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Abstract—Linear interference alignment (LIA) is one of the
key interference mitigation techniques to enhance the wireless
MIMO network capacity. The generic LIA feasibility amounts
to whether or not a well-structured random matrix with entries
drawn from a continuous distribution has full row-rank almost
surely. Recently, a randomized algebraic test of feasibility was
proposed in the literature. It is a pseudo-polynomial bounded-
error probabilistic algorithm in nature, and has intrinsic lim-
itations of requiring an inordinate amount of running time
and memory even for a moderate sized input and being prone
to round-off errors in floating-point computations. This paper
presents necessary conditions and sufficient conditions of the
generic LIA feasibility and develops fast and robust tests of them
based on network flow. In certain settings, these conditions are
both necessary and sufficient, and their flow-based tests yield
efficient algorithm for feasibility test.

I. INTRODUCTION

Linear interference alignment (LIA) [4], [12], [13], [16]
with beam-forming (BF) and zero-forcing (ZF) is one of the
key interference mitigation techniques to enhance the wireless
multiple-input multiple-output (MIMO) network capacity. The
generic LIA feasibility, or simply the feasibility in short,
amounts to the solvability of a system of bilinear equations
with coefficients drawn independently from a continuous dis-
tribution [1], [7], [9]. It has been intensively studied w.r.t. a
complete interference topology [3], [15], [18], [19], [20], [23],
[29] as well as an arbitrary interference topology [10], [11],
[14], [21], [22], [28], and was settled by González et al. [8]
very recently in arbitrary settings: it reduces to check whether
or not a well-structured random matrix with entries drawn
from a continuous distribution has full row-rank almost surely.
Based on such reduction, González et al. [8] proposed a ran-
domized algebraic test of feasibility by determining the ranks
of very large random matrices. This randomized algebraic test
is a bounded-error probabilistic algorithm in nature: it always
gives a correct answer to an infeasible instance, but may give
a false answer otherwise with an error probability decreasing
exponentially with the number of test rounds. However, it was
noted in [8] that any algebraic test by determining the rank
of a very large matrix has intrinsic limitations of requiring
an inordinate amount of running time and memory even for
a moderate sized input and being prone to round-off errors in
floating-point computations. As articulated in Section II, this
randomized algebraic test is pseudo-polynomial in general.

Prior to the randomized algebraic test [8], combinatorial
tests of feasibility w.r.t. a complete interference topology (i.e.,

single interference domain) by counting the number of (free)
BF/ZF variables involved in all or some subsets of LIA
equations have been proposed in [3], [20], [23], [29]. It was
first observed in [29] that a necessary condition of feasibility
is that every subset of LIA equations must involve BF/ZF
variables at least as many as the number of equations in
that subset. Such necessary condition is termed properness in
[29]. As the properness is defined by an exponential number
of constraints, a prevailing criticism [8], [29] on the test
of properness is that it is computationally cumbersome and
demanding. A weak (and simple) variant of the properness
with much fewer but still exponential number of constraints is
also introduced in [3], [20], [23]. In some special settings, the
weak variant of the properness, and hence the properness itself,
also turns out to be a sufficient condition for feasibility and
can be easily verified. But in general, due to the exponential
number of constraints, the tests of properness and its weak
variant have been limited to small “toy” examples so far, and
a common belief is that properness and its weak variant are
hard to trace in both analysis and practice [23].

Despite of the common belief on the intractability of
properness and its weak variant, combinatorial test appears
to be the most natural fit to the test of feasibility based
on the following observation. Consider a finite set 𝑋 of
continuous-valued random variables, and a random matrix M
in which each of its entry is either a fixed constant or a
random variable in 𝑋 . From the Leibniz formula [17], the
determinant of each square sub-matrix of M is a polynomial
of 𝑋 , and hence is either zero for all values of 𝑋 or is
non-zero out of a zero-measured set by the Fundamental
Theorem of Algebra. Accordingly, M either has deficient
row-rank certainly or has full row-rank almost surely; and
whichever to occur is determined only on the structural, rather
than numerical, dependence of M on 𝑋 . Thus, feasibility is
combinatorial in nature, and its test via a combinatorial method
is a natural option. The intractability of the exponentially
exhaustive counting does not pronounce the genetic inviability
of the combinatorial tests. Instead, it only serves as a call for
more efficient methods for combinatorial tests than the naive
exhaustive counting–which should be absolutely avoided.

Inspired by the above observation and motivated by the ap-
plication of LIA in general multihop wireless MIMO networks,
this paper aims at developing efficient and robust combinatorial
tests of feasibility w.r.t. an arbitrary interference topology.
To this end, we first extend the concepts of properness and
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weak properness to the setting with arbitrary interference
topology, and then develop their combinatorial tests based
on network flow. The flow-based tests are not only efficient
and robust, but also applicable to arbitrary settings (for any
number of users, antennas and streams per user, and for any
interference topology). As properness and weak properness
are necessary conditions for feasibility, our flow-based tests
can quickly detect the infeasibility of improper or weakly
improper instances. A by-product of the flow-based tests is
the discovery of the equivalence of properness and weaker
properness in the case of uniform streams. We further introduce
the concept of strong properness, which is a variant of the
properness stronger enough to be a sufficient condition for
feasibility. While the test of the strong properness seems to be
intractable in general, an efficient flow-based test is developed
in this paper for the case of uniform streams. Thus, this flow-
based test can quickly detect the feasibility of a strongly proper
instance with uniform streams. Furthermore, for the special
case of uniform number of streams which either divides the
number of transmitting antennas of every user or divides the
number of receiving antennas of every user, our flow-based
tests imply the equivalence of strong properness, properness,
weak properness, and feasibility. In particular, the feasibility
of the single-stream instances can be efficiently decided.

The paper is organized as follows. Section II briefly reviews
LIA in arbitrary wireless MIMO networks. Section III defines
the variants of properness and presents the relations among
them and the feasibility. Section IV introduces an reduction on
the interference topology which preserves all four properties
and the concept of irreducible interference topology. Section V
presents the flow-based tests of weak properness, properness
and strong properness w.r.t. an irreducible interference topol-
ogy and their implications on feasibility test. Finally, Section
VI summarizes this paper and discusses on future works.

We conclude this section with the standard notations
adopted in this paper. The plain symbol 𝑎 and the bold symbols
a and A represent scalar, vector, matrix respectively. The
blackboard bold symbols ℕ, ℤ and ℂ denote the set of natural
numbers, integers and complex numbers, respectively. For any
𝑘 ∈ ℕ, [𝑘] denotes the set {1, 2, ⋅ ⋅ ⋅ , 𝑘} consisting of the first
𝑘 positive integers. Suppose that A is an 𝑚 × 𝑛 matrix. The
transpose of A is denoted by A⊤; for any 𝑖 ∈ [𝑚] and 𝑗 ∈ [𝑛],
A𝑖⋅ denote the 𝑖-th row vector of A, A⋅𝑗 denote the 𝑗-th
column vector of A, and 𝑎𝑖𝑗 denotes the entry of A in the
𝑖-th row and the 𝑗-th column.

II. GENERIC LIA FEASIBILITY

Consider a set [ℓ] of users (or links, requests, interchange-
ably) in a wireless MIMO network. Each user 𝑖 ∈ [ℓ], its
transmitting node has 𝑀𝑖, its receiving node has 𝑁𝑖 ≥ 1
antennas, and it has to send 𝑑𝑖 independent data streams where
1 ≤ 𝑑𝑖 ≤ min {𝑀𝑖, 𝑁𝑖}. The set of triples

ℒ = {(𝑀𝑖, 𝑁𝑖, 𝑑𝑖) : 𝑖 ∈ [ℓ]}
is referred to as an instance of users. ℒ is said to be symmetric
if (𝑀𝑖, 𝑁𝑖, 𝑑𝑖) = (𝑀,𝑁, 𝑑) for all 𝑖 ∈ [ℓ]; in this case we
simply denote ℒ = (𝑀,𝑁, 𝑑)

ℓ. ℒ is said to have uniform
steams if 𝑑𝑖 = 𝑑 for all 𝑖 ∈ [ℓ]. In particular, if 𝑑𝑖 = 1 for all
𝑖 ∈ [ℓ], ℒ is said to be a single-stream instance.

