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Abstract—Linear interference alignment (LIA) is one of the
key interference mitigation techniques to enhance the wireless
MIMO network capacity. The generic LIA feasibility amounts
to whether or not a well-structured random matrix with entries
drawn from a continuous distribution has full row-rank almost
surely. Recently, a randomized algebraic test of feasibility was
proposed in the literature. It is a pseudo-polynomial bounded-
error probabilistic algorithm in nature, and has intrinsic lim-
itations of requiring an inordinate amount of running time
and memory even for a moderate sized input and being prone
to round-off errors in floating-point computations. This paper
presents necessary conditions and sufficient conditions of the
generic LIA feasibility and develops fast and robust tests of them
based on network flow. In certain settings, these conditions are
both necessary and sufficient, and their flow-based tests yield
efficient algorithm for feasibility test.

I. INTRODUCTION

Linear interference alignment (LIA) [4], [12], [13], [16]
with beam-forming (BF) and zero-forcing (ZF) is one of the
key interference mitigation techniques to enhance the wireless
multiple-input multiple-output (MIMO) network capacity. The
generic LIA feasibility, or simply the feasibility in short,
amounts to the solvability of a system of bilinear equations
with coefficients drawn independently from a continuous dis-
tribution [1], [7], [9]. It has been intensively studied w.r.t. a
complete interference topology [3], [15], [18], [19], [20], [23],
[29] as well as an arbitrary interference topology [10], [11],
[14], [21], [22], [28], and was settled by Gonzilez et al. [8]
very recently in arbitrary settings: it reduces to check whether
or not a well-structured random matrix with entries drawn
from a continuous distribution has full row-rank almost surely.
Based on such reduction, Gonzdlez et al. [8] proposed a ran-
domized algebraic test of feasibility by determining the ranks
of very large random matrices. This randomized algebraic test
is a bounded-error probabilistic algorithm in nature: it always
gives a correct answer to an infeasible instance, but may give
a false answer otherwise with an error probability decreasing
exponentially with the number of test rounds. However, it was
noted in [8] that any algebraic test by determining the rank
of a very large matrix has intrinsic limitations of requiring
an inordinate amount of running time and memory even for
a moderate sized input and being prone to round-off errors in
floating-point computations. As articulated in Section II, this
randomized algebraic test is pseudo-polynomial in general.

Prior to the randomized algebraic test [8], combinatorial
tests of feasibility w.r.t. a complete interference topology (i.e.,
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single interference domain) by counting the number of (free)
BF/ZF variables involved in all or some subsets of LIA
equations have been proposed in [3], [20], [23], [29]. It was
first observed in [29] that a necessary condition of feasibility
is that every subset of LIA equations must involve BF/ZF
variables at least as many as the number of equations in
that subset. Such necessary condition is termed properness in
[29]. As the properness is defined by an exponential number
of constraints, a prevailing criticism [8], [29] on the test
of properness is that it is computationally cumbersome and
demanding. A weak (and simple) variant of the properness
with much fewer but still exponential number of constraints is
also introduced in [3], [20], [23]. In some special settings, the
weak variant of the properness, and hence the properness itself,
also turns out to be a sufficient condition for feasibility and
can be easily verified. But in general, due to the exponential
number of constraints, the tests of properness and its weak
variant have been limited to small “toy” examples so far, and
a common belief is that properness and its weak variant are
hard to trace in both analysis and practice [23].

Despite of the common belief on the intractability of
properness and its weak variant, combinatorial test appears
to be the most natural fit to the test of feasibility based
on the following observation. Consider a finite set X of
continuous-valued random variables, and a random matrix M
in which each of its entry is either a fixed constant or a
random variable in X. From the Leibniz formula [17], the
determinant of each square sub-matrix of M is a polynomial
of X, and hence is either zero for all values of X or is
non-zero out of a zero-measured set by the Fundamental
Theorem of Algebra. Accordingly, M either has deficient
row-rank certainly or has full row-rank almost surely; and
whichever to occur is determined only on the structural, rather
than numerical, dependence of M on X. Thus, feasibility is
combinatorial in nature, and its test via a combinatorial method
is a natural option. The intractability of the exponentially
exhaustive counting does not pronounce the genetic inviability
of the combinatorial tests. Instead, it only serves as a call for
more efficient methods for combinatorial tests than the naive
exhaustive counting—which should be absolutely avoided.

