Multiflows under Physical Interference Model

Peng-Jun Wan

wan@cs.iit.edu

Peng-Jun Wan (wan@cs.iit.edu) Multiflows under Physical Interference Model



Outline

Introduction
Weak Dualities
An Adaptive Coupled Game

Maximum Concurrent Multiflow

Maximum Multiflow

Peng-Jun Wan (wan@cs.iit.edu) Multiflows under Physical Interference Model



Multiflow

@ Multihop wireless network: (V, A, T)

Peng-Jun Wan (wan@cs.iit.edu) Multiflows under Physical Interference Model



Multiflow

o Multihop wireless network: (V, A, T)
@ Unit link data rate

Peng-Jun Wan (wan@cs.iit.edu) Multiflows under Physical Interference Model



Multiflow

o Multihop wireless network: (V, A, T)
@ Unit link data rate

@ k unicast requests

Peng-Jun Wan (wan@cs.iit.edu) Multiflows under Physical Interference Model



Multiflow

o Multihop wireless network: (V, A, T)
@ Unit link data rate
@ k unicast requests

o Fj: the set of flows of the j-th request

Peng-Jun Wan (wan@cs.iit.edu) Multiflows under Physical Interference Model



Multiflow

o Multihop wireless network: (V, A, T)
@ Unit link data rate
@ k unicast requests

o Fj: the set of flows of the j-th request
o P;: the set of paths of the j-th request

Peng-Jun Wan (wan@cs.iit.edu) Multiflows under Physical Interference Model



Multiflow

o Multihop wireless network: (V, A, T)
@ Unit link data rate

@ k unicast requests

o Fj: the set of flows of the j-th request
o P;: the set of paths of the j-th request

o A k-flow is a sequence f = (f, fo,- -, fi) with f; € F; Vj € [K]
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Reductions from MCMF And MMF to MWIS

e A: p-approximation algorithm for MWIS
e £ € (0,1/2]: trade-off between accuracy and efficiency

o CMF-LS(e): (14 2¢) p-approx. alg. for MCMF by making
O (¢ 2amInm) calls to A

e MF-LS(e): (1+ 2¢) p-approx. alg. for MMF by making
O (e 2amInm) calls to A
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Applications to MCMF And MMF under Physical IM

@ Linear power assignment: constant-approximation algorithms

@ Other monotone and sublinear power assignment:
O (In)-approximation algorithms

e Power control: O (In«)-approximation algorithms
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Weak Dualities

@ y: a positive function on A
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Weak Dualities

@ y: a positive function on A
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Weak Dualities

@ y: a positive function on A
e Vj € [k], distj(y): length of a shortest j-path w.r.t. y

@ The concurrency of the maximum concurrent multiflow is at most

/
max y (1)
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Weak Dualities

@ y: a positive function on A
e Vj € [k], distj(y): length of a shortest j-path w.r.t. y

@ The concurrency of the maximum concurrent multiflow is at most

/
max y (1)

Yjelk didist; (y)

@ The total value of the maximum multiflow is at most

/
max y (1)

minje[k] distj (y)

Peng-Jun Wan (wan@cs.iit.edu) Multiflows under Physical Interference Model



An Invariant Property

o f=(f, -, fk): a multiflow
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An Invariant Property

o f=(f, -, fk): a multiflow

@ A non-negative function z on Z is said to be a (fractional) link
schedule of f if

fi(a)=Y_ [{a}nI|z(I),Yae A

1 l1eZ

k
Jj=
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An Invariant Property

o f=(f, -, fk): a multiflow

@ A non-negative function z on 7 is said to be a (fractional) link
schedule of f if

fi(a)=Y_ [{a}nl|z(l),Yae A

1 e

k
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An Invariant Property

o f=(f, -, fk): a multiflow

@ A non-negative function z on 7 is said to be a (fractional) link
schedule of f if

k
fi(a)=) [{a}nl|z(l),Vac A

1 e

J

Lemma
For any path-flow decomposition x of f and any link schedule z of f,

Y Y x(Pyy(P) =Y y()z(])