The interference topology of an instance ℒ is specified by
a set ℰ of ordered pairs of distinct users. A pair (𝑗, 𝑘) ∈ ℰ
represents the generic MIMO channel state from the transmit-
ter of 𝑗 to the receiver of 𝑘 is non-zero and thus indicates the
interference from 𝑗 to 𝑘. In general, the interference topology
may be asymmetric, i.e., it is possible that (𝑗, 𝑘) ∈ ℰ but
(𝑘, 𝑗) /∈ ℰ . If ℰ consists of all possible (ℓ (ℓ− 1)) pairs, then
the interference topology is said to be complete. The first
projection of ℰ is the set

ℰ𝑇 = {𝑗 ∈ [ℓ] : ∃ 𝑘 ∈ [ℓ] , (𝑗, 𝑘) ∈ ℰ},
and the second projection of ℰ is the set

ℰ𝑅 = {𝑘 ∈ [ℓ] : ∃ 𝑗 ∈ [ℓ] , (𝑗, 𝑘) ∈ ℰ}.
In other words, ℰ𝑇 consists of the users which provoke
interference to at least one other user, whereas ℰ𝑅 consists
of the users which suffer interference from at least one other
user. For any user 𝑗 ∈ [ℓ], the set of users interfered by 𝑗 w.r.t.
ℰ is the set

Γ𝑜𝑢𝑡
ℰ (𝑗) = {𝑘 : (𝑗, 𝑘) ∈ ℰ} ;

in addition, Γ𝑜𝑢𝑡
ℰ [𝑗] denotes Γ𝑜𝑢𝑡

ℰ (𝑗) ∪ {𝑗}. For any user 𝑘 ∈
[ℓ], the set of users interfering 𝑘 w.r.t. ℰ is the set

Γ𝑖𝑛
ℰ (𝑘) = {𝑗 : (𝑗, 𝑘) ∈ ℰ} ;

in addition, Γ𝑖𝑛
ℰ [𝑗] denotes Γ𝑖𝑛

ℰ (𝑗)∪{𝑗}. The subscript ℰ may
be omitted if it is clear from the context. For any user 𝑗 ∈ [ℓ],
let ℰ − (𝑗, ⋅) be the interference topology obtained from ℰ by
removing all pairs (𝑗, 𝑘) ∈ ℰ ; and for any user 𝑘 ∈ [ℓ], let
ℰ − (⋅, 𝑘) be the interference topology obtained from ℰ by
removing all pairs (𝑗, 𝑘) ∈ ℰ .

The generic LIA feasibility, or simply feasibility, of ℒ
w.r.t. an interference topology ℰ was beautifully settled by
[8]. Suppose that{

A(𝑗,𝑘) ∈ ℂ
𝑑𝑘×(𝑀𝑗−𝑑𝑗) : (𝑗, 𝑘) ∈ ℰ

}
∪{

B(𝑗,𝑘) ∈ ℂ
𝑑𝑗×(𝑁𝑘−𝑑𝑘) : (𝑗, 𝑘) ∈ ℰ

}
is a set of 2 ∣ℰ∣ random matrics whose entries are drawn
independently from continuous distributions. These (random)
matrices define a (random) linear mapping

F:

( ∏
𝑗∈ℰ𝑇

ℂ
(𝑀𝑗−𝑑𝑗)×𝑑𝑗

)
×
( ∏

𝑘∈ℰ𝑅
ℂ

(𝑁𝑘−𝑑𝑘)×𝑑𝑘

)
→∏

(𝑗,𝑘)∈ℰ
ℂ

𝑑𝑗×𝑑𝑘

as follows. For each user 𝑗 ∈ ℰ𝑇 , let U(𝑗) ∈ ℂ
(𝑀𝑗−𝑑𝑗)×𝑑𝑗 be

the matrix of its (free) BF variables; for each user 𝑘 ∈ ℰ𝑅, let
V(𝑘) ∈ ℂ

𝑑𝑘×(𝑀𝑗−𝑑𝑗)
. be the matrix of its (free) ZF variables.

The image of these BF/ZF variables is{
F(𝑗,𝑘) =

(
A(𝑗,𝑘)U(𝑗)

)⊤
+B(𝑗,𝑘)V(𝑘) : (𝑗, 𝑘) ∈ ℰ

}
.

More specifically, F consists of the following
∑

(𝑗,𝑘)∈ℰ 𝑑𝑗𝑑𝑘
equations∪
(𝑗,𝑘)∈ℰ

{
𝑓 (𝑗,𝑘)
𝑝𝑞 = A

(𝑗,𝑘)
𝑞⋅ U

(𝑗)
⋅𝑝 +B

(𝑗,𝑘)
𝑝⋅ V

(𝑘)
⋅𝑞 : 𝑝 ∈ [𝑑𝑗 ] , 𝑞 ∈ [𝑑𝑘]

}
.

(1)
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Theorem 2.1: ℒ is feasible w.r.t. ℰ if and only if the
mapping F is surjective almost surely.

To facilitate the test of (almost sure) surjectivity of the
linear mapping F, a matrix form Φw of F is adopted, where
w is a column vector consisting of all BF variables∪

𝑗∈ℰ𝑇

{
𝑢(𝑗)𝑚𝑝 : 𝑚 ∈ [𝑀𝑗−𝑑𝑗 ] , 𝑝 ∈ [𝑑𝑗 ]

}
(2)

and all ZF variables∪
𝑘∈ℰ𝑅

{
𝑣(𝑘)𝑛𝑞 : 𝑛 ∈ [𝑁𝑘−𝑑𝑘] , 𝑞 ∈ [𝑑𝑘]

}
, (3)

and Φ is a matrix of dimensions( ∑
(𝑗,𝑘)∈ℰ

𝑑𝑗𝑑𝑘

)
×
( ∑

𝑗∈ℰ𝑇
(𝑀𝑗 − 𝑑𝑗) 𝑑𝑗 +

∑
𝑘∈ℰ𝑅

(𝑁𝑘 − 𝑑𝑘) 𝑑𝑘

)
.

The matrix Φ is uniquely determined by both the ordering of
the BF/ZF variables in (2) and (3) and the ordering of the
equations in (1). Accordingly, each row of Φ is indexed by
an (unique) equation in (1) and each column of Φ is indexed
by an (unique) BF/ZF variable in (2) and (3). Note that all
instantiations of Φ have the same row-rank, and checking the
feasibility of IA then reduces to check whether an instantiation
of Φ has full row-rank or not. Thus, any instantiation of Φ is
referred to as a LIA matrix of ℒ w.r.t. ℰ .

Inspired by Shub and Smale’s construction [2], [25] for
polynomial system solving, González et al. [8] proposed a
randomized algebraic test of the generic LIA feasibility. Let

ℎ =
∑

(𝑗,𝑘)∈ℰ
((𝑀𝑗 − 𝑑𝑗)𝑑𝑗 + (𝑁𝑘 − 𝑑𝑘)𝑑𝑘) .

Each round of the test chooses A(𝑗,𝑘), B(𝑗,𝑘) whose entries
are selected (i.i.d. uniformly) from the set{

𝑎+
√−1𝑏 : 0 ≤ 𝑎, 𝑏 ≤ ℎ; 𝑎, 𝑏 ∈ ℤ

}
.

and checks if F is surjective using exact linear algebra proce-
dures (such as the ones available in [5], [6]). Then,

∙ If ℒ is infeasible w.r.t. ℰ , the test always answers
infeasible.

∙ If ℒ is feasible w.r.t. ℰ , the test may answer infeasible
with a probability of at most 1/4.

The use of above test is very simple: if on a given choice of
A(𝑗,𝑘), B(𝑗,𝑘) the test answers feasible then ℒ is feasible w.r.t.
ℰ . If the test is run 𝑘 times and its answer is infeasible for all 𝑘
tests, then the algorithm can conclude that ℒ is infeasible w.r.t.
ℰ which may err with probability only at most 4−𝑘. Now, let
us take a careful look at the running time. The inputs have bit
length of

Θ

(
ℓ2 + ℓmax

(
1 + log2 max

𝑗∈[ℓ]
{𝑀𝑗 , 𝑁𝑗}

))
.

However, the running time is 𝑝𝑜𝑙𝑦
(
ℓ,max𝑗∈[ℓ] {𝑀𝑗 , 𝑁𝑗}

)
,

which is is only pseudo-polynomial unless

max
𝑗∈[ℓ]

{𝑀𝑗 , 𝑁𝑗} = 𝑝𝑜𝑙𝑦 (ℓ) .

It was noted in [8] that the randomized test lacks scalability in
both running time and memory requirement, and any algebraic

test by determining the rank of a very large matrix has intrinsic
limitations of being very computationally intensive and prone
to round-off errors in floating-point computations.

III. VARIANTS OF PROPERNESS

Consider an instance ℒ of users and an interference topol-
ogy ℰ of ℒ. ℒ is said to be proper w.r.t. ℰ if for any subset
of equations in (1) the number of BF/ZF variables involved is
at least equal to the number of equations in that subset. While
this definition of properness has 2

∑
(𝑗,𝑘)∈ℰ 𝑑𝑗𝑑𝑘 constraints,

we introduce an equivalent graph-theoretic characterization.
We construct a bipartite graph 𝐺 on equations and BF/ZF
variables as follows. The first class of the vertices consists of
all equations in (1); the second class of the vertices consists
of all BF variables in (2) and all ZF variables in (3). There
is an edge between an equation and a variable if and only
if the equation contains that variable. Then, the properness is
characterized by the following variant of Hall’s condition: for
every subset of equations, the number of their neighbors in 𝐺
is at least equal to the number of equations in that subset. By
a generalized Hall’s Theorem (cf. Theorem 16.7 in [24]), the
system is proper if and only if there exists a complete matching
of all equations 𝐺.

