Multiflows under Physical Interference Model

(draft)

Consider a multihop wireless network (V, A,7), where V is the set of networking nodes, A is
the set of communication links, and Z is the collection of independent set of links specified by an
interference model. Each link has a unit communication data rate. For any positive integer k, let
[k] denote the set {1,2,--- ,k}. Suppose that we are given k end-to-end unicast communication
requests. For each j € [k], P; denotes the set of simple paths of the request j, F; denotes the set
of flows of the request j, and the value of a flow f; € F; is denoted by val (f;). A multiflow is a
sequence f = (f1, fa,- -, fx) with f; € F; for each j € [k]. Let f = (f1, f2, -+, fx) be a multiflow.
The transmission time of each link a € A required by f is

> jemfi(a).

The total value of f is

Given that each request j has a positive traffic demand d;, the concurrency of f is

min Lll (fj) .
jelk]  dj

This chapter studies the following two variants of the multiflow problems:

e Maximum Multiflow (MMF): The problem MMF seeks a multiflow f and a MAC-layer
link schedule S of jelk] fj such that the length of S is at most one and the total value of f

is maximized.

e Maximum Concurrent Multiflow (MCMF): Given that each request has a traffic de-
mand, the problem MCMF seeks a multiflow f and a MAC-layer link schedule S of ) €] fi

such that the length of S is at most one and the concurrency of f is maximized.

While both MMF and MCMF admit polynomial-time approximation-preserving reduction to
MWIS based on ellipsoid method, such reduction is quite inefficient in practice. This chapter
presents faster and simpler combinatorial approximation algorithms for MMF and MCMF which

involve a sequence of computations of shortest paths and independent sets. These algorithms offer



nice trade-off between accuracy in terms the approximation bound and efficiency in terms of the
running time. Specifically, let A be a p-approximation algorithm for MWIS, and ¢ € (0,1/2] be an
accuracy-efficiency trade-off parameter. The approximation algorithms presented in this chapter
achieve an approximation bound (14 2¢)p in a running time growing with 1/e in the at most

square order.

When applied to MMF and MCMPF under the physical interference model, the above algo-
rithms together the approximation algorithms for MWISL developed in Chapter 7 immediately

lead to the following algorithmic results:

e With linear power assignment, there are constant-approximation algorithms for MMF and

MCMEF respectively under the physical interference model.

e With any other monotone and sublinear power assignment, there are O (In «)-approximation

algorithm for MMF and MICMEF respectively under the physical interference model.

e With power control, there are O (In«a)-approximation algorithm for MMF and MCMF

respectively under the physical interference model.

The remainder of this chapter is organized as follows. Section 1 establishes weak dualities
of MMF and MCMF, which reveal the intrinsic relations among them, shortest paths, and
maximum-weighted independent sets. Section 2 introduces a generic adaptive coupled game. Sec-
tion 3 and Section 4 describe the design and analyses of the approximation algorithms for MCMF
and MMF respectively, which offer nice trade-off between accuracy in terms the approximation

bound and efficiency in terms of the running time.

1 Weak Dualities

Suppose that y is positive function on A. For each j € [k], let dist;(y) be the length of a shortest
of the j-th request with respect to y. The problem MCMF has the following weak duality.

Theorem 1.1 The concurrency of the maximum concurrent multifiow is at most
I
maxy (I)
> jer) didist; (y)

The problem MMF has the following weak duality.



Theorem 1.2 The total value of the maximum multiflow is at most

1
ey (D)

min;ep dist; (y)

Consider a multiflow f = (f1,---, fx). A non-negative function z on Uje[k]Pj is said to be a

path-flow decomposition of f if for each a € A and each j € [k],

fila)= Y Ha}nPlz(P).

PeP;

A non-negative function z on Z is said to be a (fractional) link schedule of f = (fy,---, fx) if for
each a € A,

k
> fi(@) =Y Haynal=(

IeT
The following invariant property holds.

Lemma 1.3 For any path-flow decomposition x of f and any link schedule z of f,

k
S w (PP =Yy

j=1 PEP; I€T

Proof. Since

k
=Y. > z(P)Y y@H{a}nP|

j=1 PeP; acA

Z P)[{aj N P|
€P;

acA

= !{a}ﬁfl
aGA IGI

=> =z y(a) {a} NI
IeT a€A

=) y)z(I),
IeT

the lemma holds. m



Lemma 1.4 If f is feasible, then

Zdzst] Yval (f;) < max y (1)

Proof. Consider any path-flow decomposition x of f and any shortest link schedule z of f. On
one hand,

j=1 PP,

> Z x (P) dist; (y)
j=1 PeP;

= dist; (y) Y @ (P)
= PeP

k

= dist; (y) val (f;)

j=1

On the other hand,

IeT

By Lemma 1.3,

Zdzst Yval (f;) < max y (I).