J=1PeP; leT
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An Invariant Property

k k
Y x(P)y(P)=)_ ) x(P))_ vy(a)l{a}nP|
Jj=1PeP; Jj=1PeP; acA
=2 y(@) Y x(P){a}nP|
acA J=1PeP;
k
=Y. y(@)Y fi(a=) y() Hanilz())
acA j=1 acA leT
=Y. z() Y y(@Han/
e acA
=Y. y(hz()
e
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Feasible Multiflow

For any feasible f,

Y dist; () val (f)) < maxy (/)
J€EK]
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Feasible Multiflow

For any feasible f,

Y dist; () val (f)) < maxy (/)
J€EK]

Jj=1PcP; Jj=1PeP;
P P
= 2 distj (y) Z x(P)= Z distj (y) val (f;)
j=1 PEP; j=1
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Feasible Multiflow

For any feasible f,

Y dist; () val (f)) < maxy (/)
J€EK]
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Weak Duality for MMF

f=(fi, -, fx): a maximum multiflow

maxy (1) > ) _ distj (y) val (f;) > (min dist; (y)> Y val (f;)

<t jelkd Jeld jelk]
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Weak Duality for MMF

f=(fi, -, fx): a maximum multiflow

maxy (1) > ) _ distj (y) val (f;) > (min dist; (y)> Y val (f;)

<t jelkd Jeld jelk]

Y val () < ez ()
€Ik mMiNjc k] dIStj (y)
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Weak Duality for MCMF

f={(f,---,f): a maximum concurrent multiflow
: ) V2l (6)
r}nea%(y ; distj (y) val (f;) = Z d;dist; 3
val (
> i d;dist; (
- <Je[k1 dj > 2 i
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Weak Duality for MCMF

f={(f,---,f): a maximum concurrent multiflow

)2l (6)
d

K
r}nea%(y 1 > Z distj (y) val (f;) = Z d;dist;

/
> ( e >de/stj

val (f;) < max;ez y (1)
sl dp T Y didist; (y)
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An Adaptive Coupled Game: Rules

@ Players: an agent advised by a set E of m experts, and an adversary.
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An Adaptive Coupled Game: Rules

@ Players: an agent advised by a set E of m experts, and an adversary.

@ Prior to the game: the agent chooses a positive weight function y on
E
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An Adaptive Coupled Game: Rules

@ Players: an agent advised by a set E of m experts, and an adversary.

@ Prior to the game: the agent chooses a positive weight function y on
E

@ Rules in each sequential game round:

o The adversary determines a non-negative profit p (e) and a
non-negative loss / (e) for each e € E subjected to

o Normalization Rule: max.cg |p(e) —/(e)| = 1.
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An Adaptive Coupled Game: Rules

@ Players: an agent advised by a set E of m experts, and an adversary.

@ Prior to the game: the agent chooses a positive weight function y on
E

@ Rules in each sequential game round:

o The adversary determines a non-negative profit p (e) and a
non-negative loss / (e) for each e € E subjected to

o Normalization Rule: maxecg |p(e) —/(e)| = 1.
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An Adaptive Coupled Game: Rules

@ Players: an agent advised by a set E of m experts, and an adversary.