For any 𝐽 ⊆ ℰ𝑇 and 𝐾 ⊆ ℰ𝑅, let

ℰ [𝐽,𝐾] = {( 𝑗, 𝑘) ∈ ℰ ∣ 𝑗 ∈ 𝐽, 𝑘 ∈ 𝐾} .
ℒ is said to be weakly proper w.r.t. ℰ if for any 𝐽 ⊆ ℰ𝑇 and
𝐾 ⊆ ℰ𝑅, the number of variables appearing in the subset of
equations ∪

(𝑗,𝑘)∈ℰ[𝐽,𝐾]

{
𝑓 (𝑗,𝑘)
𝑝𝑞 : 𝑝 ∈ [𝑑𝑗 ] , 𝑞 ∈ [𝑑𝑘]

}
. (4)

is at least equal to the number of equations in this subset, that
is∑
𝑗∈𝐽

𝑑𝑗 (𝑀𝑗 − 𝑑𝑗) +
∑
𝑘∈𝐾

𝑑𝑘 (𝑁𝑘 − 𝑑𝑘) ≥
∑

( 𝑗,𝑘)∈ℰ[𝐽,𝐾]

𝑑𝑘𝑑𝑗 .

(5)
The total number of constraints is 2∣ℰ𝑇 ∣+∣ℰ𝑅∣, which is much
fewer but still exponential.

The properness (and consequently, weak properness) is
only a necessary condition of feasibility. Indeed, the symmetric
instance (3, 3, 2)

2 with a complete interference topology is
proper but is infeasible (cf. Example 17 in [29]). Next, we
introduce a strong variant of properness which is a sufficient
condition of feasibility. Let ℳ be a complete matching of the
equations with the variables. ℳ is said to be Tx-strong if each
group of equations

F
(𝑗,𝑘)
⋅𝑞 =

{
𝑓 (𝑗,𝑘)
𝑝𝑞 : 𝑝 ∈ [𝑑𝑗 ]

}
are either all matched with the BF variables or all matched with
the ZF variables in ℳ. Similarly, ℳ is said to be Rx-strong
if each group of equations

F
(𝑗,𝑘)
𝑝⋅ =

{
𝑓 (𝑗,𝑘)
𝑝𝑞 : 𝑞 ∈ [𝑑𝑘]

}
are either all matched with the BF variables or all matched with
the ZF variables in ℳ. In general, ℳ is said to be strong if
it is either Tx-strong or Rx-strong. The instance ℒ is said to
be Tx-strongly proper (resp., Rx-strongly proper) w.r.t. ℰ if
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it admits a Tx-strong (resp., Rx-strong) complete matching of
equations with the variables. In general, ℒ is said to be strongly
proper if it is either Tx-strongly proper or Rx-strongly proper.

Theorem 3.1: If ℒ is strongly proper w.r.t. ℰ , then ℒ is
feasible w.r.t. ℰ .

The proof of the above theorem is omitted here due to
the space limitation. In summary, the following sequence of
implications holds:

strong properness ⇒ feasibility ⇒ properness
⇒ weak properness.

IV. REDUCED INTERFERENCE TOPOLOGY

Consider an instance ℒ of users and an interference topol-
ogy ℰ of ℒ. A user 𝑗 is said to be Tx-superfluous w.r.t. ℰ if
𝑀𝑗 ≥ ∑

𝑘∈Γ𝑜𝑢𝑡
ℰ [𝑗] 𝑑𝑘. A user 𝑘 is said to be Rx-superfluous

w.r.t. ℰ if 𝑁𝑘 ≥ ∑
𝑗∈Γ𝑖𝑛

ℰ [𝑘] 𝑑𝑗 . If a user 𝑗 is Tx-superfluous
w.r.t. ℰ , then ℰ − (𝑗, ⋅) is referred to as a Tx-reduction of ℰ . If
a user 𝑘 ∈ ℰ𝑅 is Rx-superfluous w.r.t. ℰ , then the ℰ − (⋅, 𝑘) is
referred to as a Rx-reduction of ℰ . An interference topology
ℰ ′ of ℒ is said to be a reduction of ℰ if it is either a Tx-
reduction of ℰ or a Rx-reduction of ℰ . The next theorem below
shows that the reduction operation does not change feasibility,
properness, strong properness, and weak properness.

Theorem 4.1: Suppose that ℰ ′ is a reduction of ℰ . Then,
ℒ is feasible (respectively, proper, strongly proper, weakly
proper) w.r.t. ℰ iff ℒ is feasible (respectively, proper, strongly
proper, weakly proper) w.r.t. ℰ ′.

The proof of the above theorem is omitted here due to the
space limitation.

An interference topology ℰ ′ of ℒ is said to be irreducible if
no user is Tx-superfluous w.r.t. ℰ ′ or Rx-superfluous w.r.t. ℰ ′.
An irreducible interference topology ℰ ′ of ℒ can be obtained
by ℰ by a (arbitrary) sequence of reductions. Theorem 4.1 im-
plies that ℒ has the same feasibility (respectively, properness,
strong properness, and weak properness) w.r.t. ℰ as w.r.t. ℰ ′.
Thus, we assume that the interference topology ℰ is irreducible
subsequently.

V. NETWORK-FLOW BASED TESTS

In this section, we consider an instance ℒ of users and
an irreducible interference topology ℰ of ℒ, and present
flow-based tests of weak properness, properness, and strong
properness and their implications on feasibility test.

A. Weak Properness

In this subsection, we present flow-based test of weak
properness. We construct two flow networks 𝒩1 and 𝒩2 as
follows. Let 𝑠 and 𝑡 be two distinct source and sink vertices.
Both networks have the same vertex set

{𝑠, 𝑡} ∪
{
U(𝑗) : 𝑗 ∈ ℰ𝑇

}
∪
{
V(𝑘) : 𝑘 ∈ ℰ𝑅

}
,

and the same arc set{(
𝑠,U(𝑗)

)
: 𝑗 ∈ ℰ𝑇

}
∪
{(

V(𝑘), 𝑡
)
: 𝑘 ∈ ℰ𝑅

}
∪{(

U(𝑗),V(𝑘)
)
: (𝑗, 𝑘) ∈ ℰ

}

The arc capacities in these two flow networks are given
in Table I. Both flow networks have 𝑂 (ℓ) vertices and
𝑂 (∣ℰ∣+ ℓ) arcs. Thus, a maximum 𝑠-𝑡 flow can be computed
in time �̃� (ℓ (∣ℰ∣+ ℓ)) (cf. Section 10.8b in [24]). By the
celebrated max-flow min-cut theorem, the maximum 𝑠-𝑡 flow
in 𝒩1 has value at most

∑
𝑗∈ℰ𝑇 𝑑𝑗

(∑
𝑘∈Γ𝑜𝑢𝑡[𝑗] 𝑑𝑘 −𝑀𝑗

)
,

and the maximum 𝑠-𝑡 flow in 𝒩2 has value at most∑
𝑘∈ℰ𝑅 𝑑𝑘

(∑
𝑗∈Γ𝑖𝑛[𝑘] 𝑑𝑗 −𝑁𝑘

)
. The theorem below shows

that these upper bounds are achievable if and only if ℒ is
weakly proper w.r.t. ℰ .

𝒩1 𝒩2(
𝑠,U(𝑗)

)
𝑑𝑗

( ∑
𝑘∈Γ𝑜𝑢𝑡[𝑗]

𝑑𝑘 −𝑀𝑗

)
𝑑𝑗 (𝑀𝑗 − 𝑑𝑗)

(
V(𝑘), 𝑡

)
𝑑𝑘 (𝑁𝑘 − 𝑑𝑘) 𝑑𝑘

⎛
⎝ ∑

𝑗∈Γ𝑖𝑛[𝑘]

𝑑𝑗 −𝑁𝑘

⎞
⎠

(
U(𝑗),V(𝑘)

)
𝑑𝑗𝑑𝑘 𝑑𝑗𝑑𝑘

TABLE I. THE ARC CAPACITIES IN THE FLOW NETWORKS 𝒩1 AND 𝒩2

.