So, the lemma holds. =

Next, we prove Theorem 1.1. Let f = (fi, -+, fx) be a maximum concurrent multiflow. By

Lemma 1.4,
k
maxy (I) = Z; dist; (y) val (f;)
=
‘ val (f;)
= dydist; (y) —
- d;
7=1
val () ) <
> ( min J ) d:dist
> (omin ™ 3 st 1)
Thus,



val (f;) o _Mmaxrery (I)

min

el dj TR djdist; (y)
So, Theorem 1.1 holds.
Finally, we prove Theorem 1.2. Let f = (f1,---, fx) be a maximum multiflow. By Lemma 1.4,
r}leazxy Z dist; (y)val (f;)
JElk]
> | min dist; val (f;) .
> (jem ) 3 val (4)

JEK]

Thus,

Z val (f]) < maxezr y (1)

et min; e dist; (y)

So, Theorem 1.2 holds.

2 An Adaptive Coupled Game

In this section, we introduce a sequential game played between an adversary and an agent who is
advised by a set E of experts. Prior to the first round of the game, the agent chooses a positive
weight w (e) for each expert e € E. In each round, the adversary determines a non-negative profit

p (e) and a non-negative loss [ (e) for each e € E subjected to two rules:

e Normalization Rule:

r@ﬂglp() l(e)| =

e Generalized Zero-Sum Rule:

Sy ) —1(e) =

eckE

The agent may then update the weight y (e) of each expert e € E after observing the profits and
loss of the experts. Given a parameter n € (0,1), the objective of the agent is to maintain that at
the end of each round for each expert e, the cumulative profit of e minus 7 times the cumulative loss
of e is lower-bounded by some value invariant to the round number; the objective of the adversaries

is exactly the opposite.

Now, we describe the Multiplicative Weights Update (MWU) strategy for the agent, while
leaving the strategy for the adversary to specific applications. Fix an ¢ € (0,1). For each expert
ec F,



e y(e) =1 initially;

e in each game round, if e earns a profit p(e) and incurs a loss [ (e), y (e) is updated by a

multiplicative factor

L—e(p(e) —1(e)).

An implementation of the game playing with this strategy is described as follows. Let P (e), L (e),
and y (e) be cumulative profit, cumulative loss, and weight respectively of each e € E, which are

initially 0, 0, and 1 respectively. Repeat following rounds:

1. Generation of Profits/Losses: The adversary determines a non-negative profit p (¢) and
loss [ (e) for each e € E subjected to the Normalization Rule and Generalized Zero-Sum
Rule. As the result,

(e) +1(e);

L
P(e) — P(e) +p(e).

2. Multiplicative Weights Update: The agent updates y (e) for each e € F by setting
y(e) —yle)(X—e(ple) —l(e))).

The effectiveness of above implementation of the game is asserted in the theorem below.

Theorem 2.1 At the end of each round, for any e € F,

In(1+¢) Inm
mL(e) SP(G)JFW

Proof. For each round r and each e € E, let p, (e) (respectively, I, (e), y» (e)) denote the profit
(respectively, loss, weight) of e received in round r; let P, (e) (respectively, L, (e), y, (¢)) denote the
cumulative profit (respectively, cumulative loss, weight) of e at the end of the round 7. In addition,

for each e € E, let

We first claim that for any round ¢,

vt (B) <yi1 (E).



Indeed, by the Generalized Zero-Sum Rule we have

ye (B) = Z Yt (e)

ecE

= wp1(e) (L—e((pe(e) — i (€))))

ecE

- Zyt,l (€) —¢ Z yi—1 (€) ((pe () — It (e)))

eckE eckE

<Dy (o)

ecFE
<yi—1(E).

So, the claim holds.

