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Three Parameters of A Virtual Backbone (CDS)

G = (V,E): a (connected) UDG
s € V: a fixed node
R: radius of G w.r.t. s.
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Three Parameters of A Virtual Backbone (CDS)

G = (V,E): a (connected) UDG
s € V: a fixed node

R: radius of G w.r.t. s.

U: a CDS of G containing s

e Size: |U|
e Radius: Rad (G [U],s)
@ Sparsity: A (G [U])
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Virtual Backbone (CDS): Small, Short, Sparse

Our objective is to construct a CDS U of G with s € U such that
@ Uissmall: [U| =0 (poly (R))
@ U is short: Rad (G [U],s) = O (R)
© U is sparse: A (G [U]) is small, preferably bounded by a constant.
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2-Phased Algorithm

@ Phase 1: First-fit selection of an MIS [ in the BFS ordering w.r.t. s
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2-Phased Algorithm

@ Phase 1: First-fit selection of an MIS | in the BFS ordering w.r.t. s

@ Phase 2: Augment / with a set C of “connectors” to form a CDS
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Sparsity of Dominators

@ Each node is adjacent to at most 5 dominators.

Figure: The layout of 18 dominators in the annulus of radii 1 4 2¢ and

(14 2¢) v/2+ /3 centered at a node vg.
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Sparsity of Dominators

@ Each node is adjacent to at most 5 dominators.
@ The annulus of radii one and two centered at each node contains at
most 18 dominators (Bateman and Erdos)

Figure: The layout of 18 dominators in the annulus of radii 1 4 2¢ and

(14 2¢) v/2+ /3 centered at a node vg.
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Groemer Inequality

Theorem

Suppose that S is a compact convex set and U is a set of points with
mutual distances at least one. Then

area(S)  peri(S)
unsj < + +1,

where area (S) and peri (S) are the area and perimeter of S respectively.
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Packing in Disks and Half-Disks

Corollary

Suppose that S (respectively, S') is a disk (respectively, half-disk) of
radius r, and U is a set of points with mutual distances at least one. Then

|[UNn S| S%ﬁ—l—nr—f—l,
/ T 2 T
|UDS‘§%r +(§+1)r+1.
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An Upper Bound on The Number of Dominators

Since all dominators lie in the disk of radius R centered at s, we have

27T
1| < (R2+7TR+1 :
V3
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Basic Set of Connectors

e Yu e I\ {s}, p(u) < the least-ID neighbor of u in the layer above u.

' LayerlR
D0000000 00000000 AO !
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Basic Set of Connectors

o Yu e I\ {s}, p(u) < the least-ID neighbor of u in the layer above u.
e output C = {p(u):uel\{s}}.

' LayerlR
D0000000 00000000 AO !
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Size And Radius

[Cl <IN\ A{sH = 1] =1,
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Size And Radius

ICl < [I\{s} =l -1.
Hence,
47T 5
[HUC| <2|l|-1< —=R*+2n1R+1.

V3
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Size And Radius

ICl < [I\{s} =l -1.
Hence,
47T 5
[HUC| <2|l|-1< —=R*+2n1R+1.

V3
In addition,
Rad (G[IUC],s) <2(R—-1).
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@ Each dominatee is adj. to at most 4 dominators in the layer below
itself.

Figure: The node vy is s. It is adjacent to 16 connectors.

Peng-Jun Wan () CDS in Plane Geometric Networks: Short, Sm



@ Each dominatee is adj. to at most 4 dominators in the layer below
itself.
@ s is adj. to at most 18 connectors

Figure: The node vy is s. It is adjacent to 16 connectors.
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@ Each dominatee is adj. to at most 4 dominators in the layer below

itself.
@ s is adj. to at most 18 connectors
@ Each other dominator is adj. to at most 17 connectors in the same or

the next layer.

Figure: The node vy is s. It is adjacent to 16 connectors.
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Minimal Cover

Yi Yo Y5 Yo Y5 Yo W5 Ys
XX X X X X X X X X5 X X X X
(@ (b)

Figure: (a) X ={x;: 1 <i<7}iscovered by Y = {y;: 1 <i<5}. (b)
{¥2.¥3,ya} is a minimal cover of X. The black nodes are private neighbors.
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The First Improvement on Connectors

for each 0 < i < R, I; «+ {dominators of depth i in G};
C —Q;
foreach1 << R-1,

Ci < a minimal cover of liyy in {p(v):u € liy1};

C+— CUC;
output C.
,,,,,,,,,,,,,,,, S
i Layerl0
o: Layerll
; i LayerlR
‘O0000000 OODOOO0O0O
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Size, Radius And Sparsity

ICl<I-1,
Rad (G[IUC],s) <2(R—1).

For each 2 < i < R —1, each dominator in l; is adjacent to at most 12
connectors in C; and at most 11 connectors in Cj1. In addition,
|G| < 12.
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An Equilateral Triangle Property

Figure: The two circles have unit radius, and 1 < ||uv|| < 2. Then, both Apvx
and Aqvy are equilateral.
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A Geometric Lemma on Angle Separation

Consider three nodes u, v and w satisfying that 1 < |juw|| < |uv]|] <2
and ||vw|| > 1. If vaw < 2arcsin 3 ~ 28.955°, then
B(u)yNnB(v) C B(w).

Figure: If @ < 2arcsin &, then |Juy| > ||uv|, and hence w € ux C Aupg.
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A Geometric Lemma on Angle Separation

luy[| = [Juv]| & vy > Byv = ixy < Xvy > 6.

