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Abstract. This paper addresses the following optimization problem in a
plane multihop wireless networks under the physical interference model:
From a given a set of communication links whose senders transmit at a
fixed uniform power level, select a maximum set of independent links.
This problem is known to be NP-hard. The existing approximation algo-
rithms which were claimed to have constant approximation bounds are
either valid only in the absence of background noise or simply incorrect
in the presence of background noise. In this paper, we develop a new ap-
proximation algorithm with constant approximation bound regardless of
the value of the background noise. In addition, our approximation bound
valid in general is significantly smaller than all the known bounds which
are only valid under certain special assumptions.

1 Introduction

This paper studies how to select a maximum number of interference-free links
from a given set of communication links subject to the physical interference
constraint. We adopt the following model of the multihop wireless networks.
All the networking nodes V' lie in plane and transmit at a fixed power P. The
Euclidean distance between any pair of nodes is denoted by ||uv||. By proper
scaling, we assume that the Euclidean distance of a closest pair of the nodes in
V' is one. The path loss model is then determined by a positive reference loss
parameter n < 1, and the path-loss exponent x, which is a constant greater than
2 but less than 6 typically. Specifically, when a node w transmits a signal at
power P, the power of this signal captured by another node v is nP |juv||”". The
signal quality perceived by a receiver is measured by the signal to interference
and noise ratio (SINR), which is the quotient between the power of the wanted
signal and the total power of unwanted signals and the ambient—both internal
and external-noise. In order to correctly interpret the wanted signal, the SINR
must be no less than certain threshold o. Formally, consider a link (u,v) and a
set W of nodes other than u and transmitting simultaneously with u. Let £ be
the noise power. The SINR of the link (u,v) with respect to W is given by
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If W is empty (i.e., the interference is absent), the SINR reduces to signal to noise

1/k
ratio (SNR) given by nP |luv| ™" /€. Let R = (Zlg) . Then, a pair of nodes

u and v can communicate with each other in the absence of interference if and
only if ||uv|| < R. The value R is thus referred to as the mazimum transmission
radius.

A set T = {(ui,v;) : 1 <i <k} of links are said to be independent if

1. all links in I are disjoint, i.e., the 2k nodes u; for 1 < ¢ < k and v; for
1 <14 <k are distinct;

2. for each 1 < i < k, the SINR of the link (u;,v;) with respect to
{uj :1<j <k,j#i}is at least o.

The problem Maximum Independent Set of Links (MISL) seeks a largest
number of independent links from a given set A of links. This optimization prob-
lem is NP-hard [3]. The first non-trivial approximation algorithm was proposed

in [3], with approximation bound O (log max“““““). We remark that the con-

mingea|lal

stant hidden inside this bound is very large, and this bound can be arbitrarily
large in general. Recently, Goussevskaia et al. [4] made the first effort on de-
veloping a constant approximation. However, as observed in [6], the claimed
constant approximation bound and its proof (Lemma 4.5 in [4]) are valid only
when the noise £ = 0. Indeed, we can construct counter-example to show that
the approximation bound can be arbitrarily large in general. Xu and Tang [6]
then made an attempt to fix this flaw. The partition the links into two groups:
the short group consists of all links of length at most R/ 31/% and the long group
consists of the rest links. They select the first set of independent links from the
short group by simply applying the algorithm developed in [4], and also select
the second set of independent links from the long group by a new algorithm. The
larger one of these two sets is their output. Unfortunately, their new algorithm
for selecting independent links from the long group is incorrect as the selected
links may be not independent (Lemma 2 in [6] and its proof are false). Therefore,
despite of these efforts, the existence of a constant approximation algorithm for
MISL remains open.

In this paper, we develop an approximation algorithm for MISL which not
only has a constant approximation bound regardless of the value of the noise
and the lengths of the communication links, but also has a significantly smaller
approximation bound. For example, consider the scenario with Kk =4 and o =
16. The approximation bounds obtained in [4] (in the absence of noise) and
in [6] (restricted to short links) are huge constants at least 138135 and 137890
respectively. In contrast, our approximation bound is at most 272, which is more
than 500 times smaller than these two known bounds and is independent of the
noise value and link lengths.

The remaining of this paper is organized as follows. Section [ introduces a
new concept of relative interference and its fundamental properties. Section Bl
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presents the design and analysis of our approximation algorithm. Finally, Section
[ discusses some generalizations and future works.