Next, we claim that for any round ¢ and any expert e,

ye(e) > (1— )P (14 )l

Indeed, let
1 ={ieltl:pi(e) 2Li(e)},
(] ={ielt]:pi(e) <lL(e)}.
By the Normalization Rule and the inequality
(1+e)* <1l+tex

for any x € [0, 1], we have

Yt (e)
— H (1 —c(pi(e) =1 (e)))

i€(t]

= I @—c@i(e)=ti(e))- JI @ +eile)—pile))

ieft]t i€lt]”
> H (1 _ g)pi(e)_li(e) . H (1 + E)li(e)—pi(e)
ieft]t ict]”

— (1 _ E)Zie[t]+(pi(e)_li(6)) (1 + g)zie[t]—(li(e)_pi(e))

2 ti(e) > ier- Pile)
:(1—5)Zi€[t]+pi(e)< 1 > et < 1 > ey~ P

1—¢ 1+e¢

(1 + ¢)2iet i)

> (1 6)Zi€[t]+ pi(e) (1+ E)Zie[t]+ 4;(e) (1- 6)Zie[t]_ pi(e) (1+ 6)Zie[t]_ li(e)

=(1- 5)Zi€[t] pi(e) (14 g)zz‘e[t] li(e)
= (1 _ g)Pt(e) (1 + 8)Lt(e) )



Thus, the claim holds.

The previous two claims yield that for any round ¢ and any expert e,

(1-— E)Pt(e) (1+ 5)Lt(e) <yi(e) <y (E)<yo(E)=m.
Taking the logarithm of both sides, we have
P(e)ln(1—¢)+ Li(e)ln(l+¢) <Inm,

Hence,
In(l+¢) Inm
———Li(e) < P(e)+ ————.
In(l—¢) ! t(e) < Pe) In(l—e) !

So, the theorem holds. m

3 Maximum Concurrent Mulitflow

This section presents a (1 4 2¢)-approximation algorithm CMPF-LS(e) for MCMF where ¢ €
(0,1/2] is a fixed parameter. We first give an overview on the design of the algorithm CMF-LS(¢).
Let opt be the concurrency of a maximum concurrent multiflow. The algorithm is iterative. Each
iteration first computes a multiflow f of concurrency ¢, a scaling factor \ > %”t, and a “primary”
link schedule I" of length ¢ and its corresponding link transmission-time function g. With respect
to the triple (f, A, g), the deficit of a link a is defined to be

, In(1+¢)
d (a) =max<{ 0, —————=\ j(a)—gl(a
(@ o 2 f e

For such deficit demand d’, a “complementary” link schedule I is then computed. Clearly, I" U T’

is a link schedule of the multiflow
In(1+¢)

In(1—eg)? A

Let ¢ be the length of TV. If

67’ oo (I1+2)In(1+¢)+1In(l—e¢)
2 In(1—eg)* 7
then the scaled multiflow
1 In(l+e¢) A

(+0I(1—e)t

and the scaled schedule )

C+ v

(rur)



are returned as the output. The concurrency of the returned multiflow is

¢ In(l+e¢)
(+01n(1—¢)?
1 In(1+¢)
1+l —e)!
A
>
T 1+2¢
opt
T (1+2)pu

In order to compute the complementary link schedule quickly, a preprocessing is performed to
partition all links into independent sets. On such partition J can be obtained by applying the
algorithm GreedyFC with A, and let [ = |7|. Then, a complementary link schedule I" of a deficit
demand d’ is computed as follows. Initially, I is empty. For each J € 7, let

§ =maxd (a),
acJ

and if ' > 0 then add the pair (J,d’) to I, The length of I" is

V= %T&?K d (a) < |T| Igleaj( d (a) = lrgleaj( d (a).

The algorithm CMF-LS(¢) is outlined in Table 1. The computation of the primary schedule I
(together with its length ¢ and its link transmission time function g¢), the multiflow f, and the scaling
factor A in each round follows the general framework of the coupled game introduced in Section
2. Each link is regarded as an an expert, and each iteration corresponds to a game round. The
agent plays exactly with the strategy on maintaining the expert/link weight function y described
in Section 2. The profit (respectively, loss) generation strategy of the adversary is coupled with
the primary schedule (respectively, multiflow) augmentation with the following invariant property
maintained throughout the game: At the end of each round, the cumulative profit of each link a
is exactly g (a), and the cumulative loss of each link is at least A}, fj (a). Initially, both the
multiflow f and the primary schedule I' are empty, and the scaling factor A is infinity. In each
round, the adversary generates the profits/losses as follows. Let I be the independent set w.r.t. y
output by the algorithm A, and P; be a shortest path of the j-th request w.r.t. y for each j € [k].