Figure: If < 2arcsin 1, then |uy|| > [luv]|.
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Proof of Sparsity

Each dominator u € [; is adj. to at most 12 connectors in C;:

®
Vial

Figure: wy, wp, - -+, wy are the connectors in C; adjacent to u. Each v; is a
private dominator neighbor of w; in /; 1.
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Proof of Sparsity

Each dominator u € [; is adj. to at most 12 connectors in C;:

®

Figure: wy, wp, - -+, wy are the connectors in C; adjacent to u. Each v; is a
private dominator neighbor of w; in /; 1.

If kK > 13, then there exist two dominators v;s and vj» s.t. Zvjuvin < 21—7;
Assume by symmetry that vj» is closer to u then v;.. Then,

wjr € B (u) N B (vyr) € B (vjr).
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Proof of Sparsity

Each dominator u € I; is adj. to at most 11 connectors in Ciy1:
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An Example
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An Auxiliary Graph on Dominators

@ G’: the graph on dominators in which there is edge between two
dominators iff they have a common neighbor in G.

i Layeri0

| Layerll

I, ' s e 008 ® @ 8! Layel2

———————————————————————————————

| LayerIR
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An Auxiliary Graph on Dominators

@ G': the graph on dominators in which there is edge between two
dominators iff they have a common neighbor in G.

o R’: radius of Hw.r.t. s. Then, R¥m < R—1.

———————————————————————————————

———————————————————————————————
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An Auxiliary Graph on Dominators

@ G': the graph on dominators in which there is edge between two
dominators iff they have a common neighbor in G.

@ R': radius of H w.rt. s. Then, RFm < R —1.
@ /; for 0 < i < R’: the set of dominators of depth i in G'.
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The Second Improvement on Connectors

C — @,

foreach1 <i< R —1,
P; < the set of nodes adj. to /; and /i1,
C; < a minimal cover in P; of [;11;
C—CUG

output C.
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Size, Radius And Sparsity

[Cl<[I]—1,
Rad (G[IUC],s) =2R <2(R—1).

|Co| <12, and for each 1 < i < R’ — 1 each dominator in I; is adjacent to
at most 11 connectors in C;.
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Ancestors

@ T: a BFS tree of G rooted at s
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Ancestors

@ T: a BFS tree of G rooted at s
e p' (v) for v # s: the i-th ancestor of v in T.
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The Third Improvement on Connectors

k: a positive integer parameter

C — ©;
for each dominator u # s,
i—min{j:p (u)€l};
C—CU{p(v):1<j<min{i—1k}};
output C.
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ICl < k(I -1).
Hence,
TUC] <[+ k([l]=1)=(k+1)[I| -k

< (k+1) (2”R2+7rR+1) —k

V3

= (k+1) <f/T§R2+7'cR) +1.
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Rad (G[IUC],s) < (1+1/k)R
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Rad (G[IUC],s) < (1+1/k)R

Denote H = G [/ U C]. It is sufficient to show that for each dominator u,

1
disty (u,s) < <1 + k) distg (u, s) .

Peng-Jun Wan () CDS in Plane Geometric Networks: Short, Sm
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disty (u,s) < <1 + k) distg (u, s) .

Induction on distg (u, s): Trivial if distg (u,s) = 0.
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Rad (G[IUC],s) < (1+1/k)R

Denote H = G [/ U C]. It is sufficient to show that for each dominator u,
. 1\ .
disty (u,s) < <1 + k) distg (u, s) .

Induction on distg (u, s): Trivial if distg (u,s) = 0. So, we assume that
distc (u,s) > k and let i = min {j : p/ (u) € I}.
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Induction: Case 1

Case 1: i < k+1. Let v=p' (u). Then,
disty (u,s) < disty (v,s) +i

1
< (1 + ) distg (v,s) +i

Xl x

< (1 + ) (distg (v,s)+1)
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Induction: Case 2

Case 2: i > k+1 and p¥ (u) is adjacent to
some dominator v at the same layer as p**! (u).

disty (u,s) < disty (v,s) + k+1

<(1
<(
-

distg (v,s) +k+1

»\l—‘ »\l—l »M—‘

distg (u, s)

) <
) (distg (v,s) +k+1)
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Induction: Case 3

Case 3: i > k+1 and p* (u) is adj. to some
dominator v at the same layer as itself. Then,

disty (u, s)

<(1
=(
-

disty (v,s) +k+1

IStG (k+ 1)

distg (u, s)

) <
)
> (distg (v,s) + k)
)

»\l—‘ »\l—‘ »\l—‘
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Vo e A (H) < 237k + 37tk + 3 + 47//3.

----|- -
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R _
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1 a(V)
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77777777777

Vo e A (H) < 237k + 37tk + 3 + 47//3.

‘ For each v € C, g (v) denotes the closest
[ F S descendant dominator of v; for each v € I,

ARt R it i q(v)=v.

e e

1 a(V)
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e e

I q(V) !

A (H) < 2V37k? 4+ 3k + 34 47//3.

For each v € C, g (v) denotes the closest
descendant dominator of v; for each v € I,
q(v) =v. Then,

distg (v, q(v)) < k.
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A (H) < 2V37k? 4+ 3k + 34 47//3.

For each v € C, g (v) denotes the closest
descendant dominator of v; for each v € I,
q(v) =v. Then,

distg (v, q(v)) < k.
Consider a node u € I U C. For each v € Ny (u),

distg (u, q (v)) < distc (u, v) + distg (v, q (v))
< k+1.
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Let S; (u) (resp. Sz (u), Sz (u)) be the set of
dominators which are at most kK — 1 (resp. k,
k + 1) hops away from u. Then,

[Ny (u)]

< 3[S51 (u)[ +2(S2 (u) \ St (u)] + [S3 (u) \ S2 (u)]
= [S1 (u)[ + |52 (u)| + |53 (v)]

< kf <f/7gi2+m+1>

i=k—1

4
— 2\/37k? 4+ 37tk + 3+ &
V3
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