Theorem 5.1: The following three properties are equiva-
lent:

1) ℒ is weakly proper w.r.t. ℰ .
2) The maximum 𝑠-𝑡 flow in 𝒩1 has value∑

𝑗∈ℰ𝑇 𝑑𝑗
(∑

𝑘∈Γ𝑜𝑢𝑡[𝑗] 𝑑𝑘 −𝑀𝑗

)
.

3) The maximum 𝑠-𝑡 flow in 𝒩2 has value∑
𝑘∈ℰ𝑅 𝑑𝑘

(∑
𝑗∈Γ𝑖𝑛[𝑘] 𝑑𝑗 −𝑁𝑘

)
.

Proof: By symmetry, we only prove the equivalence of
the first two properties. Recall that any subset 𝑆 of vertices
in 𝒩1 which contain 𝑠 but not 𝑡 defines an 𝑠-𝑡 cut in in 𝒩1,
and its capacity is denoted by 𝑐𝑢𝑡 (𝑆). Thus, any 𝑠-𝑡 cut in
𝒩1 consists of 𝑠, a subset 𝐽 of ℰ𝑇 and a subset 𝐾 of ℰ𝑅. Let

𝜎 =
∑
𝑗∈ℰ𝑇

𝑑𝑗

⎛⎝ ∑
𝑘∈Γ𝑜𝑢𝑡[𝑗]

𝑑𝑘 −𝑀𝑗

⎞⎠ .

For any 𝐽 ⊆ ℰ𝑇 and 𝐾 ⊆ ℰ𝑅, let

𝛿 (𝐽,𝐾) =
∑
𝑘∈𝐾

𝑑𝑘 (𝑁𝑘 − 𝑑𝑘) +
∑
𝑗∈𝐽

𝑑𝑗 (𝑀𝑗 − 𝑑𝑗)

−
∑

( 𝑗,𝑘)∈ℰ[𝐽,𝐾]

𝑑𝑘𝑑𝑗 .

Consider any 𝐽 ⊆ ℰ𝑇 and any 𝐾 ⊆ ℰ𝑅. We claim that

𝑐𝑢𝑡 ({𝑠} ∪ 𝐽 ∪𝐾) = 𝜎 + 𝛿 (𝐽,𝐾) .

Indeed,

𝑐 (ℰ (𝐽, ℰ𝑅))−
∑
𝑗∈𝐽

𝑐 (𝑠, 𝑢𝑗)

=
∑
𝑗∈𝐽

𝑑𝑗
∑

𝑘∈𝑁𝑜𝑢𝑡(𝑗)

𝑑𝑘 −
∑
𝑗∈𝐽

𝑑𝑗

⎛⎝ ∑
𝑘∈𝑁𝑜𝑢𝑡[𝑗]

𝑑𝑘 −𝑀𝑗

⎞⎠
=
∑
𝑗∈𝐽

𝑑𝑗 (𝑀𝑗 − 𝑑𝑗)
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Therefore,

𝑐𝑢𝑡 ({𝑠} ∪ 𝐽 ∪𝐾)

=
∑

𝑗∈ℰ𝑇 ∖𝐽
𝑐 (𝑠, 𝑢𝑗) + 𝑐 (ℰ [𝐽, ℰ𝑅 ∖𝐾]) +

∑
𝑘∈𝐾

𝑐 (𝑣𝑘, 𝑡)

=
∑
𝑗∈ℰ𝑇

𝑐 (𝑠, 𝑢𝑗)−
∑
𝑗∈𝐽

𝑐 (𝑠, 𝑣𝑗) + 𝑐 (ℰ [𝐽, ℰ𝑅])

− 𝑐 (ℰ [𝐽,𝐾]) +
∑
𝑘∈𝐾

𝑐 (𝑣𝑘, 𝑡)

= 𝜎 +
∑
𝑗∈𝐽

𝑑𝑗 (𝑀𝑗 − 𝑑𝑗)−
∑

( 𝑘,𝑗)∈ℰ[𝐽,𝐾]

𝑑𝑘𝑑𝑗

+
∑
𝑘∈𝐾

𝑑𝑘 (𝑁𝑘 − 𝑑𝑘)

= 𝜎 + 𝛿 (𝐽,𝐾) .

Now, we prove that the first property implies the sec-
ond property. Suppose that the first property holds. Then,
𝛿 (𝐽,𝐾) ≥ 0 for any 𝐽 ⊆ ℰ𝑇 and 𝐾 ⊆ ℰ𝑅. So, any 𝑠-𝑡
cut has capacity at least 𝜎. By the max-flow min-cut theorem,
the maximum 𝑠-𝑡 flow in 𝒩1 has value at least 𝜎.On the other
hand, the maximum 𝑠-𝑡 flow in 𝒩1 has value at most 𝜎. Thus,
the second property holds.

Next, we prove that the second property implies the first
property. the necessary part. Suppose that the second property
holds. By the max-flow min-cut theorem, any 𝑠-𝑡 has capacity
at least 𝜎. Hence, 𝛿 (𝐽,𝐾) ≥ 0 for any 𝐽 ⊆ ℰ𝑇 and 𝐾 ⊆ ℰ𝑅.
So, the first property holds.

In case that all users have a uniform number 𝑑 of streams,
we construct two “slimmed” flow networks 𝒩 ′1 and 𝒩 ′2 from
𝒩1 and 𝒩2 respectively by resetting the the arc capacities with
the values given in Table II. The next theorem is an immediate
consequence of Theorem 5.1 and a simultaneous scaling of
flow and capacities.

𝒩 ′
1 𝒩 ′

2(
𝑠,U(𝑗)

) ∣∣Γ𝑜𝑢𝑡 [𝑗]
∣∣ 𝑑−𝑀𝑗 𝑀𝑗 − 𝑑(

V(𝑘), 𝑡
)

𝑁𝑘 − 𝑑
∣∣Γ𝑖𝑛 [𝑘]

∣∣ 𝑑−𝑁𝑘(
U(𝑗),V(𝑘)

)
𝑑 𝑑

TABLE II. THE ARC CAPACITIES IN THE FLOW NETWORKS 𝒩 ′
1 AND

𝒩 ′
2 .

Theorem 5.2: Suppose that all users in ℒ have a uniform
number 𝑑 of streams. Then the following three properties are
equivalent:

∙ ℒ is weakly proper w.r.t. ℰ .

∙ The maximum 𝑠-𝑡 flow in 𝒩 ′1 has value∑
𝑗∈ℰ𝑇 (∣Γ𝑜𝑢𝑡 [𝑗]∣ 𝑑−𝑀𝑗) .

∙ The maximum 𝑠-𝑡 flow in 𝒩 ′2 has value∑
𝑘∈ℰ𝑅

(∣∣Γ𝑖𝑛 [𝑘]
∣∣ 𝑑−𝑁𝑘

)
.

In case that ℒ is symmetric and ℰ is complete, we have
the following straightforward test of weak properness.

Theorem 5.3: Suppose that ℒ = (𝑀,𝑁, 𝑑)
ℓ and ℰ is

complete. Then, ℒ is weakly proper w.r.t. ℰ if and only if
𝑀 +𝑁 ≥ (ℓ+ 1) 𝑑.

Proof: The necessary part holds trivially from equation (5)
with 𝐽 = 𝐾 = [ℓ]. Subsequently, we prove the sufficient part
using Theorem 5.2. Consider the flow network 𝒩 ′1.

(
𝑠,U(𝑗)

)
capacity ℓ𝑑−𝑀 ,

(
V(𝑘), 𝑡

)
capacity 𝑁 − 𝑑 and

(
U(𝑗),V(𝑘)

)
with 𝑗 ∕= 𝑘 capacity 𝑑. We construct a (fractional) flow of
value ℓ (ℓ𝑑−𝑀) as follows. First, each arc

(
𝑠,U(𝑗)

)
carries

a flow of value ℓ𝑑 −𝑀 , which is its capacity. Then, at each
U(𝑗), its incoming flow is evenly split evenly over the ℓ − 1
arcs leaving itself. In other words, each arc

(
U(𝑗),V(𝑘)

)
with

𝑗 ∕= 𝑘 carries a flow of amount ℓ𝑑−𝑀
ℓ−1 , which is no more than

its capacity 𝑑 as

ℓ𝑑−𝑀

ℓ− 1
≤ ℓ𝑑− 𝑑

ℓ− 1
= 𝑑.

At this moment, the total flow entering each V(𝑘) has amount

ℓ𝑑−𝑀

ℓ− 1
(ℓ− 1) = ℓ𝑑−𝑀.

This amount of flow is forwarded to 𝑡 and does not exceed the
capacity 𝑁−𝑑 of the arc

(
V(𝑘), 𝑡

)
as ℓ𝑑−𝑀 ≤ 𝑁−𝑑. Thus,

we get a feasible flow of value ℓ (ℓ𝑑−𝑀). By Theorem 5.2,
ℒ is weakly proper w.r.t. ℰ .