2 Relative Interference

Consider a link a = (u,v) and a set W of “interfering” nodes other than w. In
the presence of the interference from W, the SINR of a is

P [luvl| " _ 1

E+ T pew nPllwoll ™5 lluvll™ + X, e (luvll / flwo]))”
1

= Ll /B + e (o] / lovl))*

It’s straightforward to verify that such SINR is at least o if and only if

Fuew (vl /ol _
2 A

Motivated by this charaterization, we define the relative interference of node w
other than v to the link a as

(el / el
REw:a) =00 ol /Y

and define the relative interference of a set W of nodes other than u to a as

RI(W;a) = Z RI (w;a) .
weW

Then, in the presence of the interference from W, the link (u, v) succeeds if and
only if the relative interference of W to the link (u,v) is at most one. We would
like to remark that the relative interference defined in this paper is different from
the one defined in [4]. In [], the relative interference of node w other than u to
the link a was defined to be (|luv||/ ||wv]|)", and the relative interference of a
set W of nodes other than u to a was defined to be Y-, -y, (|luv]| / |lwv]])".
Now, we present a some simple sufficient condition for RI (W;a) to be less
than some given value ¢ € (0,1]. Our condition will utilize the Riemann zeta
function in the following form: ¢ (x) = Z]Oil j~%. Note ¢ (1) = oo, and for any
z>1,((z) <z/(z—1). The values of ¢ (z) for small values of x are

C(1.5) =2.612,((2) = 7762,4(2.5) =1.341,¢ (3) = 1.202,

4 6

T T
5)=1.12 4) = = 1.041 = = 1.017.
€(8:5) = 1127,C(4) = ¢ .C(5) = LO4LC(6) = . =1.017
Lemma 1. Consider a link a = (u,v) and a set W of nodes other than u.

Suppose that 0 < ¢ <1 and
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If all the nodes in W U {u} have mutual distances at least p||luv||, then
RI(W;a) < ¢.

Proof. For each j > 1, define
W = {we W : jor < luwl| < (j +1) pr},

Then, Wy, Ws, .- form a partition of W. By a classic result due to Bateman
and Erdos [2], [W;| < 18. For j > 2, using the folklore area argument we have
|[W;| < 8(25 + 1). In addition, for each w € W; with j > 1, we have

Jwol| = [Jwul|| = |lwl| = jor —r =4 (p— 1)
So,
||1w||) i 3 (lluvll )H — Wil
oy (I o3
P (el 2 2 \Jjun G (p—1)

. 2 +1
=o(p—1)" \W|+Z| Wil <o(p—1) 18+SZ jjn

<o<p—1>‘“<16<<n—1>+84<n>—6)=¢(1— (”i;’”)n).

Thus, the lemma follows.
Next, we present a necessary condition for RI (W;a) < 1.

Lemma 2. Consider a link a = (u,v) and a set W of nodes other than u whose
distances from u is at most p ||wv||. If RI (W;a) < 1, then

wis Y (1- (ngn)“)

Proof. Assume to the contrary that
(p+1)° lul\"
wW| > 1-— .
[wo]l < flwull + [luv]l < (p+ 1) [Juv] .

"2 <||||ZZ||||) o> (1 (HLJL;”)K) |

Hence, RI (W;a) > 1, which is a contradiction. So, the lemma holds.

For any w € W,

Thus,
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3 Algorithm Design and Analysis

Our approximation algorithm for MISL is outlined in Table[Il The algorithm is
associated with a parameter ¢ € (0, 1], whose value will be determined later on.
Let A be the set of given communication links of length at most R. Three vari-
ables are maintained by the algorithm. S is the sequence—sorted in the increasing
order of length—of links which haven’t been selected or discarded, I stores the
set of selected independent links, and U stores the senders of the links in /. The
algorithm is iterative. In each iteration, the first link a in S is moved from S to
I, and its sender is added to U. Then, some links from S are discarded in two
steps. The first step discards all links in S whose senders are close to the sender
of a. A parameter p is used to guide such discarding in the first step. The value
of p is specified in the algorithm. It decreases with ¢ and but increases with
the length of a. After the computation of p, all links in S whose senders lie in
the disk of radius p||a|| centered at the sender of a are removed from S. The
second step removes all links remaining in S to which the relative interference
of U exceed 1 — ¢. Such iteration is then repeated until S is empty.

Table 1. The description of the approximation algorithm for MISL

Approximation Algorithm for MISL:

S «— sequence of links in A in the increasing order of length;
I—0,U« 0
While S # ()
a = (u,v) < the first link in S;
S—S\{a}, I —ITU{a}, U —UU{u};

bt ()
S A, 0") € S [Ju'ull < plluvl};
S« S\S,
S" «—{a" € S:RI(Uad")>1-¢};
S — S\ 8"

Output 1.