Inspired by the above observation and motivated by the ap-
plication of LIA in general multihop wireless MIMO networks,
this paper aims at developing efficient and robust combinatorial
tests of feasibility w.r.t. an arbitrary interference topology.
To this end, we first extend the concepts of properness and
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weak properness to the setting with arbitrary interference
topology, and then develop their combinatorial tests based
on network flow. The flow-based tests are not only efficient
and robust, but also applicable to arbitrary settings (for any
number of users, antennas and streams per user, and for any
interference topology). As properness and weak properness
are necessary conditions for feasibility, our flow-based tests
can quickly detect the infeasibility of improper or weakly
improper instances. A by-product of the flow-based tests is
the discovery of the equivalence of properness and weaker
properness in the case of uniform streams. We further introduce
the concept of strong properness, which is a variant of the
properness stronger enough to be a sufficient condition for
feasibility. While the test of the strong properness seems to be
intractable in general, an efficient flow-based test is developed
in this paper for the case of uniform streams. Thus, this flow-
based test can quickly detect the feasibility of a strongly proper
instance with uniform streams. Furthermore, for the special
case of uniform number of streams which either divides the
number of transmitting antennas of every user or divides the
number of receiving antennas of every user, our flow-based
tests imply the equivalence of strong properness, properness,
weak properness, and feasibility. In particular, the feasibility
of the single-stream instances can be efficiently decided.

The paper is organized as follows. Section II briefly reviews
LIA in arbitrary wireless MIMO networks. Section III defines
the variants of properness and presents the relations among
them and the feasibility. Section IV introduces an reduction on
the interference topology which preserves all four properties
and the concept of irreducible interference topology. Section V
presents the flow-based tests of weak properness, properness
and strong properness w.r.t. an irreducible interference topol-
ogy and their implications on feasibility test. Finally, Section
VI summarizes this paper and discusses on future works.

We conclude this section with the standard notations
adopted in this paper. The plain symbol a and the bold symbols
a and A represent scalar, vector, matrix respectively. The
blackboard bold symbols N, Z and C denote the set of natural
numbers, integers and complex numbers, respectively. For any
k € N, [k] denotes the set {1,2,--- ,k} consisting of the first
k positive integers. Suppose that A is an m X n matrix. The
transpose of A is denoted by A T; for any i € [m] and j € [ I,
A;. denote the i-th row vector of A, A ; denote the j-th
column vector of A, and a;; denotes the entry of A in the
i-th row and the j-th column.

II. GENERIC LIA FEASIBILITY

Consider a set [¢] of users (or links, requests, interchange-
ably) in a wireless MIMO network. Each user i € [/], its
transmitting node has M;, its receiving node has N; > 1
antennas, and it has to send d; independent data streams where
1 < d; < min {M;, N;}. The set of triples

L = {(Mi,Ni,di) 11 € M]}

is referred to as an instance of users. L is said to be symmetric
if (M;,N;,d;) = (M, N,d) for all i € [¢]; in this case we
simply denote £ = (M, N, d)e. L is said to have uniform
steams if d; = d for all ¢ € [{]. In particular, if d; = 1 for all
i € [¢], L is said to be a single-stream instance.
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The interference topology of an instance L is specified by
a set £ of ordered pairs of distinct users. A pair (j,k) € &
represents the generic MIMO channel state from the transmit-
ter of j to the receiver of k is non-zero and thus indicates the
interference from j to k. In general, the interference topology
may be asymmetric, i.e., it is possible that (j,k) € £ but
(k,j) ¢ E. If € consists of all possible (¢ (¢ — 1)) pairs, then
the interference topology is said to be complete. The first
projection of & is the set

Er={jell]: Ik ell], (k) €&},
and the second projection of £ is the set
Er=A{kelf]:3jecll,(jk) €&}

In other words, & consists of the users which provoke
interference to at least one other user, whereas £r consists
of the users which suffer interference from at least one other
user. For any user j € [¢], the set of users interfered by j w.r.t.
£ is the set

L () =1{k: (j,k) € £}
in addition, I'¢“* [5] denotes I'¢“* () U {j}. For any user k €
[4], the set of users interfering k w.r.t. £ is the set

T (k) ={j:(j, k) € E};

in addition, ' [ j] denotes I'* () U{j}. The subscript £ may
be omitted if it is clear from the context. For any user j € [/],
let £ — (J,-) be the interference topology obtained from & by
removing all pairs (j, k) € &; and for any user k € [¢], let
&€ — (-, k) be the interference topology obtained from & by
removing all pairs (j,k) € €.

The generic LIA feasibility, or simply feasibility, of L
w.r.t. an interference topology £ was beautifully settled by
[8]. Suppose that

{A(jvk) e Cdrx(M;=dj) . (, k) e g} U
{BUM e clx Mz, (j ) e £}

is a set of 2|&| random matrics whose entries are drawn
independently from continuous distributions. These (random)
matrices define a (random) linear mapping

F: H (C(J\4.7‘7dj)><d.j X H (C(Nkfdk)xdk N
JEET k€Er
H (Cdj Xdk

(4,k)€E

as follows. For each user j € Er, let UW e CcMj—dj)xd; pe
the matrix of its (free) BF variables; for each user k& € &g, let
V) ¢ Cdx(M;j=d;) be the matrix of its (free) ZF variables.
The image of these BF/ZF variables is

{F(] k) _ (A(J k)U(J)) + BURyE) . (j, k) € 5} .

