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Abstract—Longest Queue First (LQF) is a well-known link
scheduling strategy in multihop wireless networks. Its throughput
efficiency ratio was shown to be exactly the local pooling factor
(LPF) of the multihop wireless network in a recent seminar
work by Joo et al. [5]. Under the 802.11 interference model
with uniform interference radii, the LPF of a multihop wireless
network was known to be at least 1/6. However, little is known
about the LPF of a multihop wireless network under the 802.11
interference model with arbitrary interference radii or under the
protocol interference model. In this paper, we derive constant
lower bounds on LPFs of these multihop wireless networks.
Specifically, under the 802.11 interference model with arbitrary
interference radii, the LPF is at least 1/16. Under the protocol
interference model, if the communication radius of each node is
at most ¢ times its interference radius for some c < 1, then the
LPF is at least 1/ (2 (|r/arcsin 15¢] — 1)).

Index Terms—Link scheduling, interference, longest queue
first, throughput efficiency ratio, local pooling factor.

I. INTRODUCTION

Link scheduling is critical to achieving good network
throughput in multihop wireless networks. The seminal work
of Tassiulas and Ephremides [10] provided a throughput-
optimal scheduler, which can schedule all attainable traffic
flows without resulting an unbounded queue. However, this
optimal scheduler has exponential running time in general.
Thus various suboptimal scheduling strategies that trade-off
throughput for simplicity have been proposed in [1], [2], [4],
[51, [8], [9], [13], [14], [15] amongst others. Among them,
the strategy Longest Queue First (LQF), also termed Greedy
Maximal Scheduling (GMS) [5], achieves the best throughput
efficiency ratio while still enjoying the implementation sim-
plicity. It selects in the first-fit manner a maximal independent
set of links in the decreasing order of their queue lengths. At
each step, the link with longest queue is selected and then this
selected link and the links with which it interferes are removed
from the list of candidate links. The selection terminates when
there are no more candidate links.

Recently, Joo et al. [5] made a remarkable contribution to
fully characterizing the throughput efficiency ratio of LQF.
Built upon the prior works by Dimakis and Walrand [3] which
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presented sufficient conditions for LQF to achieve 100%
throughput, they proved that the throughput efficiency ratio of
LQF is exactly the local pooling factor (LPF) of the conflict
graph of the communication links. The LPF is a pure graph-
theoretic parameter. Thus, the works by Joo et al. [5] built
an elegant bridge between a queuing-theoretic parameter and
a graph-theoretic parameter. Under the 802.11 interference
model with uniform interference radii, the LPF is shown to
be at least 1/6 in [5]. Sparked by the works in [5], Leconte
el al. [6] and Li el al. [7] presented some properties of LPF.
Leconte el al. [6] derived tighter lower bounds on LPF in
networks of size at most 28 under the 802.11 interference
model with uniform interference radii. Li el al. [7] gave an
alternative definition of LPF and also introduced a refined
notion of LPF. All of these bounds on the LPF are restricted to
the 802.11 interference model with uniform interference radii.
Little is known about the LPF, and accordingly the throughput
efficiency ratio of LQF, under other interference models.
The main objective of this paper is to obtain tight lower
bounds on LPF under the 802.11 interference model with
arbitrary interference radii or the protocol interference model
with arbitrary interference radii. Either of these general inter-
ference models lacks the rich physical nature of the wireless
interference possessed by the 802.11 interference model with
uniform interference radii. As the result, the bounding tech-
niques developed in the early works [5] [6] [7] can hardly
be employed to derive any tight lower bounds on LPFs under
these general interference models. Therefore, we were pressed
to develop some new powerful techniques for bounding LPFs
under these general interference models. For this purpose, we
first conduct a general graph-theoretic study of the LPF of
an arbitrary graph in Section II. We discover an intrinsic
relation between the LPF and a graph-theoretic parameter
called inward local independence number (ILIN): For any
graph, its LPF is no less than one half of the multiplicative
inverse of its ILIN. Therefore, under the 802.11 interference
model or the protocol interference model, any upper bound
on the ILIN of the conflict graph of communication links can
immediately lead to tight lower bounds on the LPF. In Section