Next, we prove the correctness of the algorithm and derive its approximation
bound. We introduce the following notations. Suppose that the algorithm runs
in k iterations, and a; = (u;,v;) is the link selected in the i-th iteration for each

1 < i < k. Then, the output I consists of a1,as, - ,ar. Let
UO :(Dv
1/k
1 -1 -
=1 (0K D -0

and for each 1 < i < k, let U; and p; be the set U and the parameter p
respectively at the end of the i-th iteration. Then, for each 1 <1 < k,

Ui ={u;:1<j<i},
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o o (16¢ (1 — 1) + 8¢ (1) — 6)\ /"
p"”( 61— (Jasll /R)) ) |

It’s easy to verify that for each 1 < i < k,

po—1

i = 1 + 1/k
g (1 (ladll /R

and pg < p1 <p2 <o < ppe
The theorem below asserts the correctness of our algorithm.

Theorem 1. The output set I is independent.

Proof. Tt’s sufficient to show that for any 1 < ¢ < k, RI (U \ {u;};a;) < 1. Fix
an integer i between 1 and k. Since a; is not discarded, RI (U;—1;a;) < 1 — ¢.
Since none of a;,a;y1,- - ,ax is discarded, for each ¢ < j < j' < k, we have
llujujr || > pjllajll > pillail|. So, the mutual distances of the nodes U \ U;—; are
at least p; ||a;||. By Lemma[ll RI (U \ U;;a;) < ¢. Therefore,

RI(U\A{ui};a;)) = RI (Ui—1;0;) + RI(U\ U;;a;) < 1.
So, the theorem holds.

Let

2
2m Po Po
= 1
" \‘\/3 (Jl/“—1> MNPV
s =5 {((1 —p) - +2a*i) ] .
The theorem below presents an approximation bound of our algorithm.

Theorem 2. I is an (1 + p1 + pa)-approzimation.

We give a brief overview on the proof. For each 1 < j < k, S; and S} be
the sets S” and S” respectively discarded from S in the j-th iteration. Let A’ =
STUSsU---USy and A7 = S{USYU---US). Then, I, S" and S” form a partition
of A. Consider an optimal solution OPT. We will prove in Lemma [ that for
each 1 < i <k, |OPTNS]| < p1, and in Lemma @ that |OPT N A”| < usk.

Then,
k

|OPT N A'| =Y "|OPT N S}| < prk.

Jj=1

So,
|OPT| = |OPTNI|+|OPTNA|+|OPTNA"| < (14 p1+ p2)k,

and Theorem [2] follows.
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Lemma 3. For each 1 <i <k, |OPTNS!| < p.

Proof. We first show that for any pair of links (u,v) and (v/,v’) in OPT N S},
[l al/r

= 1/k - 1
lasl = (1 = (Jlaul| /R)™)"

Since vl P v K
uv uv
<1-—
"(uufvn) = ( R ) ’
we have
o] ol . ol/
= wl/k = ky1/K "
ol = (1 = (ol /RS T (1 = (Jlasll JR))
Thus,
l'ull _ ol = luell _ o] ot/ 1
lasll = Jluo] lwoll 7 (1 = (|l /R)™) "
Now, we show that
Pi P
< .
ol/r o O-l/li —1
(1=(llasll/R)") /" 1
Since
- i l/K’
(1 = (Jlasll /R)")Y
we have

p—1 Ky l/K
Ot e (= (lall /RS p—1

Pi
ol/k i - ol/k o ” ) K 1/,4
a—(a/movs ~ 1 acgenymeys 1 o= (L= (laill /R)7)
T+p—-1 p
ol/k—1  ogl/e—1"
Finally, we show that |OPT N S]] < pi. Note that the senders of all links
in OPT N S! lie in the disk of radius p, ||a;|| centered at w; and their mutual

distances are at least
O_l/n
( e = 1) Tl
(1= (la:ll /R)"™)

By Groemer’s Inequality [5] on disk packing,

2 Pi Pi

+ 7
ol/r _
V3 (1=(llas |l /R)=)*/ = 1

2 r Y p
1.
<\/3 <Ul/“—1) +7r01/“—1+

|OPT N S| < 1/n +1
7 1

(A=(llagll/R)=)V/ ™
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Since |[OPT N S]] is an integer, we have

2m p 2 p
! —
|OPT N S;| < {\/3 (01/“—1> T e +1=yp.
So, the lemma holds.

Lemma 4. |OPT N S"| < pgk.