We remark that the special case of the above theorem in
which 𝑀 = 𝑁 appeared in [3], [27].

B. Properness

In this subsection, we present flow-based test of properness.
We construct two flow networks 𝒩3 and 𝒩4 as follows. Let 𝑠
and 𝑡 be two distinct source and sink vertices. Both networks
have the same vertex set

{𝑠, 𝑡} ∪
(∪

𝑗∈ℰ𝑇
{
U

(𝑗)
⋅𝑝 : 𝑝 ∈ [𝑑𝑗 ]

})
∪(∪

𝑘∈ℰ𝑅
{
V

(𝑘)
⋅𝑞 : 𝑞 ∈ [𝑑𝑘]

})
and the same arc set(∪

𝑗∈ℰ𝑇
{(

𝑠,U
(𝑗)
⋅𝑝
)
: 𝑝 ∈ [𝑑𝑗 ]

})
∪(∪

𝑘∈ℰ𝑅
{(

V
(𝑘)
⋅𝑞 , 𝑡

)
: 𝑞 ∈ [𝑑𝑘]

})
∪(∪

(𝑗,𝑘)∈ℰ
{(

U
(𝑗)
⋅𝑝 ,V

(𝑘)
⋅𝑞
)
: 𝑝 ∈ [𝑑𝑗 ] , 𝑞 ∈ [𝑑𝑘]

})
The arc capacities in these two flow networks are given in
Table III. Both flow networks have

2 +
∑
𝑗∈ℰ𝑇

𝑑𝑗 +
∑
𝑗∈ℰ𝑅

𝑑𝑘

vertices and ∑
𝑗∈ℰ𝑇

𝑑𝑗 +
∑
𝑗∈ℰ𝑅

𝑑𝑘 +
∑

( 𝑘,𝑗)∈ℰ
𝑑𝑘𝑑𝑗

arcs. Thus, a maximum 𝑠-𝑡 flow can be computed in time (cf.
Section 10.8b in [24])

�̃�

⎛⎝⎛⎝∑
𝑗∈ℰ𝑇

𝑑𝑗 +
∑
𝑗∈ℰ𝑅

𝑑𝑘

⎞⎠⎛⎝ ∑
( 𝑘,𝑗)∈ℰ

𝑑𝑘𝑑𝑗

⎞⎠⎞⎠ .

By the max-flow min-cut theorem, the maximum 𝑠-𝑡 flow
in 𝒩3 has value at most

∑
𝑗∈ℰ𝑇 𝑑𝑗

(∑
𝑘∈Γ𝑜𝑢𝑡[𝑗] 𝑑𝑘 −𝑀𝑗

)
,

and the maximum 𝑠-𝑡 flow in 𝒩4 has value at most
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∑
𝑘∈ℰ𝑅 𝑑𝑘

(∑
𝑗∈Γ𝑖𝑛[𝑘] 𝑑𝑗 −𝑁𝑘

)
. The theorem below shows

that these upper bounds are achievable if and only if ℒ is
proper w.r.t. ℰ . Note that any 𝑠-𝑡 flow can be fully determined
by the flow amount through the arcs

(
U

(𝑗)
⋅𝑝 ,V

(𝑘)
⋅𝑞
)

by the flow
conservation law.

𝒩3 𝒩4(
𝑠,U

(𝑗)
⋅𝑝
) ∑

𝑘∈Γ𝑜𝑢𝑡[𝑗]

𝑑𝑘 −𝑀𝑗 𝑀𝑗 − 𝑑𝑗(
V

(𝑘)
⋅𝑞 , 𝑡

)
𝑁𝑘−𝑑𝑘

∑
𝑗∈Γ𝑖𝑛[𝑘]

𝑑𝑗 −𝑁𝑘(
U

(𝑗)
⋅𝑝 ,V

(𝑘)
⋅𝑞
)

1 1

TABLE III. THE ARC CAPACITIES IN THE FLOW NETWORKS 𝒩3 AND

𝒩4 .

Theorem 5.4: The following three properties are equiva-
lent:

1) ℒ is proper w.r.t. ℰ .
2) The maximum 𝑠-𝑡 flow in 𝒩3 has value∑

𝑗∈ℰ𝑇 𝑑𝑗
(∑

𝑘∈Γ𝑜𝑢𝑡[𝑗] 𝑑𝑘 −𝑀𝑗

)
.

3) The maximum 𝑠-𝑡 flow in 𝒩4 has value∑
𝑘∈ℰ𝑅 𝑑𝑘

(∑
𝑗∈Γ𝑖𝑛[𝑘] 𝑑𝑗 −𝑁𝑘

)
.

Proof: By symmetry, we only prove the equivalence of
the first two properties.

We first prove that first property implies the second prop-
erty. Suppose the ℒ is proper w.r.t. ℰ . Let ℳ be a maximum
matching of 𝐺 in which the largest number of BF variables
are matched. We claim that all BF variables are matched with
some equation in ℳ. Assume to the contrary that for some
BF block U

(𝑗)
⋅𝑝 , not all its variables are matched in ℳ. Since

the number of equations containing the BF variables in U
(𝑗)
⋅𝑝

is exactly

∑
𝑘∈Γ𝑜𝑢𝑡(𝑗)

𝑑𝑘 =

⎛⎝ ∑
𝑘∈Γ𝑜𝑢𝑡[𝑗]

𝑑𝑘 −𝑀𝑗

⎞⎠+𝑀𝑗 − 𝑑𝑗 > 𝑀𝑗 − 𝑑𝑗 ,

at least one of these equations is matched with a BF variable.
For such equation, we can re-match it with a BF variable
in U

(𝑗)
⋅𝑝 . The new matching maintained the same size but

has matched strictly more BF variables than ℳ, which is a
contradiction. Thus, our claim holds.

From this matching ℳ, we construct an 𝑠-𝑡 flow by
specifying the amount of flow through each arc

(
U

(𝑗)
⋅𝑝 ,V

(𝑘)
⋅𝑞
)

:

If the equation 𝑓
(𝑗,𝑘)
𝑝𝑞 is matched with a BF variable, then

the flow through the arc is one; otherwise, zero. By the flow
conservation, the amount of flow through each arc

(
𝑠,U

(𝑗)
⋅𝑝
)

is exactly the total number of equations containing the BF
variables in U

(𝑗)
⋅𝑝 and matched with the BF variables, which is∑

𝑘∈Γ𝑜𝑢𝑡(𝑗)

𝑑𝑘 − (𝑀𝑗 − 𝑑𝑗) =
∑

𝑘∈Γ𝑜𝑢𝑡[𝑗]

𝑑𝑘 −𝑀𝑗 .

Similarly, the amount of flow through each arc
(
V

(𝑘)
⋅𝑞 , 𝑡

)
is exactly the total number of equations matched with
the ZF variables in V

(𝑘)
⋅𝑞 , which is at most 𝑁𝑘 − 𝑑𝑘.

Thus, this flow is feasible, and its total value is exactly

∑
𝑗∈ℰ𝑇 𝑑𝑗

(∑
𝑘∈Γ𝑜𝑢𝑡[𝑗] 𝑑𝑘 −𝑀𝑗

)
. This completes the neces-

sary part.

Next, we prove that second property implies the first
property. Suppose that the second property holds. Since all
arc capacities in 𝒩3 are integers, there is an integral flow.
The amount of flow through each arc

(
𝑠,U

(𝑗)
⋅𝑝
)

is exactly∑
𝑘∈Γ𝑜𝑢𝑡[𝑗] 𝑑𝑘 − 𝑀𝑗 , and the amount of flow through each

arc
(
U

(𝑗)
⋅𝑝 ,V

(𝑘)
⋅𝑞
)

is either zero or one. The flow induces a

matching scheme as follows: Each equation 𝑓
(𝑗,𝑘)
𝑝𝑞 is matched

with a ZF (respectively, BF) variable if the amount of flow
through the arc

(
U

(𝑗)
⋅𝑝 ,V

(𝑘)
⋅𝑞
)

is one (respectively, zero). Under
this scheme, the number of equations which contain the BF
variables in U

(𝑗)
⋅𝑝 but are matched with the ZF variables is

exactly the amount of flow leaving (and equivalently, entering)
U

(𝑗)
⋅𝑝 , which is exactly

∑
𝑘∈Γ𝑜𝑢𝑡[𝑗] 𝑑𝑘 −𝑀𝑗 . Thus, the number

of equations expected to be matched with the BF variables in
U

(𝑗)
⋅𝑝 is exactly

∑
𝑘∈Γ𝑜𝑢𝑡(𝑗)

𝑑𝑘 −
⎛⎝ ∑

𝑘∈Γ𝑜𝑢𝑡[𝑗]

𝑑𝑘 −𝑀𝑗

⎞⎠ = 𝑀𝑗 − 𝑑𝑗 ,

Similarly, the number of equations expected to be matched
with the ZF variables in V

(𝑘)
⋅𝑞 is exactly the amount of flow

entering (and equivalently, leaving) V
(𝑘)
⋅𝑞 , which is at most

𝑁𝑘−𝑑𝑘. Thus, such matching scheme is realizable.