511



III, we derive the tight upper bounds on the ILIN in multihop
wireless networks under the 802.11 interference model or the
protocol interference model. With these upper bounds, we are
able to establish the following two lower bounds on the LPF:

o Under the 802.11 interference model with arbitrary inter-
ference radii, the LPF is at least 1/16.

o Under the protocol interference model, if the commu-
nication radius of each node is at most c times its
interference radius for some ¢ < 1, then the LPF is at
least 1/ (2 ([n/ arcsin 15¢] — 1)).

The following standard notations and terms are adopted
throughout this paper. Let S be a finite subset. For any real
function f € R and any subset S’ C S, f(S’) denotes
Y ecg f(e). Let G = (V,E) be an undirected graph with
vertex set V. For any subset U of V, G [U] denotes the
subgraph of G induced by U. For any node v € V, Ng (v)
denotes the set of neighbors of v in G, and Ng [v] denotes
{v} U Ng (v). Suppose that H is digraph with vertex set V.
For any subset U of V, H [U] denotes the subgraph of H
induced by U. For each v € V, N (v) denotes the set of
in-neighbors of v in H, and N7 [v] denotes {v} U N (v);
similarly, N¢** (v) denotes the set of out-neighbors of v in H,
and Ng* [v] denotes {v} U Ng* (v). The Euclidean distance
between two points « and v in the plane is denoted by |Juv]|.

II. LPF OF GRAPHS

In this section, we present a general graph-theoretic treat-
ment of the local pooling factors of arbitrary graphs. Let
G = (V,E) be an undirected graph. A subset I of V is an
independent set (IS) of G if no two nodes in I are adjacent.
If I is a independent set of GG but no proper superset of [ is a
independent set of G, then [ is called a maximal independent
set of G. An independent set of the largest size is called a
maximum independent set. Let Zo be the collection of all
independent sets of G, and Z}, be the collection of all maximal
independent sets of G. Denote by 7, the convex hull of the
incident vectors of sets in Zf. Then, €Qf, is a polytope in
the |V|-dimensional spaces, and is referred to as the maximal
independence polytope of G. Define

oa :min{ceR+ sz, y € Qf stz < cy}.
Clearly, 0 < 0g < 1. The local pooling factor (LPF) of G is

o5 = min o .
G =, g6
We will derive two lower bounds on the LPF of G in the two
subsections respectively.

A. The First Lower Bound

In this subsection, we present a lower bound on LPF in
terms of a graph-theoretic parameter termed as the inward
local independence number. An orientation of G is a digraph
obtained from G by imposing an orientation on each edge of
G. Suppose that H is an orientation of G. The inward local
independence number (ILIN) of a node v in H is defined to
be

o4 (v) =max {|I|: I C Njj' [v],I € T}.

The inward local independence number (ILIN) of H is defined
to be

By = Iglea‘;(azf? (v).

The inward local independence number (ILIN) of GG, denoted
by B¢, is defined as the smallest ILIN of all possible orien-
tations of GG. The theorem below gives a relation between
the LPF and the ILIN of G, which provides a means to lower
bounding the LPF.

Theorem 1: For any graph G, of, > i

We first show that the above theorem can be implied by the
following lemma.

Lemma 2: For any graph G, og > ﬁ

Suppose that Lemma 2 holds. Then, for any nonempty
subset U of V, by applying Lemma 2 to G [U], we have

< 1
Ul = * :
266w
We claim that BE[U] < B&. Let H be an orientation of G such

that 8¢, = By. Then, H [U] is also an orientation of G [U].
Clearly, for any node u € U,

ZL[U] (u) C N}T (u)

Ug[

which implies that

Therefore,
BE[U] < BuWw) = I;lea[}( QZL[U] (u) < B

So our claim holds. Thus,

1 1
> > .
e = 266y — 268G
Hence,
1
* pr— 1 >
76 = g pyey 7o = 95>

and Theorem 1 follows.