@ Prior to the game: the agent chooses a positive weight function y on
E

@ Rules in each sequential game round:

o The adversary determines a non-negative profit p (e) and a
non-negative loss / (e) for each e € E subjected to

o Normalization Rule: maxecg |p(e) —/(e)| = 1.
o Generalized Zero-Sum Rule: Y.y (e) (p(e) —/(e)) >0

o The agent may then update the weight y (e) of each expert e € E
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Adaptive Coupled Game: Objective

e P (e): cumulative profit of e
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Adaptive Coupled Game: Objective

e P (e): cumulative profit of e

o L(e): cumulative loss of e
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Adaptive Coupled Game: Objective

e P (e): cumulative profit of e
e L (e): cumulative loss of e
e e (01)
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Adaptive Coupled Game: Objective

P (e): cumulative profit of e
L (e): cumulative loss of e

n€(0,1)
Objective of the agent: At the end of each round and for each e € E,

nL(e) — P (e) < a value invariant to the round number
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Adaptive Coupled Game: Objective

P (e): cumulative profit of e
L (e): cumulative loss of e

n€(0,1)
Objective of the agent: At the end of each round and for each e € E,

nL(e) — P (e) < a value invariant to the round number

Objective of the adversary: opposite
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Multiplicative Weights Update (MWU)

e ec(0,1)
o Initial weight: y (e) =1, Ve € E
e MWU at the end of each round: Ve € E,

y(e) —y(e)(1—¢e(p(e) =1(e))).
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Design of The Game

e P+—0,L—0y<1
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Design of The Game

o P—0,L—0y<1

@ repeat
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Design of The Game

o P—0,L—0y<1
@ repeat

o Generation of profits/losses: The adversary determines a
non-negative profit p (e) and loss / (e) for each e € E subjected to the
Normalization Rule and Generalized Zero-Sum Rule. As the result,

L(e)«— L(e)+1(e);
P(e)«— P(e)+p(e).

Peng-Jun Wan (wan@cs.iit.edu) Multiflows under Physical Interference Model



Design of The Game

o P—0,L—0y<1
@ repeat

o Generation of profits/losses: The adversary determines a
non-negative profit p (e) and loss / (e) for each e € E subjected to the
Normalization Rule and Generalized Zero-Sum Rule. As the result,

L(e) —L(e)+1(e);
P(e) — P(e)+p(e).

o Multiplicative Weights Update: The agent updates y (e) for each
e € E by setting

y(e) —y(e)(1—e(p(e) —I(e)))-
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Analysis of The Game

At the end of each round, for any e € E,

In(1+¢) Inm
WL(e) <Ple)+———

Peng-Jun Wan (wan@cs.iit.edu) Multiflows under Physical Interference Model



Analysis of The Game

At the end of each round, for any e € E,

In(1+¢) Inm
WL(e) <Ple)+———

OP():LQ:O,)/():].
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Analysis of The Game

At the end of each round, for any e € E,

In(1+¢) Inm
WL(e) <Ple)+———

OPOZL():O,)/OZ].

@ For each round r,
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Analysis of The Game

At the end of each round, for any e € E,

In(1+¢) Inm
WL(e) <Ple)+———

o POZL():O,)/():].
@ For each round r,

e P, L, yr: value of P, L, y at the end of round r
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Analysis of The Game

At the end of each round, for any e € E,

In(1+¢) Inm
WL(e) <Ple)+———

o POZL():O,)/():].
@ For each round r,

o P, L, yr: value of P, L, y at the end of round r
o pr="P —Pr
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Analysis of The Game

At the end of each round, for any e € E,

In(1+¢) Inm
WL(e) <Ple)+———

o POZL():O,)/():].
@ For each round r,

o P, L, yr: value of P, L, y at the end of round r
o pr=P —Pr4
o =1L, —L, 1
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Analysis of The Game

Claim 1: y; (E) decreases with t
Claim 2: Vi (6‘) > (]_ — g)Pf(e) (1 +€)Lt(e) ]
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Analysis of The Game

Claim 1: y; (E) decreases with t
Claim 2: Vi (6‘) > (]_ — E)Pf(e) (1 +€)Lt(e) ]

(1—-e)™ 1+ <y (e) < ye (E) <yo (E) =m.
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Analysis of The Game

Claim 1: y; (E) decreases with t
Claim 2: Vi (6‘) > (]_ — E)Pf(e) (1 +€)Lt(e) ]

(1—-e)™ 1+ <y (e) < ye (E) <yo (E) =m.