In case that all users have a uniform number of streams,
the next theorem reveals the equivalence of weaker properness
and properness.

Theorem 5.5: Suppose that all users in ℒ have a uniform
number 𝑑 of streams. Then, ℒ is proper w.r.t. ℰ if and only if
ℒ is weakly proper w.r.t. ℰ .

Proof: The necessary part is trivial, and we only prove
the sufficient part. Suppose that ℒ is weakly proper w.r.t. ℰ .
By Theorem 5.2, the flow network 𝒩 ′1 has an integral 𝑠-𝑡 flow
of value

∑
𝑗∈ℰ𝑇 (∣Γ𝑜𝑢𝑡 [𝑗]∣ 𝑑−𝑀𝑗). Let 𝑦𝑗𝑘 be the amount of

this flow though
(
U(𝑗),V(𝑘)

)
in 𝒩 ′1. Then, 𝑦𝑗𝑘 ≤ 𝑑. By the

flow conservation law,∑
𝑗∈Γ𝑖𝑛(𝑘)

𝑦𝑗𝑘 ≤ 𝑁𝑘 − 𝑑, ∀𝑘 ∈ ℰ𝑅;∑
𝑘∈𝑁𝑜𝑢𝑡(𝑗)

𝑦𝑗𝑘 =
∣∣Γ𝑜𝑢𝑡 [𝑗]

∣∣ 𝑑−𝑀𝑗 , ∀𝑗 ∈ ℰ𝑇 .

We shall construct an 𝑠-𝑡 flow in 𝒩3 by specifying the amount
of flow through each arc

(
U

(𝑗)
⋅𝑝 ,V

(𝑘)
⋅𝑞
)

below.

Consider any (𝑗, 𝑘) ∈ ℰ . For each 𝑙 ∈ [𝑦𝑗𝑘], we

define a perfect matching between
{
U

(𝑗)
⋅𝑝 : 𝑝 ∈ [𝑑]

}
and{

V
(𝑘)
⋅𝑞 : 𝑞 ∈ [𝑑]

}
by{(

U
(𝑗)
⋅𝑝 ,V

(𝑘)
⋅𝑞
)
: 𝑝 ∈ [𝑑] , 𝑞 = (𝑝+ 𝑙 − 1)mod 𝑑+ 1

}
.

Since 𝑦𝑗𝑘 ≤ 𝑑, the union of these 𝑦𝑗𝑘 perfect matching is a
𝑦𝑗𝑘-regular bipartite graph 𝐺𝑗𝑘 on{

U
(𝑗)
⋅𝑝 : 𝑝 ∈ [𝑑]

}
∪
{
V

(𝑘)
⋅𝑞 : 𝑞 ∈ [𝑑]

}
.
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Then, the amount of flow in 𝒩3 through the arc
(
U

(𝑗)
⋅𝑝 ,V

(𝑘)
⋅𝑞
)

is one if U
(𝑗)
⋅𝑝 and V

(𝑘)
⋅𝑞 are adjacent in 𝐺𝑗𝑘, and zero

otherwise. We verify that such flow is feasible and has value
exactly

∑
𝑗∈ℰ𝑇 (∣Γ𝑜𝑢𝑡 [𝑗]∣ 𝑑−𝑀𝑗) .

Since 𝐺𝑗𝑘 is 𝑦𝑗𝑘-regular, the total amount of flow leaving

U
(𝑗)
⋅𝑝 for

{
V

(𝑘)
⋅𝑞 : 𝑞 ∈ [𝑑]

}
is exactly 𝑦𝑗𝑘. So, the total amount

of flow leaving U
(𝑗)
⋅𝑝 is exactly∑

𝑘∈Γ𝑜𝑢𝑡(𝑗)

𝑦𝑗𝑘 = 𝑑
∣∣Γ𝑜𝑢𝑡 [𝑗]

∣∣−𝑀𝑗 .

By the flow conservation, this is also the exact amount of flow
through each arc

(
𝑠,U

(𝑗)
⋅𝑝
)

. Similarly, the total amount of flow

entering V
(𝑘)
⋅𝑞 from

{
U

(𝑗)
⋅𝑝 : 𝑝 ∈ [𝑑]

}
is exactly 𝑦𝑗𝑘, and the

total amount of flow leaving V
(𝑘)
⋅𝑞 is exactly∑

𝑗∈Γ𝑖𝑛{𝑘}
𝑦𝑗𝑘 ≤ 𝑁𝑘 − 𝑑.

By the flow conservation, the amount of flow through the arc(
V

(𝑘)
⋅𝑞 , 𝑡

)
is 𝑁𝑘−𝑑. Thus, the flow is feasible. The value of this

flow, which is the total amount of flow leaving 𝑠, is exactly∑
𝑗∈ℰ𝑇 (∣Γ𝑜𝑢𝑡 [𝑗]∣ 𝑑−𝑀𝑗) . By Theorem 5.5, the systems is

proper.

The above theorem and Theorem 5.3 yields the following
corollary immediately.

Corollary 5.6: Suppose that ℒ = (𝑀,𝑁, 𝑑)
ℓ and ℰ is

complete. Then, the following three properties are equivalent:

1) ℒ is proper w.r.t. ℰ .
2) ℒ is weakly proper w.r.t. ℰ .
3) 𝑀 +𝑁 ≥ (ℓ+ 1) 𝑑.

The equivalence of the first and the third properties in the
above corollary first appeared as Theorem 1 in [29] and was
utilized to derive several important corollaries. However, [29]
only gives the proof of the (easier) implication of the third
property from the first property. The reverse direction was left
unproven.

C. Strong Properness

The test of strong properness appears to be intractable
in general. In this subsection, we present a flow-based test
of strong properness in the uniform-stream setting. Suppose
that all users in ℒ have a uniform number 𝑑 of streams.
We construct two flow networks 𝒩5 and 𝒩6 from 𝒩1 and
𝒩2 respectively by resetting the the arc capacities with the
values given in Table IV. By the max-flow min-cut the-
orem, the maximum 𝑠-𝑡 flow in 𝒩5 has value at most∑

𝑗∈ℰ𝑇 (∣Γ𝑜𝑢𝑡 [𝑗]∣ 𝑑−𝑀𝑗), and the maximum 𝑠-𝑡 flow in 𝒩6

has value at most
∑

𝑘∈ℰ𝑅
(∣∣Γ𝑖𝑛 [𝑘]

∣∣ 𝑑−𝑁𝑘

)
.

Theorem 5.7: The following two statements hold:

1) ℒ is Tx-strongly proper w.r.t. ℰ if and only if the max-
imum 𝑠-𝑡 flow in 𝒩5 is

∑
𝑗∈ℰ𝑇 (∣Γ𝑜𝑢𝑡 [𝑗]∣ 𝑑−𝑀𝑗) .

2) ℒ is Rx-strongly proper w.r.t. ℰ if and only if the max-
imum 𝑠-𝑡 flow in 𝒩6 is

∑
𝑘∈ℰ𝑅

(∣∣Γ𝑖𝑛 [𝑘]
∣∣ 𝑑−𝑁𝑘

)
.

𝒩5 𝒩6(
𝑠,U(𝑗)

)
𝑑
∣∣Γ𝑜𝑢𝑡 [𝑗]

∣∣ 𝑑−𝑀𝑗

⌊
𝑀𝑗
𝑑

⌋
𝑑− 𝑑(

V(𝑘), 𝑡
) ⌊

𝑁𝑘
𝑑

⌋
𝑑− 𝑑

∣∣Γ𝑖𝑛 [𝑘]
∣∣ 𝑑−𝑁𝑘(

U(𝑗),V(𝑘)
)

𝑑 𝑑

TABLE IV. THE ARC CAPACITIES IN THE FLOW NETWORKS 𝒩5 AND

𝒩6 .

Proof: By symmetry, we only prove the first statement.