In the remaining of this subsection, we prove Lemma 2
holds. We will need the following property of node-weighted
digraphs proved in [12].

Lemma 3: Let H be a digraph with vertex set V. Then for
any d € RY, there exists at least one node u € V satisfying
d(Nip (u) > d (NG (u)).

The next lemma gives a fundamental property of the max-
imal independence polytope.

Lemma 4: Suppose that H is an orientation of G. Then for
any d € QF,

1/2 < maxd (Njf [v]) < B
Proof: For each I ¢ If, we use 1! to denote the
|V'|-dimensional indication vector of I. The inner product
of any two |V|-dimensional vectors = and y is denoted by
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x o y. Consider any d € §7,. Then, there exist a set of pairs
(I;,Nj) € I x R for 1 < j < k satisfying that

k
d=> X\1%,
j=1
k
Z Aj =
j=1

Then, for any subset U of V', we have
k
Z)\ 1501Y =3 "N\ |;nUI.
j=1

Now, we prove the second inequality in the lemma. For each
1<j<k,

d{U)=do1Y =

|I; N NG [v]] < aff (v) < B,
Therefore,
d (Ng' [v] E:A]U NN [ §:Aﬂﬁf—ﬂH
Jj=1 j=1
Hence,

maxd (N7 [v]) < Br.

Next, we prove the first inequality in the lemma. We claim
that for any node v € V, d (Ng¢ [v]) > 1. Since each I; is a
maximal independent set of GG, we have

|I; N Ng [v]| > 1.
Thus,

H'M»

k
d(NG [1]]) = Z)\f |I ONG

and hence the claim holds. By Lemma 3, there exists at least
one node u € V satisfying that

4 (Nif () > d (g ().

Hence,
d (Ni} [u]) > d(Ng [u]) /2 > 1/2.

So, the first inequality in the lemma holds. |
We proceed to prove Lemma 2 using Lemma 4. Let H be

an orientation of H satistying that By = (. By definition of

LPF, there exist x and y in QF, satisfying that z < ogy. Let
u be the node in v with the largest « (N3 [u]). By Lemma 4,
1 in *

3 <z (N [u]) < oy (Ng' [u]) < oaBu = oafe

Hence oG > 5. Thus, Lemma 2 holds.

B. The Second Lower Bound

In this subsection, we present another lower bound on LPF
in terms of a different graph-theoretic parameter termed as
the inductive local independence number. This second lower
bound has a very short purely graph-theoretic proof, and yet
it can imply the lower bound on LPF provided in [5] which
has a queuing-theoretic proof in [5] or an alternate proof
based on the duality theory of linear programming in [7]. Let
G = (V, E) be an undirected graph. For any node v, the local
independence number (LIN) of v in GG is defined to be

ag (v) =max{|I|: I C Ngv|,I €TI}.

The backward local independence number (BLIN) of G is
defined to be

*

Qg = ngagv IglelgaG[U]( u).
The LPF and the BLIN of G are related as stated below.
Theorem 5: For any graph G, o} > 1/a%,.
The above theorem can be implied by the following lemma.
Lemma 6: For any graph G, oG > O
Suppose that Lemma 6 holds. Then, for any nonempty
subset U of V, by applying Lemma 6 to G [U], we have

1

oG] = = :
min, ey agu] (v)
Hence,
*
0= min o
G~ peucy Cll
] 1
> min -
0£UCV min, ey gy (u)
B 1
maXgycy Milyey agu] ()
1
=

So, Theorem 5 follows.

Next, we prove Lemma 6 holds. The proof of Lemma 6
makes use of the following property of the maximal indepen-
dence polytope.

Lemma 7: For any d € €, and any node u € V, 1 <
d (Ng [u]) < ag (u).