More specifically, F consists of the following Z(j,k) ce didy,
equations

U {fuk)

(4:k)€€

7,k)U(J) 4 B(J k)V(k) €1dj],q€ [dk]}

ey
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Theorem 2.1: L is feasible w.rt. £ if and only if the
mapping F is surjective almost surely.

To facilitate the test of (almost sure) surjectivity of the
linear mapping F, a matrix form ®w of F is adopted, where
w is a column vector consisting of all BF variables

U {u) :m e M;=d;] p € 4]} o)
JEET
and all ZF variables
U {0 :n e Ni—di] g € [d]} ®
keEr

and ® is a matrix of dimensions

( Z djdk>><< Z (MJ 7dj)dj + Z (dek)dk> .
(4,k)e€ JEET keEr

The matrix @ is uniquely determined by both the ordering of
the BF/ZF variables in (2) and (3) and the ordering of the
equations in (1). Accordingly, each row of ® is indexed by
an (unique) equation in (1) and each column of @ is indexed
by an (unique) BF/ZF variable in (2) and (3). Note that all
instantiations of ® have the same row-rank, and checking the
feasibility of IA then reduces to check whether an instantiation
of ® has full row-rank or not. Thus, any instantiation of ® is
referred to as a LIA matrix of L w.rt. £.

Inspired by Shub and Smale’s construction [2], [25] for
polynomial system solving, Gonzélez et al. [8] proposed a
randomized algebraic test of the generic LIA feasibility. Let

h= > ((Mj—dj)d;+ (Np — di)dy).
(7,k)€€

Each round of the test chooses AU:*) BU:*) whose entries
are selected (i.i.d. uniformly) from the set

{a+\/71b:0§a,b§h;a,b€Z}.

and checks if F' is surjective using exact linear algebra proce-
dures (such as the ones available in [5], [6]). Then,

e If L is infeasible w.rt. &, the test always answers
infeasible.

e If L is feasible w.r.t. £, the test may answer infeasible
with a probability of at most 1/4.

The use of above test is very simple: if on a given choice of
A UK BUK) the test answers feasible then £ is feasible w.r.t.
E. If the test is run & times and its answer is infeasible for all k&
tests, then the algorithm can conclude that £ is infeasible w.r.t.
& which may err with probability only at most 4~*. Now, let
us take a careful look at the running time. The inputs have bit
length of

C) (62 + ¢max (1 + log, me[xg]({Mj,Nj}>> .
el

However, the running time is poly (¢, max;ec( {M;, N;}),
which is is only pseudo-polynomial unless

max {M;, N;} = poly (£) .

jeld]
It was noted in [8] that the randomized test lacks scalability in
both running time and memory requirement, and any algebraic
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test by determining the rank of a very large matrix has intrinsic
limitations of being very computationally intensive and prone
to round-off errors in floating-point computations.

III. VARIANTS OF PROPERNESS

Consider an instance £ of users and an interference topol-
ogy £ of L. L is said to be proper w.r.t. £ if for any subset
of equations in (1) the number of BF/ZF variables involved is
at least equal to the number of equations in that subset. While
this definition of properness has 22 G.mee 4ide congtraints,
we introduce an equivalent graph-theoretic characterization.
We construct a bipartite graph G on equations and BF/ZF
variables as follows. The first class of the vertices consists of
all equations in (1); the second class of the vertices consists
of all BF variables in (2) and all ZF variables in (3). There
is an edge between an equation and a variable if and only
if the equation contains that variable. Then, the properness is
characterized by the following variant of Hall’s condition: for
every subset of equations, the number of their neighbors in G
is at least equal to the number of equations in that subset. By
a generalized Hall’s Theorem (cf. Theorem 16.7 in [24]), the
system is proper if and only if there exists a complete matching
of all equations G.

For any J C & and K C &g, let
ELK|={(sk)e€|jekeK}.

L is said to be weakly proper w.r.t. £ if for any J C Ep and
K C &g, the number of variables appearing in the subset of
equations

U {ra9pedlacld). @

(4:k)€E[J, K]

is at least equal to the number of equations in this subset, that

18
Dodi(My—d)+ Y d(Np—di) > Y did;.

jeJ keK (j,k)€E[I, K]
()

The total number of constraints is 2‘5T|+‘5R‘, which is much
fewer but still exponential.

The properness (and consequently, weak properness) is
only a necessary condition of feasibility. Indeed, the symmetric
instance (3,3,2)2 with a complete interference topology is
proper but is infeasible (cf. Example 17 in [29]). Next, we
introduce a strong variant of properness which is a sufficient
condition of feasibility. Let M be a complete matching of the
equations with the variables. M is said to be Tx-strong if each
group of equations

PN = {14 pe 4]}

are either all matched with the BF variables or all matched with
the ZF variables in M. Similarly, M is said to be Rx-strong
if each group of equations

N .
B = {109 1 g € (4]}

are either all matched with the BF variables or all matched with
the ZF variables in M. In general, M is said to be strong if
it is either Tx-strong or Rx-strong. The instance £ is said to
be Tx-strongly proper (resp., Rx-strongly proper) w.rt. £ if
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it admits a Tx-strong (resp., Rx-strong) complete matching of
equations with the variables. In general, L is said to be strongly
proper if it is either Tx-strongly proper or Rx-strongly proper.