We first prove the necessary part. Suppose that ℒ is Tx-
strongly proper w.r.t. ℰ . Let ℳ be a maximum Tx-strong
matching in which the largest number of BF variables are
matched. Since ℳ is Tx-strong, for any 𝑗 all of the BF block
U

(𝑗)
⋅𝑝 for 𝑝 ∈ [𝑑] have the same number of matched variables,

which is denoted by 𝜏𝑗 . We claim that all BF variables are
matched in ℳ; in other words, 𝜏𝑗 = 𝑀𝑗 − 𝑑 for each 𝑗.
Assume to the contrary that for some 𝑗, 𝜏𝑗 < 𝑀𝑗 − 𝑑. Since
the number of equations containing the BF variables in U

(𝑗)
⋅1

is exactly∣∣Γ𝑜𝑢𝑡 (𝑗)
∣∣ 𝑑 =

(∣∣Γ𝑜𝑢𝑡 [𝑗]
∣∣ 𝑑−𝑀𝑗

)
+𝑀𝑗 − 𝑑 > 𝑀𝑗 − 𝑑,

at least one of these equations is matched with a ZF variable.
Let 𝑓 (𝑗,𝑘)

1𝑞 be a such equation. Since ℳ is TX-strong, all of the

𝑑 equations in the group F
(𝑗,𝑘)
⋅𝑞 are matched with ZF variables.

For each 𝑝 ∈ [𝑑], we can re-match 𝑓 (𝑗,𝑘)
𝑝𝑞 with a BF variable in

U
(𝑗)
⋅𝑝 which is unmatched in ℳ. The new matching maintains

the same size and is still Tx-strong; but it has matched strictly
more BF variables than ℳ, which is a contradiction. Thus,
our claim holds.

From the matching ℳ, we construct an 𝑠-𝑡 flow in
in 𝒩5 by specifying the amount of flow through each arc(
U(𝑗),V(𝑘)

)
as follows. For any (𝑗, 𝑘) ∈ ℰ and 𝑞 ∈ [𝑑],

let 𝑥𝑗𝑘𝑞 = 1 if the group F
(𝑗,𝑘)
⋅𝑞 of equations are matched

with ZF variables, and 𝑥𝑗𝑘𝑞 = 0 otherwise. In addition, let
𝑥𝑗𝑘 =

∑
𝑞∈[𝑑𝑘]

𝑥𝑗𝑘𝑞. Clearly, 𝑥𝑗𝑘 ≤ 𝑑. The amount of flow
through the arc

(
U(𝑗),V(𝑘)

)
is exactly 𝑥𝑗𝑘. By the flow

conservation, the total flow through the arc
(
𝑠,U(𝑗)

)
is exactly∑

𝑘∈Γ𝑜𝑢𝑡(𝑗) 𝑥𝑗𝑘, and the total flow through the arc
(
V(𝑘), 𝑡

)
is exactly

∑
𝑘∈Γ𝑜𝑢𝑡(𝑗) 𝑥𝑗𝑘. We shall show that∑

𝑘∈Γ𝑜𝑢𝑡(𝑗)

𝑥𝑗𝑘 =
∣∣Γ𝑜𝑢𝑡 [𝑗]

∣∣ 𝑑−𝑀𝑗 , ∀𝑗 ∈ ℰ𝑇 ;

∑
𝑗∈Γ𝑖𝑛(𝑘)

𝑥𝑗𝑘 ≤ 𝑑

(⌊
𝑁𝑘

𝑑

⌋
− 1

)
, ∀𝑘 ∈ ℰ𝑅.

These properties yields that the flow is feasible and
its value is the maximum possible one given by∑

𝑗∈ℰ𝑇 (∣Γ𝑜𝑢𝑡 [𝑗]∣ 𝑑−𝑀𝑗) .

Consider any 𝑗 ∈ ℰ𝑇 and any 𝑝 ∈ [𝑑]. On one hand, the the
total number of matched variables in U

(𝑗)
⋅𝑝 is exactly 𝑀𝑗 − 𝑑.

On the other hand, the total number of matched variables in
U

(𝑗)
⋅𝑝 is exactly∑

𝑘∈Γ𝑜𝑢𝑡(𝑗)

∑
𝑞∈[𝑑]

(1− 𝑥𝑗𝑘𝑞) =
∣∣Γ𝑜𝑢𝑡 (𝑗)

∣∣ 𝑑− ∑
𝑘∈Γ𝑜𝑢𝑡(𝑗)

∑
𝑞∈[𝑑]

𝑥𝑗𝑘𝑞

=
∣∣Γ𝑜𝑢𝑡 (𝑗)

∣∣ 𝑑− ∑
𝑘∈Γ𝑜𝑢𝑡(𝑗)

𝑥𝑗𝑘.
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Thus, ∣∣Γ𝑜𝑢𝑡 (𝑗)
∣∣ 𝑑− ∑

𝑘∈Γ𝑜𝑢𝑡(𝑗)

𝑥𝑗𝑘 =𝑀𝑗 − 𝑑,

which implies that∑
𝑘∈Γ𝑜𝑢𝑡(𝑗)

𝑥𝑗𝑘 = 𝑑
∣∣Γ𝑜𝑢𝑡 [𝑗]

∣∣−𝑀𝑗 .

Consider any 𝑘 ∈ ℰ𝑅 and any 𝑞 ∈ [𝑑]. For any 𝑗 ∈ Γ𝑖𝑛 (𝑘)

with 𝑥𝑗𝑘𝑞 = 1, all the 𝑑 equations in the group F
(𝑗,𝑘)
⋅𝑞 are

matched with ZF variables of V(𝑘)
⋅𝑞 . Thus, the total number of

matched variables in V
(𝑘)
⋅𝑞 is∑

𝑗∈Γ𝑖𝑛(𝑘)

𝑥𝑗𝑘𝑞𝑑 ≤ 𝑁𝑘 − 𝑑,

which implies ∑
𝑗∈Γ𝑖𝑛(𝑘)

𝑥𝑗𝑘𝑞 ≤ 𝑁𝑘

𝑑
− 1.

Since the left-hand side is an integer, we further have∑
𝑗∈Γ𝑖𝑛(𝑘)

𝑥𝑗𝑘𝑞 ≤
⌊
𝑁𝑘

𝑑

⌋
− 1.

Thus, ∑
𝑗∈Γ𝑖𝑛(𝑘)

𝑥𝑗𝑘 =
∑

𝑗∈Γ𝑖𝑛(𝑘)

∑
𝑞∈[𝑑]

𝑥𝑗𝑘𝑞 =
∑
𝑞∈[𝑑]

∑
𝑗∈Γ𝑖𝑛(𝑘)

𝑥𝑗𝑘𝑞

≤ 𝑑

(⌊
𝑁𝑘

𝑑

⌋
− 1

)
.

Next, we prove the sufficient part. Suppose that the second
property holds. Suppose that the maximum 𝑠-𝑡 flow in 𝒩5

is exactly
∑

𝑗∈ℰ𝑇 (∣Γ𝑜𝑢𝑡 [𝑗]∣ 𝑑−𝑀𝑗) . Since all arc capacities
in 𝒩5 are integers, there is an integral 𝑠-𝑡 flow of the same
value. Let 𝑥𝑗𝑘 be the amount of this integral flow through the
arc

(
U(𝑗),V(𝑘)

)
; clearly, 𝑥𝑗𝑘 ≤ 𝑑. In addition, by the flow

conservation,∑
𝑘∈Γ𝑜𝑢𝑡(𝑗)

𝑥𝑗𝑘 = 𝑑
∣∣Γ𝑜𝑢𝑡 [𝑗]

∣∣−𝑀𝑗 , ∀𝑗 ∈ ℰ𝑇 ;

∑
𝑗∈Γ𝑖𝑛(𝑘)

𝑥𝑗𝑘 ≤ 𝑑

(⌊
𝑁𝑘

𝑑

⌋
− 1

)
, ∀𝑘 ∈ ℰ𝑅.

For each (𝑘, 𝑗) ∈ ℰ , a decomposition of 𝑥𝑗𝑘 consists of

{𝑥𝑗𝑘𝑞 ∈ {0, 1} : 𝑞 ∈ [𝑑]}
satisfying that ∑

𝑞∈[𝑑]
𝑥𝑗𝑘𝑞 = 𝑥𝑗𝑘.

For any 𝑘 ∈ ℰ𝑅, we apply the algorithm Decompose(𝑘)
illustrated in Table V to jointly compute a decomposition of
𝑥𝑗𝑘 for each 𝑗 ∈ Γ𝑖𝑛 (𝑘) satisfying that

max
𝑞∈[𝑑]

∑
𝑗∈Γ𝑖𝑛(𝑘)

𝑥𝑗𝑘𝑞 ≤
⌈∑

𝑗∈Γ𝑖𝑛(𝑘) 𝑥𝑗𝑘

𝑑

⌉
≤
⌈
𝑑
(⌊

𝑁𝑘

𝑑

⌋− 1
)

𝑑

⌉

=

⌊
𝑁𝑘

𝑑

⌋
− 1.