Proof: Consider any d € §2f,. Then, there exist a set of
pairs (I;, ;) € Z¢ x RT for 1 < j < k satisfying that

k
d=> M1,
j=1
k
D=

Jj=1

Then, for any u € V' we have

d(Ng [u) = A\ [1; 1 Ne [u]] -

Jj=1
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1 <|I; N N¢g ] < ag (u)

for each 1 < j < k, we have

k k
d(Ne [u]) = Y Aj |1; N Ne [u]| ZZAJ' =1

Jj=1

and
k k
d(Ng [u]) = Z/\j |1; N Ne [u]] < Z)‘jaG (u) = ag (u).

So, the lemma holds. [ |

We proceed to prove Lemma 6 using Lemma 7. By defini-
tion of LPF, there exist x and y in {27, satisfying that x < ogy.
Let v be the node in V' with the smallest LIN. By Lemma 7,

1<z (Ng[v]) < ocy (N7 [v))
< = i .
<ogag (v) =0g mi o (u)
Hence

R —

mingey ag (u)
Thus, Lemma 6 holds.

Suppose that < is a vertex ordering of G. For each v € V,
Ng (v) denotes the set of neighbors of v preceding v in the
ordering <, and N [v] denotes {v} UNG (v). The backward
local independence number (BLIN) of a node v with respect
to < is defined to be

ag (v) =max{|I|: I C NG [v],I €T}.

The backward local independence number (BLIN) of the
ordering < is defined to be max,cv g (v). We show that the
smallest inductive LIN of all vertex orderings in G is exactly
the inductive LIN af of G. For this purpose, we describe
a vertex ordering, referred to as smallest-LIN-last ordering,
which will be shown to achieve the smallest BLIN among
all vertex orderings. This ordering is constructed iteratively as
follows: Initialize G’ to G. For i = n down to 1, let v; be a
vertex of the smallest LIN in G’ and delete v; from G’. Then,
the ordering (vq,va,--- ,v,) is a smallest-LIN-last ordering.
Theorem 8: The smallest-LIN-last ordering achieves the
smallest BLIN o, among all vertex orderings.
Proof: We first show that the BLIN of any vertex ordering
=< is at least af,. Let U C V' be such that

ag = irélIUl agu) (u) .

Let u be the last vertex in the ordering < such that u € U.
Then,

NG [u] 2 Nepy [u].-
which implies

max ag (v) = ag (u) > agp) (u) > ag.

Next, let < be the smallest-LIN-last ordering
(v1,vg,- -+ ,v,) and we show that its BLIN is at most
af. For any 1 <i <mn,let V; = {v1,va,--- ,v;}. Then,

NG [vi] = Neyv; [vi] -
By the selection criteria of v;, we have

ag (vi) = agy;) (vi) = min ag; (v) < ag.

i

Hence,
=< ) < o
ax ag (v;) < ag.

Thus, the BLIN of (v1,vs,--- ,v,) is at most a.

Therefore, the smallest-LIN-last ordering achieves the
smallest BLIN o, among all vertex orderings. |

Theorem 5 and Theorem 8 imply that the LPF of any
graph G is at least the multiplicative inverse of the BLIN of
any vertex ordering of G.

III. LPF oF MULTIHOP WIRELESS NETWORKS

Under either the 802.11 interference model or the protocol
interference model, an instance of a network is specified by
a finite planar set V' of nodes together with a communication
radius function r € RK and an interference radius function
p € RK satisfying that p > r. The communication (re-
spectively, interference) range of a node v € V is the disk
centered at v of radius 7 (v) and p (v) respectively. The set A
of communication links and their conflict graph are defined as
follows:

o 802.11 interference model: A consists of all pairs (u,v)
satisfying that v and v are within each other’s commu-
nications ranges. Two links in A conflict with each other
if and only if at least one link has an end lying in the
interference range of some endpoint of the other link. A
set I of links in A are independent if all links in I are
mutually conflict-free.

o Protocol interference model: A consists of all pairs (u,v)
satisfying that v and v are within each other’s commu-
nications ranges. Two links in A conflict with each other
if and only if the receiving end of at least one link lies
in the interference range of the transmitting end of the
other link. A set I of links in A are independent if all
links in 7 are mutually conflict-free.