Theorem 3.1: If L is strongly proper w.r.t. £, then L is
feasible w.r.t. £.

The proof of the above theorem is omitted here due to
the space limitation. In summary, the following sequence of
implications holds:

strong properness = feasibility = properness
= weak properness.

IV. REDUCED INTERFERENCE TOPOLOGY

Consider an instance £ of users and an interference topol-
ogy £ of L. A user j is said to be Tx-superfluous w.rt. £ if
M; > Zkerow }dk A user k is said to be Rx-superfluous
wrt. & if Nk > derm[k] d;. If a user j is Tx-superfluous
w.rt. &, then £ — (j, ) is referred to as a Tx-reduction of €. If
auser k € Eg is Rx-superﬂuous w.rt. &, then the £ — (-, k) is
referred to as a Rx-reduction of £. An interference topology
&’ of L is said to be a reduction of £ if it is either a Tx-
reduction of £ or a Rx-reduction of £. The next theorem below
shows that the reduction operation does not change feasibility,
properness, strong properness, and weak properness.

Theorem 4.1: Suppose that £ is a reduction of £. Then,
L is feasible (respectively, proper, strongly proper, weakly
proper) w.r.t. £ iff £ is feasible (respectively, proper, strongly
proper, weakly proper) w.r.t. £'.

The proof of the above theorem is omitted here due to the
space limitation.

An interference topology £’ of L is said to be irreducible if
no user is Tx-superfluous w.r.t. £’ or Rx-superfluous w.r.t. £'.
An irreducible interference topology &’ of £ can be obtained
by & by a (arbitrary) sequence of reductions. Theorem 4.1 im-
plies that £ has the same feasibility (respectively, properness,
strong properness, and weak properness) w.r.t. £ as w.r.t. £’.
Thus, we assume that the interference topology £ is irreducible
subsequently.

V. NETWORK-FLOW BASED TESTS

In this section, we consider an instance £ of users and
an irreducible interference topology £ of L, and present
flow-based tests of weak properness, properness, and strong
properness and their implications on feasibility test.

A. Weak Properness

In this subsection, we present flow-based test of weak
properness. We construct two flow networks N7 and N3 as
follows. Let s and ¢ be two distinct source and sink vertices.
Both networks have the same vertex set

{s,t}U {UU) je 5T} U {V(k) ke SR} 7
and the same arc set
{<S,U(j)) je ET} U {(V(k),t> ke eR} U

{(Uu) V(k)) (4, k)eg}
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The arc capacities in these two flow networks are given
in Table I. Both flow networks have O (¢) vertices and
O (|€] + £) arcs. Thus, a maximum s-¢ flow can be computed
in time O (¢ (|€] +¢)) (cf. Section 10.8b in [24]). By the
celebrated max-flow min-cut theorem, the maximum s-t flow
in N has value at most EJGSTd (Zkerout[g] dy, — ),
and the maximum s-t flow in N, has value at most
ZkESR d (Zjerin[k] dj — Nk)
that these upper bounds are achievable if and only if £ is
weakly proper w.r.t. £.

. The theorem below shows

l I Ni [ Na l
(5>U(’">) d; ( > dk— Mj) dj (M; — dj)
kerout[;]
(V('“),t) di (N — di) d S dj— N
JETTn k]
Um,V(’“’) d;dy, d;dy,

ABLE 1. THE ARC CAPACITIES IN THE FLOW NETWORKS N7 AND N3

Theorem 5.1: The following three properties are equiva-
lent:

1) L is weakly proper w.r.t. £.

2) The maximum s-t flow in AN; has value
ZjegT dj (ZkGF““t[j] di, — Mj)
3) The maximum s-t flow in AN, has value

Zke:‘:R dy (Zjel“’?"[k] dj — Nk)

Proof: By symmetry, we only prove the equivalence of
the first two properties. Recall that any subset S of vertices
in V7 which contain s but not ¢ defines an s-¢ cut in in N7,
and its capacity is denoted by cut (S). Thus, any s-t cut in
N7 consists of s, a subset J of £ and a subset K of £r. Let

o=> di| > dr

jeEr keTout[j
For any J C & and K C &g, let

K) = dp(Ny—dy)+ > dj (M;

keK jedJ

- > didj.

(4,k)€E[J.K]
Consider any J C &p and any K C Ei. We claim that

cut ({sfUJUK)=0+06(J,K).