Proof. We prove the lemma by contradiction. Assume to the contrary that
|[OPT N S"| > ugk. Clearly, all links in OPT N S” are disjoint. In addition,
all links in (OPT NS”) U S are also disjoint. Let W denote the set of senders

of the links in [OPT N S"|, and let | = K(l - ¢)_’1° + 2U*i)m‘. We iteratively

construct kl disjoint subsets W;; for 1 <i < k and 1 < j <1 as follows. Initialize
W’ to W and each Wj; to be the empty set. Repeat the following iterations for
each ¢ = 1 to k and for each 7 = 1 to q. Let w be a node in W’ which is closest to
u;. Draw six (closed) 60°-sectors originating at u,; such that one of six boundary
rays goes through w. Add w to Wj;. For each of these four sectors not containing
w, if it contains at least one node in W', we choose a node among these nodes
in W’ and in this sector which is nearest to u; and add it to Wi;. After that we
remove W; from W' and repeat the iterations.
By the construction, each WW;; contains at most 5 nodes. Hence,

k l

ZZ [W;;| < bkl = pok.

i=1 j=1

Thus, the set W'\ Ule Uj=1 Wij is non-empty. Pick an arbitrary node u in this
set and suppose that (u,v) is the link in OPT N S”. For each 1 < ¢ < k and
1 < j <, there is a node w;; € W;; such that ||u;w;j| < ||u;u|| and the angle
Zwuiu < 60° by the construction of W;;. Let L; denote the lune of u; and wu,
which is the intersection of the two disks of radius ||u;u|| centered at u; and u
respectively. Then, each w;; lies in L;. Thus each L; contains at least [ nodes in

1
W.Let p) =1+ (lf(ﬁ)m. By Lemma 2]

(lwiwll / fluoll + 1)"
a

|

- 1
b\

+

—_

~—

&
—_

Y

=

+

—_

~—

B3

>i=[(1-9) " +2071)"]

and hence |luull / Juv| > p'.
We claim that

(MDK ={1-9) El: (HWO
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Indeed, for each 1 < j <1,

lusvll o Nusull = fluoll - full = fJuvll _ flusull / [Juol] =1
lwigoll ~ llwigull + luol] — fusw]] + uvll - [lusull / [Juoll +1
2 2 -1

— >1-— = .
Jwiul| /fuvl| +1 = p'+1 pr 41

Hence,

l fluvl] \" . . .
Zj:l (Hw”vH) _ Z ( ||’U,Z'U|| > - <p/ _ ].>
( [[wo]] )" ; lwivl| )~ \p +1

l[usol| =1
S ()T (-1 B VA
o p+1 o 1—9¢

So, the claim holds.
By the above claim, we have

k k K K
[[uv]] > ( [uo] ) ( (lluvH) >
o 1-¢)o <(1l-¢)|1- .
> () =0=972% (i r
Therefore, the relative interference of {u; : 1 < i < k} to the link (u, v) is at most

1 — ¢. This means (u,v) shouldn’t have been removed, which is a contradiction.
So, the lemma holds.

Finally, we choose the appropriate value of ¢ so that the overall approximation
bound g1 + p2 + 1 is as small as possible. Clearly, p; decreases with ¢, and e
increases with ¢. So, it’s not apparent where p1 + 2+ 1 can achieve its minimum.
We will exploit the convexity to quickly find a suboptimal value of ¢. Note that
for £ > 2, both " and z~/* are convex function of x on (0, o). Using the fact
the composite of two convex functions is also convex, we can assert the convexity
of the next two functions in (0, 1):

2
2 Po Po
@ =2 ()

f2(9) :5((1—¢)*i +2o—*i)ﬁ.

By using standard binary search, we can obtain a short sub-interval of (0,1)
containing the value of ¢ minimizing f1 (¢)+ f2 (¢). Then, we take a small number
of samples of ¢ in this sub-interval. Among these samples, the one corresponding
to the smallest value of p; + po + 1 is then chosen as the value of ¢.

For example, consider a scenario with x = 4 and ¢ = 16. An appropriate
choice of ¢ is 0.5. For such choice, p = 6.145, uy = 156, and py = 115. So, the
approximation bound of our algorithm is 272. In contrast, the approximation
bounds obtained in [4] (in the absence of noise) and in [6] (restricted to short
links) are
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1/k K
—1
1+ (2 (253%—:_2) +1> 4+ 5.38+L

and

_1 1/ r

respectively. When k = 4 and o = 16, these two approximation bounds are at
least 138135 and 137890 respectively, both of which are more than 500 times the
approximation bound 272 of our algorithm.

4 Discussions

In this paper, we developed a constant-approximation algorithm for MISL un-
der the assumption that the uniform transmission power by all nodes. Such
assumption can be slightly relaxed to that all nodes transmit at different but
fixed power levels and either the ratio of the maximum power level to the min-
imum power level or the number of power levels is bounded by a constant. It
is also straightforward to extend our algorithm design and analysis to the case
that the neworking nodes are located in a three-dimensional space.

There are two challenging variants of MISL. In the weighted variant of
MISL, all input links are associated with some weights, and we would like to seek
an independent set of input links whose total weight is maximized. In the power-
adjustable variant, all nodes can freely adjust their transmission powers and the
selection of the power levels is part of the problem. This variant is also NP-hard
[1]. Neither of these two variants is known to have an logarithmic-approximation
algorithm, let alone a constant-approximation algorithm. Any progress on these
two variants towards constant-approximations would be significant.
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