathematica7
    /Mathematica7Bold
    /Mathematica7Mono
    /Mathematica7MonoBold
    /MatisseITC-Regular
    /MaturaMTScriptCapitals
    /Mesquite
    /Mezz-Black
    /Mezz-Regular
    /MICR
    /MicrosoftSansSerif
    /MingLiU
    /Minion-BoldCondensed
    /Minion-BoldCondensedItalic
    /Minion-Condensed
    /Minion-CondensedItalic
    /Minion-Ornaments
    /MinionPro-Bold
    /MinionPro-BoldIt
    /MinionPro-It
    /MinionPro-Regular
    /MinionPro-Semibold
    /MinionPro-SemiboldIt
    /Miriam
    /MiriamFixed
    /MiriamTransparent
    /Mistral
    /Modern-Regular
    /MonotypeCorsiva
    /MonotypeSorts
    /MSAM10
    /MSAM5
    /MSAM6
    /MSAM7
    /MSAM8
    /MSAM9
    /MSBM10
    /MSBM5
    /MSBM6
    /MSBM7
    /MSBM8
    /MSBM9
    /MS-Gothic
    /MSHei
    /MSLineDrawPSMT
    /MS-Mincho
    /MSOutlook
    /MS-PGothic
    /MS-PMincho
    /MSReference1
    /MSReference2
    /MSReferenceSansSerif
    /MSReferenceSansSerif-Bold
    /MSReferenceSansSerif-BoldItalic
    /MSReferenceSansSerif-Italic
    /MSReferenceSerif
    /MSReferenceSerif-Bold
    /MSReferenceSerif-BoldItalic
    /MSReferenceSerif-Italic
    /MSReferenceSpecialty
    /MSSong
    /MS-UIGothic
    /MT-Extra
    /MT-Symbol
    /MT-Symbol-Italic
    /MVBoli
    /Myriad-Bold
    /Myriad-BoldItalic
    /Myriad-Italic
    /MyriadPro-Black
    /MyriadPro-BlackIt
    /MyriadPro-Bold
    /MyriadPro-BoldIt
    /MyriadPro-It
    /MyriadPro-Light
    /MyriadPro-LightIt
    /MyriadPro-Regular
    /MyriadPro-Semibold
    /MyriadPro-SemiboldIt
    /Myriad-Roman
    /Narkisim
    /NewCenturySchlbk-Bold
    /NewCenturySchlbk-BoldItalic
    /NewCenturySchlbk-Italic
    /NewCenturySchlbk-Roman
    /NewMilleniumSchlbk-BoldItalicSH
    /NewsGothic
    /NewsGothic-Bold
    /NewsGothicBT-Bold
    /NewsGothicBT-BoldItalic
    /NewsGothicBT-Italic
    /NewsGothicBT-Roman
    /NewsGothic-Condensed
    /NewsGothic-Italic
    /NewsGothicMT
    /NewsGothicMT-Bold
    /NewsGothicMT-Italic
    /NiagaraEngraved-Reg
    /NiagaraSolid-Reg
    /NimbusMonL-Bold
    /NimbusMonL-BoldObli
    /NimbusMonL-Regu
    /NimbusMonL-ReguObli
    /NimbusRomNo9L-Medi
    /NimbusRomNo9L-MediItal
    /NimbusRomNo9L-Regu
    /NimbusRomNo9L-ReguItal
    /NimbusSanL-Bold
    /NimbusSanL-BoldCond
    /NimbusSanL-BoldCondItal
    /NimbusSanL-BoldItal
    /NimbusSanL-Regu
    /NimbusSanL-ReguCond
    /NimbusSanL-ReguCondItal
    /NimbusSanL-ReguItal
    /Nimrod
    /Nimrod-Bold
    /Nimrod-BoldItalic
    /Nimrod-Italic
    /NSimSun
    /Nueva-BoldExtended
    /Nueva-BoldExtendedItalic
    /Nueva-Italic
    /Nueva-Roman
    /NuptialScript
    /OCRA
    /OCRA-Alternate
    /OCRAExtended
    /OCRB
    /OCRB-Alternate
    /OfficinaSans-Bold
    /OfficinaSans-BoldItalic
    /OfficinaSans-Book
    /OfficinaSans-BookItalic
    /OfficinaSerif-Bold
    /OfficinaSerif-BoldItalic
    /OfficinaSerif-Book
    /OfficinaSerif-BookItalic
    /OldEnglishTextMT
    /Onyx
    /OnyxBT-Regular
    /OzHandicraftBT-Roman
    /PalaceScriptMT
    /Palatino-Bold
    /Palatino-BoldItalic
    /Palatino-Italic
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Palatino-Roman
    /PapyrusPlain
    /Papyrus-Regular
    /Parchment-Regular
    /Parisian
    /ParkAvenue
    /Penumbra-SemiboldFlare
    /Penumbra-SemiboldSans
    /Penumbra-SemiboldSerif
    /PepitaMT
    /Perpetua
    /Perpetua-Bold
    /Perpetua-BoldItalic
    /Perpetua-Italic
    /PerpetuaTitlingMT-Bold
    /PerpetuaTitlingMT-Light
    /PhotinaCasualBlack
    /Playbill
    /PMingLiU
    /Poetica-SuppOrnaments
    /PoorRichard-Regular
    /PopplLaudatio-Italic
    /PopplLaudatio-Medium
    /PopplLaudatio-MediumItalic
    /PopplLaudatio-Regular
    /PrestigeElite
    /Pristina-Regular
    /PTBarnumBT-Regular
    /Raavi
    /RageItalic
    /Ravie
    /RefSpecialty
    /Ribbon131BT-Bold
    /Rockwell
    /Rockwell-Bold
    /Rockwell-BoldItalic
    /Rockwell-Condensed
    /Rockwell-CondensedBold
    /Rockwell-ExtraBold
    /Rockwell-Italic
    /Rockwell-Light
    /Rockwell-LightItalic
    /Rod
    /RodTransparent
    /RunicMT-Condensed
    /Sanvito-Light
    /Sanvito-Roman
    /ScriptC
    /ScriptMTBold
    /SegoeUI
    /SegoeUI-Bold
    /SegoeUI-BoldItalic
    /SegoeUI-Italic
    /Serpentine-BoldOblique
    /ShelleyVolanteBT-Regular
    /ShowcardGothic-Reg
    /Shruti
    /SimHei
    /SimSun
    /SnapITC-Regular
    /StandardSymL
    /Stencil