Indeed,
c (5 (Jv gR)) - Z C (S, ’LL])
jeJ
:Zd' Z dk—Zd Z dk—
jeJ keNout(j jeJ keNout[j
= Zdi
jeJ
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Therefore,
cut ({s} UJUK)

= > clsu) +el€ERNKD+ Y c(vr)

jEeET\J keK
= Z c(s,u;) — Zc(s,vj) +c(E[J,ER])
JEET jeJ
EMLE])+ D c(vp,t)
keK
:O'-i-Zdj (Mj—dj)— Z dkd]
jeJ (k,7)€&J,K]
+ Z dp, (Nk — dk)
keK
=0+0d(JK).

Now, we prove that the first property implies the sec-
ond property. Suppose that the first property holds. Then,
0(J,K) > 0 for any J C & and K C Eg. So, any s-t
cut has capacity at least 0. By the max-flow min-cut theorem,
the maximum s-¢ flow in /7 has value at least 0.On the other
hand, the maximum s-t flow in A/; has value at most o. Thus,
the second property holds.

Next, we prove that the second property implies the first
property. the necessary part. Suppose that the second property
holds. By the max-flow min-cut theorem, any s-¢ has capacity
at least . Hence, 0 (J, K) > 0 for any J C &y and K C &Ex.
So, the first property holds. |

In case that all users have a uniform number d of streams,
we construct two “slimmed” flow networks N and N from
N1 and N, respectively by resetting the the arc capacities with
the values given in Table II. The next theorem is an immediate
consequence of Theorem 5.1 and a simultaneous scaling of
flow and capacities.

l I M l N |
(s, u9) [Tt [5]] d — M; M —d
AN N, —d | [k]| d — Ny,
(UO'),V(’“)) d d
TABLE II. THE ARC CAPAClT/l\E; IN THE FLOW NETWORKS Nl’ AND
g -

Theorem 5.2: Suppose that all users in £ have a uniform
number d of streams. Then the following three properties are
equivalent:

e [ is weakly proper w.r.t. £.

e The maximum s-t flow in N{ has value
Djeey (T[]l d = M;).
e The maximum st flow in AJ] has value

Ykeen (1 K] d = Ne) .

In case that £ is symmetric and £ is complete, we have
the following straightforward test of weak properness.

Theorem 5.3: Suppose that £ = (M,N,d)" and & is
complete. Then, £ is weakly proper w.r.t. £ if and only if
M+ N2> ((+1)d.
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Proof: The necessary part holds trivially from equation (5)
with J = K = [{]. Subsequently, we prove the sufficient part
using Theorem 5.2. Consider the flow network A7 . (s, U
capacity ¢d — M, (V®),t) capacity N —d and (UW), V(%)
with j # k capacity d. We construct a (fractional) flow of
value ¢ (¢d — M) as follows. First, each arc (s, UY)) carries
a flow of value /d — M, which is its capacity. Then, at each
U, its incoming flow is evenly split evenly over the ¢ — 1
arcs leaving itself. In other words, each arc (U(j ), V(k)) with

j # k carries a flow of amount 4= which is no more than
its capacity d as

td—M _td—d d
(-1 — (-1
At this moment, the total flow entering each V%) has amount
{d — M
{—1)=14d— M.
1 -1

This amount of flow is forwarded to ¢ and does not exceed the
capacity N —d of the arc (V(k), t) as {d— M < N —d. Thus,
we get a feasible flow of value ¢ (¢d — M ). By Theorem 5.2,
L is weakly proper w.r.t. £. |

We remark that the special case of the above theorem in
which M = N appeared in [3], [27].
B. Properness

In this subsection, we present flow-based test of properness.
We construct two flow networks N3 and N} as follows. Let s
and ¢ be two distinct source and sink vertices. Both networks
have the same vertex set

41 }) U

{s,t} U (UjegT {uy
(Ureen {V ra € ldi]

pE
})
and the same arc set
(Uee, {(0%) sp e alf)u
(Uncen (V1) a0}
(Uswes { (U9 V) ipeldi) a e dil})

The arc capacities in these two flow networks are given in
Table III. Both flow networks have

24 ) di+ > dy

JEET JjE€ER
vertices and
S Y Y i
JjEET JEER (k,j)eE

arcs. Thus, a maximum s-t flow can be computed in time (cf.
Section 10.8b in [24])

6 Zd]+2dk

JEET JEER

> did;

(k.j)e€

By the max-flow min-cut theorem, the maximum s-t flow
in N3 has value at most > . . d; (Zkel“"“f[j] dy, — Mj),
and the maximum s-t flow in A has value at most
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> keen Ak (Zjeri"[k] d; — Nk). The theorem below shows

that these upper bounds are achievable if and only if £ is
proper w.r.t. £. Note that any s-¢ flow can be fully determined

by the flow amount through the arcs (U.(]Z), V.((f )) by the flow
conservation law.

l I N [ Na l
(S, U(g)> Z dk - Mj ]\/[j - dj
kEI‘O“‘[j]

(v_(;“),t) Ny —di, S d; - N
JETIN[K]

u®, v® 1 1

TABLE 1II. THE ARC CAPACITIES IN THE FLOW NETWORKS /N3 AND
Ny .