Pi(e)in(1—g)+Le(e)In(14¢) <Inm,
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Analysis of The Game

Claim 1: y; (E) decreases with t
Claim 2: Vi (6‘) > (]_ — E)Pf(e) (1 +€)Lt(e) ]

(1—-e)™ 1+ <y (e) < ye (E) <yo (E) =m.

Pi(e)in(1—g)+Le(e)In(14¢) <Inm,

In(1+e¢) Inm
WLt (e) <P (e)—i-m.
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Proof of Claim 1

ye (E) = Z ye (e)

ecE

=) ve-1(e) (L —e((pe(e) =l (e))))

ecE

=Y ve1(e) =g}, ye1(e) ((pe(e) — ke (e)))

ecE ecE

< Z Ye-1(e)

ecE
< Yt-1 (E)
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Proof of Claim 2

(6] ={iet]:pi(e) > ()},
[t ={ielt]:pi(e) <li(e)}.
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Proof of Claim 2

ye (e)

= I—[[] (1—e(pi(e) —li(e)))

=[] (t—e(pi(e)—1li(e)))- T (L+e(li(e)—pi(e)))
iclt]™ ie[t]”

> H (1_€)p,-(e)—/,-(e)_ H (1_1_8)/:'(6)—2'(6)
ict]™ icft]”

— (1 _ E)Zie[t]Jr(pi(e)_li(e)) (1 _|_ S)Zie[t]f(l"(e)_pi(e))
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Proof of Claim 2

(1- S)Eie[t]+(pf(e) li(e)) (1 +€) iep- (i(e)=pi(e))

— (1= ) Fietet Pi(®) <1i8>2fem+ ti(e) (1 ig)zie[t] pile) (14 ey 10
> (1-— g)zie[r]+ pi(e) (1+ g)zie[tﬁ ti(e) (1— S)Z;qtr pi(e) (1+ s)Zie[t]— li(e)
=(1- s)Zie[t] pi(e) (1+ S)Z"EM li(e)

= (1-&)P@ (1),
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Overview: Deficit Demand

o f=(f, -, fx): a multiflow of concurrency ¢

Peng-Jun Wan (wan@cs.iit.edu) Multiflows under Physical Interference Model



Overview: Deficit Demand

o f=(f, -, fx): a multiflow of concurrency ¢

o I': a “primary” link schedule of length ¢
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Overview: Deficit Demand

o f=(f, -, fx): a multiflow of concurrency ¢
o I': a “primary” link schedule of length ¢

e g: transmission-time function of links determined by T’
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Overview: Deficit Demand

o f=(f, -, fx): a multiflow of concurrency ¢
o I': a “primary” link schedule of length ¢
e g: transmission-time function of links determined by T’

opt

@ A: a scaling factor > i
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Overview: Deficit Demand

f={(f,---,f): a multiflow of concurrency ¢

I': a “primary” link schedule of length ¢

e g: transmission-time function of links determined by T’
@ A: a scaling factor > OTPt
o d’: deficit demand function of links given by

n{lte) )y g(a)—g(a)},vaeA

In (]._S)il jE[k]

d' (a) = max {0,
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Overview: Deficit Demand

f={(f,---,f): a multiflow of concurrency ¢

I': a “primary” link schedule of length ¢

e g: transmission-time function of links determined by T’

@ A: a scaling factor > OTPt

e d’: deficit demand function of links given by

LT U I
g B g()},v e

d' (a) = max {O

e invariant property to be maintained

d' (a) < lniml,VaEA
In(l—e)”
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Overview: Complementary Link Schedule

e I'": a “complementary” link schedule of d’
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Overview: Complementary Link Schedule

e I'": a “complementary” link schedule of d’
@ (': length of T".
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Overview: Complementary Link Schedule

e I'": a “complementary” link schedule of d’
o (": length of T".