    /StoneSans
    /StoneSans-Bold
    /StoneSans-BoldItalic
    /StoneSans-Italic
    /StoneSans-Semibold
    /StoneSans-SemiboldItalic
    /Stop
    /Swiss721BT-BlackExtended
    /Sylfaen
    /Symbol
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /Tci1
    /Tci1Bold
    /Tci1BoldItalic
    /Tci1Italic
    /Tci2
    /Tci2Bold
    /Tci2BoldItalic
    /Tci2Italic
    /Tci3
    /Tci3Bold
    /Tci3BoldItalic
    /Tci3Italic
    /Tci4
    /Tci4Bold
    /Tci4BoldItalic
    /Tci4Italic
    /TechnicalItalic
    /TechnicalPlain
    /Tekton
    /Tekton-Bold
    /TektonMM
    /Tempo-HeavyCondensed
    /Tempo-HeavyCondensedItalic
    /TempusSansITC
    /Times-Bold
    /Times-BoldItalic
    /Times-BoldItalicOsF
    /Times-BoldSC
    /Times-ExtraBold
    /Times-Italic
    /Times-ItalicOsF
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Times-RomanSC
    /Trajan-Bold
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Tunga-Regular
    /TwCenMT-Bold
    /TwCenMT-BoldItalic
    /TwCenMT-Condensed
    /TwCenMT-CondensedBold
    /TwCenMT-CondensedExtraBold
    /TwCenMT-CondensedMedium
    /TwCenMT-Italic
    /TwCenMT-Regular
    /Univers-Bold
    /Univers-BoldItalic
    /UniversCondensed-Bold
    /UniversCondensed-BoldItalic
    /UniversCondensed-Medium
    /UniversCondensed-MediumItalic
    /Univers-Medium
    /Univers-MediumItalic
    /URWBookmanL-DemiBold
    /URWBookmanL-DemiBoldItal
    /URWBookmanL-Ligh
    /URWBookmanL-LighItal
    /URWChanceryL-MediItal
    /URWGothicL-Book
    /URWGothicL-BookObli
    /URWGothicL-Demi
    /URWGothicL-DemiObli
    /URWPalladioL-Bold
    /URWPalladioL-BoldItal
    /URWPalladioL-Ital
    /URWPalladioL-Roma
    /USPSBarCode
    /VAGRounded-Black
    /VAGRounded-Bold
    /VAGRounded-Light
    /VAGRounded-Thin
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /VerdanaRef
    /VinerHandITC
    /Viva-BoldExtraExtended
    /Vivaldii
    /Viva-LightCondensed
    /Viva-Regular
    /VladimirScript
    /Vrinda
    /Webdings
    /Westminster
    /Willow
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /WNCYB10
    /WNCYI10
    /WNCYR10
    /WNCYSC10
    /WNCYSS10
    /WoodtypeOrnaments-One
    /WoodtypeOrnaments-Two
    /WP-ArabicScriptSihafa
    /WP-ArabicSihafa
    /WP-BoxDrawing
    /WP-CyrillicA
    /WP-CyrillicB
    /WP-GreekCentury
    /WP-GreekCourier
    /WP-GreekHelve
    /WP-HebrewDavid
    /WP-IconicSymbolsA
    /WP-IconicSymbolsB
    /WP-Japanese
    /WP-MathA
    /WP-MathB
    /WP-MathExtendedA
    /WP-MathExtendedB
    /WP-MultinationalAHelve
    /WP-MultinationalARoman
    /WP-MultinationalBCourier
    /WP-MultinationalBHelve
    /WP-MultinationalBRoman
    /WP-MultinationalCourier
    /WP-Phonetic
    /WPTypographicSymbols
    /XYATIP10
    /XYBSQL10
    /XYBTIP10
    /XYCIRC10
    /XYCMAT10
    /XYCMBT10
    /XYDASH10
    /XYEUAT10
    /XYEUBT10
    /ZapfChancery-MediumItalic
    /ZapfDingbats
    /ZapfHumanist601BT-Bold
    /ZapfHumanist601BT-BoldItalic
    /ZapfHumanist601BT-Demi
    /ZapfHumanist601BT-DemiItalic
    /ZapfHumanist601BT-Italic
    /ZapfHumanist601BT-Roman
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 200
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 2.00333
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 200
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 2.00333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00167
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e5c4f5e55663e793a3001901a8fc775355b5090ae4ef653d190014ee553ca901a8fc756e072797f5153d15e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc87a25e55986f793a3001901a904e96fb5b5090f54ef650b390014ee553ca57287db2969b7db28def4e0a767c5e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV <>
    /HUN <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020d654ba740020d45cc2dc002c0020c804c7900020ba54c77c002c0020c778d130b137c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor weergave op een beeldscherm, e-mail en internet. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for on-screen display, e-mail, and the Internet.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToRGB
      /DestinationProfileName (sRGB IEC61966-2.1)
      /DestinationProfileSelector /UseName
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing false
      /UntaggedCMYKHandling /UseDocumentProfile
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