Theorem 5.4: The following three properties are equiva-
lent:

1) L is proper w.rt. £.

2) The maximum s-t flow in A3 has value
EjesT d; (Zkerout[j] di — M
3) The maximum s-t flow in AN, has value

Dkeen M (ZjEFi"[k] dj — Nk)

Proof: By symmetry, we only prove the equivalence of
the first two properties.

We first prove that first property implies the second prop-
erty. Suppose the L is proper w.r.t. £. Let M be a maximum
matching of G in which the largest number of BF variables
are matched. We claim that all BF variables are matched with
some equation in M. Assume to the contrary that for some
BF block U.(f,), not all its variables are matched in M. Since
the number of equations containing the BF variables in U.(,],)
is exactly

> -

keTout(5)

Z dk— | +M; —d; > M; —dj,
kerout[j
at least one of these equations is matched with a BF variable.
For such equation, we can re-match it with a BF variable
in U.(,j)). The new matching maintained the same size but
has matched strictly more BF variables than M, which is a
contradiction. Thus, our claim holds.

From this matching M, we construct an s-t flow by
specifying the amount of flow through each arc (U.(,J,), V.(,f )):
If the equation f(j "/ is matched with a BF variable, then
the flow through the arc is one; otherwise, zero. By the flow
conservation, the amount of flow through each arc (s, U%?)
is exactly the total number of equations containing the BF
variables in U.(f,) and matched with the BF variables, which is

- T au

kel"out

Similarly, the amount of flow through each arc (V.(;,C ),t>
is exactly the total number of equations matched with

the ZF wvariables in V.((f), which is at most N — dj.
Thus, this flow is feasible, and its total value is exactly
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ZjEST (Zkernuf[]] dy —
sary part.

Next, we prove that second property implies the first
property. Suppose that the second property holds. Since all
arc capacities in N3 are integers, there is an integral flow.

The amount of flow through each arc s7U.(g)
Zkervut[j] di — Mj, and the amount of flow through each

arc (U.(]Z),V.(;,€ )> is either zero or one. The flow induces a

) This completes the neces-

) is exactly

matching scheme as follows: Each equation fpy k) is matched
with a ZF (respectively, BF) variable if the amount of flow
through the arc (U.(g), V.(g )) is one (respectively, zero). Under
this scheme, the number of equations which contain the BF
variables in U.(f,) but are matched with the ZF variables is
exactly the amount of flow leaving (and equivalently, entering)
U, which is exactly > keroutj) i — M. Thus, the number
of equat1ons expected to be matched w1th the BF variables in
U{, is exactly

> -

keTout(j

= M; — dj,

> e
kel"out
Similarly, the number of e uatlons expected to be matched
with the ZF variables in V is exactly the amount of flow

entering (and equivalently, leavmg) V.(q), which is at most
Ny, —dj. Thus, such matching scheme is realizable. [ |

In case that all users have a uniform number of streams,
the next theorem reveals the equivalence of weaker properness
and properness.

Theorem 5.5: Suppose that all users in £ have a uniform
number d of streams. Then, £ is proper w.r.t. £ if and only if
L is weakly proper w.r.t. £.

Proof: The necessary part is trivial, and we only prove
the sufficient part. Suppose that £ is weakly proper w.r.t. £.
By Theorem 5.2, the flow network N7 has an integral s-t flow
of value =, ([T [j]|d — Mj). Let yjj. be the amount of
this flow though (UW, V(™) in N{. Then, y;; < d. By the
flow conservation law,

> ik < Ni—d,Vk € Eg;
jer (k)

Yo = pld -

keNout(j)

Mj,Vj eér.

We shall construct an s-t flow in N3 by specifying the amount
of flow through each arc (U.(IJ)), V((f )) below.

Consider any (j,k) € &. For each | € [y;], we

define a perfect matching between {U.(g) :p € [d]} and
{V.(g) 1q € [d]} by

{(U.(g),V.(éc)) ipeE

Since y;; < d, the union of these y;; perfect matching is a
y;k-regular bipartite graph G, on

{U.(g) :p € [d}} U {V.((f) 1q € [d]}

[d}vq:(p—&-l—l)moch—l}.
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Then, the amount of flow in A3 through the arc (U.(g), V.(éf )>

is one if U.(g) and V.((f) are adjacent in G, and zero
otherwise. We verify that such flow is feasible and has value

exactly 3¢, (T [f]]d — M;).