Under either of the two interference models, the conflict graph
G of A is the undirected graph on A in which two links
are adjacent if and only if they conflict with each other. The
LPF of G is referred to as the LPF of the multihop wireless
network. In this section, we prove the following lower bounds
on the LPF of a multihop wireless network under either the
802.11 interference model or the protocol interference model.

Theorem 9: The LPF of a multihop wireless network is at

least 1/16 under the 802.11 interference model, and at least

1/2
1—max, r(v v
G‘é (v)/p( )—‘ -1

’771' / arcsin

under the protocol interference model.
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By Theorem 1, it is sufficient to establish the following
upper bounds on the inward LIN 3¢ of the conflict graph G.

Theorem 10: [, is at most 8 under the 802.11 interference
model, and at most

|~ maxoey v (v) /p (ﬂ L

’771' / arcsin 5

under the protocol interference model.

The first part of Theorem 10 under the 802.11 interference
model follows from the property of an orientation H of G
presented in [12]. For each node v, we use I (v) to denote the
set of nodes w satisfying that p (w) > max{p (v), |vw]}.
Consider a link a = (u,v) € A with p(u) > p(v). It is said
to be dominated by another link a’ € A if ¢’ has an endpoint
w satisfying that either w € I' (u), or w € I" (v) and ||uw]|| >
max {p (w), p(u)}. If a is dominated by a link a’, then a’ is
said to dominate a. The lemma below establishes the existence
of the domination relationship between two conflicting links.
It was proved in [12] that for any pair of conflicting links a
and a’ in A, at least one of them dominates the other. So,
orientation H of G can be constructed as follows. For any
pair of conflicting links a and o, if they dominate each other,
we take an arbitrary orientation; otherwise, if a dominates a’,
we take the orientation from a to a’; otherwise, we have that
a’ dominates a and take the orientation from a’ to a. It was
proved in [11] that the inward LIN By of H is at most 8.
Therefore, the first part of Theorem 10 holds.

The second part of Theorem 10 under the protocol interfer-
ence model follows directly from the property of an orientation
H of G presented in [11]. For tie-breaking, all nodes are
assumed to have distinct IDs. For any pair of conflicting links
a = (u,v) and ¢’ = (u/,v"), if v is within the interference
range of v’ and v’ is within the interference range of u, we
take the orientation from a to a’ in H if and only if either u
has smaller ID than «' or v = «' but v has smaller ID than
v'. If v is within the interference range of u’ but v’ is outside
the interference range of u, we take the orientation from a’
to a in H. If v’ is within the interference range of u but v is
outside the interference range of u’, we take the orientation
from a to o’ in H. It was proved in [11] that the inward LIN
By of H is at most

2
Therefore, the second part of Theorem 10 holds.

o ann L= e 0/00]

IV. CONCLUSION

The local pooling factor (LPF) of a multihop wireless
network is exactly the throughput efficiency ratio of link
scheduling strategy Longest Queue First (LQF). Under the
802.11 interference model with uniform interference radii,
the LPF of a multihop wireless network was known to be
at least 1/6 in [5]. In this paper, we further derived lower
bounds on LPFs of more general multihop wireless networks.
Specifically, under the 802.11 interference model with arbi-
trary interference radii, the LPF is at least 1/16. Under the

protocol interference model, if the communication radius of
each node is at most ¢ times its interference radius for some
¢ < 1, then the LPF is at least 1/ (2 ([r/arcsin 15¢| — 1)).
These two lower bounds are applications of a general lower
bound on the LPF of an arbitrary graph in terms of the inward
local independence number established in this paper.
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