If X is greater than
y (1) _ y (1)

Die Gy (B))  Djem didist; (y)




’ Algorithm CMF-LS(e):

Vi€lk], fj < 0; T 0, £ 0, g+ 0;\ + o0;
(142¢) In(14¢)+In(1—¢) |

In(1—e)~! ’
J « a link partition output by GreedyFC with A;

y<—175’<—

repeat forever
I +— a y-weighted IS in Z output by A,
Vj € [k], P; < a shortest j-path w.r.t. y;
A < min {)\, ¢}; //truncation

2 jemn) Gy(By)
d L % )
maXaeA||{a}ﬂ-”—/\Zj:1 dj|{a}nFy]|
D TU{(L8)}, € (40
for each a € I do g (a) < g(a)+ 9;
for each j € [k] do
for each a € P; do f; (a) < fj (a)+ ddj;

IV 0,0 « 0

for each J € J do
§ « max,es max {O,g (a) — lr}?ﬁ?gzjem f (a)};
if 6 > 0 then IV «— TV U {(J,0")}, ¢ — '+ ¢;

if ¢/ < £'¢ then return ng, lr}?ﬁ;@ll f and ﬁ (rurt).

for each a € A do

y(a) —y(a) (1-eb ({a} NI = A;ep s Ha} N A1)

Table 1: Outline of the algorithm CMF-LS(e).
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then A is reset to
y ()
Zje[k:] d;dist; (y)

Thus, A is non-increasing with the round number. For some positive length § to be determined

shortly, T" is augmented by the pair (I,¢), and both ¢ and g are updated accordingly. The profit
of each link a € [ is exactly its transmission time received from the augmenting pair (7, ¢), which
is equal to [{a} N I|. Thus, the cumulative profit of each link a is exactly ¢ (a). For each j € [k],
fj is augmented by a flow of value dd; along the path P;. The loss of each link a is exactly the A

times the total amount of the augmenting flow through a, which is equal to
k
SAY dj[{a} N Pl
j=1

Since A is non-increasing with the round number, the cumulative loss of each link a is at least
A fila)
JE[k]
The Normalization Rule dictates that
1

0= .
maxeea [[{a} 01| = AY5, d; [{a} N P

Since

Yoyl | §Ha} NIl =ox ) d;[{a} NPy

acA JElk]

k
=0 | > v(@H{a}n Il =23 y(a) Y d;H{a}n Py

acA a€A

=4 AZd > y(a)[{a} N P

a€A

=6 [y(D) - AZdij (P))
j=1

the Generalized Zero-Sum Rule is also satisfied by the profit/loss assignment in this round.

Subsequently, the complementary link schedule I” of the deficit demand is computed. By

Theorem 2.1, for each link a,

ln 1 + 5 Z Inm
fi(a + —.
e In(1-¢)

11



This means that the deficit of each link is at most

Inm
In(1—e) !
Hence,
L
In(1—¢)"
If ¢/ < €'¢, both
1 In(l+e¢) s
(+0In(1—e)
and
L (rur’)
A

are returned as the output. Otherwise, the agent updates the weight function y using the multi-

plicative weight update method, and the algorithm moves on to the next round.

We proceed to derive the upper bounds on both the number of iterations and the approximation
ratio of the algorithm CMF-LS(¢). Let h; be the hop number of a minimum-hop path of the j-th

request for each j € [k], and a be the size of a maximum-sized independent set.

Theorem 3.1 The algorithm CMF-LS(g) runs in

0] (5_2 max {1, a} llnm> .
min;c x) b

iterations and has an approximation bound (1 + 2¢) p.
The following essential properties of A and ¢ are the cornerstone to the above theorem

Lemma 3.2 The scaling factor A and the length § computed in each iteration satisfy that

opt 0"

— <A =7

1 > e 4y
o> !

— a .
max {1’ min;e k) by }

Proof. Let A\g and yg be the initial values of A and y. For each round ¢t > 1, let A, §; and
be the value of A\, § and y respectively computed in the round t; let I; be the independent set I,

computed in the iteration ¢. Then,

Yo (11) _ |11 < a

A= : = < .
Zje[k}ddeStj(?JO) Zje[k}djhj Zje[k}djhj

12



Since A; is non-increasing with ¢, for each iteration ¢t we have

Q

P e —
> e 4k

Next, we prove by induction on ¢ that

Consider the (first) iteration ¢ = 1. By the weak duality given in Theorem 1.1,

Yo (1)
Zje[k] djdist; (yo)