Since Gy, is y;k-regular, the total amount of flow leaving
U.(,j;) for {V.((f) 1q € [d]} is exactly y;x. So, the total amount
of flow leaving U.(g)

>y =d )| - M.
kerout(5)

is exactly

By the flow conservation, this is also the exact amount of flow
through each arc (s, U.(f,)). Similarly, the total amount of flow
entering V.(,f ) from {U.(g) ‘pE [d]} is exactly y;x, and the

total amount of flow leaving V.(;c )

>y <N —d
jerim{k}

is exactly

By the flow conservation, the amount of flow through the arc
(VF’“), t) is Nj.—d. Thus, the flow is feasible. The value of this

flow, which is the total amount of flow leaving s, is exactly
> jeer (T [j]|d — M;). By Theorem 5.5, the systems is
proper. |

The above theorem and Theorem 5.3 yields the following
corollary immediately.

Corollary 5.6: Suppose that £ = (M,N,d)" and € is
complete. Then, the following three properties are equivalent:

1) L is proper w.r.t. £.
2) L is weakly proper w.r.t. £.
3) M+N>{+1)d.

The equivalence of the first and the third properties in the
above corollary first appeared as Theorem 1 in [29] and was
utilized to derive several important corollaries. However, [29]
only gives the proof of the (easier) implication of the third
property from the first property. The reverse direction was left
unproven.

C. Strong Properness

The test of strong properness appears to be intractable
in general. In this subsection, we present a flow-based test
of strong properness in the uniform-stream setting. Suppose
that all users in £ have a uniform number d of streams.
We construct two flow networks N5 and Ng from A; and
N> respectively by resetting the the arc capacities with the
values given in Table IV. By the max-flow min-cut the-
orem, the maximum s-t flow in A has value at most
> jeer (I [j]]d — M;), and the maximum s-t flow in N
has value at most >, o (|7 (k]| d — N&).

Theorem 5.7: The following two statements hold:

1) L is Tx-strongly proper w.r.t. £ if and only if the max-
imum s-¢ flow in N; is ZjGST (|Tout [J'Hld — M;).
2)  Lis Rx-strongly proper w.r.t. £ if and only if the max-
imum s-t flow in N is > ce. (|0 [K]|d — Ny) .
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l I Ns [ Ne l
5, U 4T (5] d — M; [ [d-d
(v®.1) [ [d—a |07 (k]| d — Ni
(U(J)7 V(k)) d d
TABLE TV. THE ARC CAPACITJI\?S IN THE FLOW NETWORKS N5 AND
6 -

Proof: By symmetry, we only prove the first statement.

We first prove the necessary part. Suppose that £ is Tx-
strongly proper w.r.t. £. Let M be a maximum Tx-strong
matching in which the largest number of BF variables are
matched. Since M is Tx-strong, for any j all of the BF block
U.({o) for p € [d] have the same number of matched variables,
which is denoted by 7;. We claim that all BF variables are
matched in M; in other words, 7; = M; — d for each j.
Assume to the contrary that for some j, 7; < M; — d. Since
the number of equations containing the BF variables in U({ )
is exactly

[0 () d = (|07 )] d = My) + My —d > M; —d,
at least one of these equations is matched with a ZF variable.
Let fl(fl’k) be a such equation. Since M is TX-strong, all of the
d equations in the group F.(g7k) are matched with ZF variables.
For each p € [d], we can re-match f,SZ;“ with a BF variable in

U.(,J,) which is unmatched in M. The new matching maintains
the same size and is still Tx-strong; but it has matched strictly
more BF variables than M, which is a contradiction. Thus,
our claim holds.

From the matching M, we construct an s-t flow in
in N5 by specifying the amount of flow through each arc
(UG, V#®) as follows. For any (j,k) € &€ and ¢ € [d],
let xj,, = 1 if the group F.(é’k) of equations are matched
with ZF variables, and x;,, = 0 otherwise. In addition, let
Tjk = Y 4e(an) Tikq- Clearly, zj, < d. The amount of flow
through the arc (U(j),V(k)) is exactly x;,. By the flow
conservation, the total flow through the arc (s, U9)) is exactly
Zkerout(j %k, and the total flow through the arc (V(k),t)
is exactly ikel“’“"(j) Z ;. We shall show that

> wpe =T ]| d — M;, V) € Er
kerout (5)

> ng]\CZ’“J —1) ,Vk € Eg.

jerin (k)

These properties yields that the flow is feasible and
its value is the maximum possible one given by

Djeer (T [1]]d — Mj).
Consider any j € 7 and any p € [d]. On one hand, the the

total number of matched variables in U.(i,) is exactly M; —d.
On the other hand, the total number of matched variables in

U.(ZJ,) is exactly
2 Tikq

> 2 (—wp) =[P ()= 3

keTout (5) ge[d] keTout (5) ge[d]
= G)d— > i
keTout(5)
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Thus,
|Fout (])‘d— Z xjk:Mj—d,
keTout ()
which implies that
Y. wpp=drl] - M

kel"out(j)