These decompositions naturally induce a Tx-strong matching
scheme as follows: For each (𝑘, 𝑗) ∈ ℰ and each 𝑞 ∈ [𝑑], all
of the 𝑑 equations in the group F

(𝑗,𝑘)
⋅𝑞 are matched with ZF

variables if 𝑥𝑗𝑘𝑞 = 1, and with the BF variables otherwise.
Under this scheme, the number of equations expected to be
matched with the BF variables in U

(𝑗)
⋅𝑝 is exactly∑

𝑘∈Γ𝑜𝑢𝑡(𝑗)

∑
𝑞∈[𝑑]

(1− 𝑥𝑗𝑘𝑞)

=
∣∣Γ𝑜𝑢𝑡 (𝑗)

∣∣ 𝑑− ∑
𝑘∈Γ𝑜𝑢𝑡(𝑗)

∑
𝑞∈[𝑑]

𝑥𝑗𝑘𝑞

=
∣∣Γ𝑜𝑢𝑡 (𝑗)

∣∣ 𝑑− ∑
𝑘∈Γ𝑜𝑢𝑡(𝑗)

𝑥𝑗𝑘

=
∣∣Γ𝑜𝑢𝑡 (𝑗)

∣∣ 𝑑− (𝑑 ∣∣Γ𝑜𝑢𝑡 [𝑗]
∣∣−𝑀𝑗

)
=𝑀𝑗 − 𝑑;

and the number of equations expected to be matched with the
ZF variables in each V

(𝑘)
⋅𝑞 is exactly∑

𝑗∈Γ𝑖𝑛(𝑘)

𝑥𝑗𝑘𝑞𝑑 ≤ 𝑑

(⌊
𝑁𝑘

𝑑

⌋
− 1

)
≤ 𝑁𝑘 − 𝑑.

Thus, such matching scheme is realizable.

Algorithm Decompose(𝑘)

for each 𝑗 ∈ Γ𝑖𝑛 (𝑘) do
for each 𝑞 = 1 to 𝑑 do 𝑥𝑗𝑘𝑞 ← 0;

𝑞 ← 0;
for each 𝑗 ∈ Γ𝑖𝑛 (𝑘) do

for 𝑖 = 1 to 𝑥𝑗𝑘 do
𝑞 ← (𝑞mod 𝑑) + 1;
𝑥𝑗𝑘𝑞 ← 1;

Output
{
𝑥𝑗𝑘𝑞 : 𝑗 ∈ Γ𝑖𝑛 (𝑘) , 𝑞 ∈ [𝑑]

}
.

TABLE V. OUTLINE OF THE ALGORITHM Decomposition(𝑘).

Note that when 𝑑 ∣ 𝑁𝑘 for each 𝑘 ∈ ℰ𝑅, the two networks
𝒩5 and 𝒩1 (respectively, 𝒩6 and 𝒩2) are identical. Similarly,
Thus, when 𝑑 ∣ 𝑀𝑗 for each 𝑗 ∈ ℰ𝑇 , the two networks 𝒩6

and 𝒩2 are identical. Thus, Theorem 5.1 and Theorem 5.7
immediately yields the following theorem.

Theorem 5.8: Suppose that either 𝑑 ∣ 𝑁𝑘 for each 𝑘 ∈ ℰ𝑅,
or 𝑑 ∣ 𝑀𝑗 for each 𝑗 ∈ ℰ𝑇 . Then ℒ is strongly proper w.r.t. ℰ
if and only if ℒ is weakly proper w.r.t. ℰ . Consequently, the
feasibility, strong properness, properness, and weak properness
of ℒ w.r.t. ℰ are all equivalent.

An immediate consequence of the above theorem is that
for the single-stream user instances, the feasibility and weak
properness of any the single-stream user instance w.r.t. any
interference topology are equivalent.

VI. SUMMARY

In this paper, we introduced three variants of properness
of an arbitrary user instance ℒ w.r.t. an arbitrary interference
topology ℰ . The relations among them and the (generic LIA)
feasibility are illustrated in Figure 1. The solid arrows rep-
resents the implications without any condition. The dashed
arrows represent the implications with additional conditions.
Specifically, If all users have uniform streams, then weak
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properness implies properness. If all user have a uniform num-
ber of streams which either divides the number of transmitting
antennas of every user or divides the number of receiving
antennas of every user, then weak properness implies strong
properness. We also introduced an reduction operation on the
interference topology which preserves all four properties. By
a sequence of reductions, an irreducible interference topology
can be obtained from ℰ . After this simple preprocessing,
the weak properness, properness, and strong properness (with
uniform streams) can be tested by the fast and robust flow-
based testing algorithms.

strong properness feasibility

properness
uniform

weak properness

uniform and divisble

Fig. 1. The relations among strong properness, feasibility, properness, and
weak properness.

We conclude this paper with two open problems for the
future studies. The first major open problem is the compu-
tational complexity of the feasibility test. The second one
is the following conjecture on symmetric user instances: For
ℒ = (𝑀,𝑁, 𝑑)

ℓ with 2𝑑 ≤ min {𝑀,𝑁} and an arbitrary
interference topology ℰ , the feasibility and properness are
equivalent. Note that the correctness of this conjecture with
a complete interference topology was asserted in [23].
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[8] Ó. González, C. Beltrán, and I. Santamarı́a, A Feasibility fest for linear
interference alignment in MIMO channels with constant coefficients,
IEEE Transactions on Information Theory 60(3):1840-1856, 2014.
Conference version appeared in IEEE International Symposium on
Information Theory (ISIT) 2012.

[9] O. Gonzalez, D. Ramirez, I. Santamaria, J. A. Garcia-Naya, and
L. Castedo, Experimental validation of interference alignment tech-
niques using a multiuser MIMO testbed, in Proc. International ITG
Workshop on Smart Antennas (WSA) 2011.

[10] M. Guillaud, and D. Gesbert, Interference Alignment in Partially Con-
nected Interfering Multiple-Access and Broadcast Channels, in Proc.
IEEE Global Telecommunications Conference (GLOBECOM) 2011.

[11] H. Huang, and V. Lau, Partial Interference Alignment for K-user MIMO
Interference Channels, IEEE Transactions on Signal Processing 59(10):
4900-4908, 2011.

[12] S. A. Jafar, Interference alignment: A new look at signal dimensions in
a communication network, Foundations and Trends in Communications
and Information Theory 7(1):1–136, 2011.

[13] S. A. Jafar and S. Shamai, Degrees of freedom region of the MIMO X
channel, IEEE Trans. Inf. Theory 54(1):151–170, 2008.

[14] N. Lee, D. Park, and Y.-D. Kim, Degrees of freedom on the K-
user MIMO interference channel with constant channel coefficients for
downlink communications, in Proc. IEEE Global Telecommunications
Conference (Globecom) 2009.

[15] Y.-F. Liu, Y.-H. Dai, and Z.-Q. Luo, On the complexity of leakage
interference minimization for interference alignment, in Proc. IEEE Int’l
Workshop on Signal Processing Advances on Wireless Communications
(SPAWC) 2010.

[16] M. Maddah-Ali, A. Motahari, and A. Khandani, Communications
over MIMO X channels: Interference alignment, decomposition, and
performance analysis, IEEE Trans. on Inf. Theory 54(8):3457–3470,
2008.

[17] C. D. Meyer, Matrix Analysis and Applied Linear Algebra, 1st ed.,
SIAM, 2000.

[18] F. Negro, S. P. Shenoy, I. Ghauri, and D. T. M. Slock, Interference
alignment feasibility in constant coefficient MIMO interference chan-
nels, in Proc. IEEE Int’l Workshop on Signal Processing Advances on
Wireless Communications (SPAWC) 2010.

[19] M. Razaviyayn, M. S. Boroujeni, and Z.-Q. Luo, Linear transceiver
design for interference alignment: Complexity and computation, ArXiv
preprint available: http://arxiv.org/abs/1009.3481, 2010.

[20] M. Razaviyayn, G. Lyubeznik, and Z.-Q. Luo, On the degrees of free-
dom achievable through interference alignment in a MIMO interference
channel, IEEE Trans. on Signal Processing 60(2):812–821, 2012.

[21] L. Ruan and V. Lau, Dynamic interference mitigation for general-
ized partially connected quasi-static MIMO interference channel, IEEE
Trans. on Signal Processing 59(8): 3788–3798, 2011.

[22] L. Ruan, V. Lau, and X. Rao, Interference alignment for partially-
connected MIMO cellular networks, IEEE Trans. on Signal Processing
60(7): 3692-3701, 2012.

[23] L. Ruan, V. Lau, and M. Z. Win, The Feasibility Conditions for Inter-
ference Alignment in MIMO Networks, IEEE Transactions on Signal
Processing 61(8): 2066-2077, 2013. Conference version appeared in
IEEE International Symposium on Information Theory (ISIT) 2012:
2496–2500.

[24] A. Schrijver, Combinatorial optimization: polyhedra and efficiency,
Springer, 2003.

[25] M. Shub and S. Smale, Complexity of Bézout’s theorem. I. Geometric
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