Now consider any iteration ¢t > 1 and assume that

maxreryo (1) opt

1
AL = - : >
1 e didisty (yo) — p

>

t
At—1 > o
1
and show that ’
A >
7
If Ay = \¢_1, then it is trivial that
N> 2
7

If A\t < A¢—1, then by the weak duality given in Theorem 1.1,

yr—1 (It) S 1 maXrery—1 (1) S, opt

A= | 51 . .
' Z]G[k] d]d/LSt] (ytfl) 1% Z]E[k‘} deZStj (yt—l) o)

So, in either case,

Finally, we show that for each iteration ¢t > 1,

1

o >
o
max {1, e o Ty }

For each round ¢t > 1, let Pj(t) be the shortest path of the j-th request computed in the round ¢ for

13



each j € [k]. Then, for each link a,
k
HaynLl -2 4 ({a} N p]m‘
7=1
< max< [{a} N L], /\tZd [{a} N Pj|

<max< 1 )\tZd

|
m{ >
S

Je[k] d h;
it )
min e b
Thus,
5 — 1
t = k ()
maXqeA ‘|{a} NI = A3 g d; ‘{a} nFp; H

1
pu— a .
max {1’ minje k) b }

This completes the proof of the lemma. m

Next, we prove by contradiction that the number of iterations is at most

‘= llnm max 4 1 o
(T +2)In(1+¢e)+In(l—¢) Tminjep by f |

Assume to the contrary the number of iterations is more than ¢. Consider the iteration ¢. By

Lemma 3.2, the primary schedule I in the iteration ¢ has length

L> t
fax {1’ minjgm h; }
S [Inm
T (14+2)ln(l14+¢e)+In(l—¢)
[Inm

e'n(l—e)

On the other hand, the the complementary schedule I' in the iteration ¢ has length

[Inm

r< 2"
In(l—¢)”

14



Thus, ¢/ < £’¢. This implies that the algorithm would terminate at the end the iteration ¢, which

is a contradiction. So, the number of iterations is at most ¢, which is

@) (5_2 max {1, a} llnm> .
minje(i b

Finally, the approximation bound (1 + 2¢) u follows from the property
A > Pt
T op

in each iteration which is asserted in Lemma 3.2 and the argument given in the overview of the

algorithm at the beginning of this section. This completes the proof of Theorem 3.1.

4 Maximum Mulitflow

The algorithm MF-LS(e) for MMF is outlined in Table 2. It is very similar to the algorithm
CMF-LS(¢) for MCMF, and consequently we only highlight the difference in this section. In
each iteration, let P; be the shortest one among the k£ shortest paths with respect to y. Then, only
fj is augmented in this iteration. Accordingly, A is computed by

A min{A’ y((l'{j)) };

and § is chosen to be .

maxaea |[[{a} NI = A{a} N Byl
So, f;j is augmented by a flow of value § along Pj, the weight y (a) of each link a is updated by the

multiplicative factor
1—ed({a}NI|=A|{a} N F;]).

For the performance analysis, we can show that in each iteration,

ot < @

p min; ey by’
min;e g hj
a )

d> min{l,

, Inm
~ In(1- 5)_1 ‘
Using these properties, we can prove the following performance of The algorithm MF-LS(e).

15



| Algorithm MF-LS(e):

Vielkl, fj<—0;T —0, ¢—0,g—0;\«— o0;
(142¢) In(14¢)+In(1—e) |

In(1—¢)~? ’
J « a link partition output by GreedyFC with A;

yH1,5’<—

repeat forever
I — a y-weighted IS in Z output by A,
Vj € [k], P; < a shortest j-path w.r.t. y;
J < argminjep y (£);
A+ min {)\, %};
0~ EeeAT @A NIRRT
F—TU{(,0)}, L+
for each a € I do g (a) < g(a)+ ;
for each a € P; do fj (a) < fj(a) +;

IV 0,0 « 0
for each J € J do

if o' >0 then IV — TV U{(J,8)}, 0 — 0+,

if ¢/ < £'¢ then return é—i}ﬁ’ hi?l(:_;ll f and Wlé, (rur).

¢" = max,e s max {0; g(a) - h}?l(ii)ezl )\Zje[k] i (a)};

for each a € A do
y(a) —y(a)(—ed({a}NI|—A[{a}NF;));

Table 2: Outline of the algorithm MF-LS(¢).
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Theorem 4.1 The algorithm MF-LS(g) runs in

O (5_2 max {1, a} llnm) .
mmje[k] hj

iterations and has an approzimation bound (1 + 2¢) p.
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