Consider any k € Eg and any ¢ € [d]. For any j € rin (k)
with x;,, = 1, all the d equations in the group Fgg’k) are
matched with ZF variables of V.(f ), Thus, the total number of

matched variables in V.(,f ) is

> mjngd < Ny —d,
jerin (k)

which implies

Z l‘]kq < — -1

jer"HL

Since the left-hand side is an integer, we further have

> x]kq VV’“J—L

jerin(k

D owp= DL ) agw =

JETn (k) JET" (k) q€[d]
Ni,
<d — | —=1].
- ({ d J )

Next, we prove the sufficient part. Suppose that the second
property holds. Suppose that the maximum s-t flow in Nj
is exactly Z]EST (|Tevt [4 ]| d — Mj) . Since all arc capacities
in N5 are integers, there is an 1ntegral s-t flow of the same
value. Let x;; be the amount of this integral flow through the
arc (U(j),V(k)); clearly, x;, < d. In addition, by the flow
conservation,

Thus,

2D g

q€ld] jeTin (k)

Z zj = d [T [f]| — M;,Vj € Er;
kerout(j)

> x]k<dq J —1),%653.
jETin (k

For each (k,j) € £, a decomposition of x5 consists of
{zjrq € {0,1} : g € [d]}

E Ljkq = Ljk-

q€ld]

satisfying that

For any k € &g, we apply the algorithm Decompose(k)
illustrated in Table V to jointly compute a decomposition of
xji, for each j € I (k) satisfying that

2jeringk) xfﬂ < F([%J - 1)}

max Tikg < {
q€ld] e d d

3]+
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These decompositions naturally induce a Tx-strong matching
scheme as follows: For each (k,j) € £ and each ¢ € [d], all

of the d equations in the group F.(é’k are matched with ZF
variables if x;,, = 1, and with the BF variables otherwise.
Under this scheme, the number of e(%uatlons expected to be

matched with the BF variables in U is exactly

2. 2«

kelout(j) geld)

— Tijkq)

’Fout d o Z Z Ljkg
kerout(j) q€ld]
= ()d— > a

KeTaut ()
= [T ()] d = (@[T [j]] = M)

:Mj—d;

and the number of equations expected to be matched with the

ZF variables in each V(f ) is exactly
N,
Y wjgd < dqd’“J - 1) < N —d.
JET™ (k)
Thus, such matching scheme is realizable. [ |

[ Algorithm Decompose(k) |

for each j € I'*™ (k) do
for each ¢ = 1 to d do g < O;
q <+ 0;
for each j € I'*™ (k) do
for i = 1 to x % do
q + (gmodd) + 1;
Tikg < 15
Output {@;pq : j € I'" (k) q € [d]}.
OUTLINE OF THE ALGORITHM Decomposition (k).

TABLE V.

Note that when d | Ny for each k € Eg, the two networks
N5 and N7 (respectively, Mg and N>3) are identical. Similarly,
Thus, when d | M, for each j € &p, the two networks Ns
and N5 are identical. Thus, Theorem 5.1 and Theorem 5.7
immediately yields the following theorem.

Theorem 5.8: Suppose that either d | N}, for each k € Ep,
or d | M; for each j € Ep. Then L is strongly proper w.r.t. £
if and only if £ is weakly proper w.r.t. £. Consequently, the
feasibility, strong properness, properness, and weak properness
of £ w.rt. £ are all equivalent.

An immediate consequence of the above theorem is that
for the single-stream user instances, the feasibility and weak
properness of any the single-stream user instance w.r.t. any
interference topology are equivalent.

VI. SUMMARY

In this paper, we introduced three variants of properness
of an arbitrary user instance £ w.r.t. an arbitrary interference
topology £. The relations among them and the (generic LIA)
feasibility are illustrated in Figure 1. The solid arrows rep-
resents the implications without any condition. The dashed
arrows represent the implications with additional conditions.
Specifically, If all users have uniform streams, then weak
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properness implies properness. If all user have a uniform num-
ber of streams which either divides the number of transmitting
antennas of every user or divides the number of receiving
antennas of every user, then weak properness implies strong
properness. We also introduced an reduction operation on the
interference topology which preserves all four properties. By
a sequence of reductions, an irreducible interference topology
can be obtained from &£. After this simple preprocessing,
the weak properness, properness, and strong properness (with
uniform streams) can be tested by the fast and robust flow-
based testing algorithms.

strong properness —* feasibility

A

uniform and divisble |

-
R

uniform

|
weak properness properness

Fig. 1. The relations among strong properness, feasibility, properness, and
weak properness.

We conclude this paper with two open problems for the
future studies. The first major open problem is the compu-
tational complexity of the feasibility test. The second one
is the following conjecture on symmetric user instances: For
£ = (M,N,d)" with 2d < min{M, N} and an arbitrary
interference topology &, the feasibility and properness are
equivalent. Note that the correctness of this conjecture with
a complete interference topology was asserted in [23].
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