o If v / (1+2e)In(1+¢)+In(1l—¢)
— < ¢ :=
0= In(1—¢)" |

then return

1 In(l+e) 1 /
Af, rur
(o oy ror) )
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Overview: Approximation Bound

The concurrency of the returned multiflow is

¢ In(l+e)
C+0n(1—¢) "
1 In(l+e)
10/ ln(1—e) !
1 In(l+¢)
T l4+édIn(1—et
A

>
— 1+ 2¢
opt

(1+2e)u

Y
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Fast Computation of Complementary Link Schedule

@ J: a partition of A into independent sets output by GreedyFC with
A
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Fast Computation of Complementary Link Schedule

@ J: a partition of A into independent sets output by GreedyFC with
A

o [ ‘j|
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Fast Computation of Complementary Link Schedule

@ J: a partition of A into independent sets output by GreedyFC with
A

o I |J|

e Construction of T/
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Fast Computation of Complementary Link Schedule

@ J: a partition of A into independent sets output by GreedyFC with
A

o I |J|

@ Construction of T
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Fast Computation of Complementary Link Schedule

@ J: a partition of A into independent sets output by GreedyFC with
A

o I |J|

@ Construction of T

I'— @0 —0;
for each J € J do
0" — maxaey d’ (a);
if 6/ >0thenT" —T'U{(J,8)}, 0 — 0+,
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Fast Computation of Complementary Link Schedule

@ J: a partition of A into independent sets output by GreedyFC with
A

o I |J|

@ Construction of T

I'— @0 —0;
for each J € J do
0" — maxaey d’ (a);
if 6/ >0thenT" —T'U{(J,8)}, 0 — 0+,

IInm
V= maxd (a) < ——M .
Jezj act @ = In(1—¢)*
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Outline of Algorithm Design

| Algorithm CMF-LS(¢): ‘

// initialization

repeat forever
// primary schedule and flow augmentation

// complementary schedule computation

// test of termination
if ¢/ < &'l then return -1 In(1+e) ;f and

L+0 |y In(1— ) €+£’
//MWU

(TUT).
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Initialization

Vielkl, f<—0,T— @, ¢—0 g 0;A« oo
(142¢) In(14¢€)+In(1—¢) |

In(1—¢) ™t '
J <« a link partition output by GreedyFC with A;

y«—1 ¢«
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Augmentation And MWU

| — a y-weighted IS in Z output by A;
Vj € [k], Pj < a shortest j-path w.r.t. y;

; y(h) :
A < min {A' Lietk) 9y (Py) }
0 l_ ;
maxaea|[{a}N1|=A Tfy dj[{a} NPyl
I —TU{(l,6)}, ¢ —(+5;
Vael, g(a) — g(a)+9;
Vj € [k] and Va € P;j, f; (a) < f; (a) + dd;;
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Augmentation And MWU

| — a y-weighted IS in Z output by A;
Vj € [k], Pj < a shortest j-path w.r.t. y;

; y(h) :
A < min {A' Lietk) 9y (Py) }
0 l_ ;
maxaea|[{a}N1|=A Tfy dj[{a} NPyl
I —TU{(l,6)}, ¢ —(+5;
Vael, g(a) — g(a)+9;
Vj € [k] and Va € P;j, f; (a) < f; (a) + dd;;

Vac A y(a) =y (@) (1-e (Ha} N1l = AT G {a} N AIl)) s
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Interpretation As An Adaptive Coupled Game

@ Each link a € A < an adversary
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Interpretation As An Adaptive Coupled Game

@ Each link a € A <+ an adversary

e Each iteration <= a game round
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Interpretation As An Adaptive Coupled Game

@ Each link a € A <+ an adversary
@ Each iteration < a game round
o Agent: WMU strategy
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Interpretation As An Adaptive Coupled Game

Each link a € A < an adversary
Each iteration <+ a game round
Agent: WMU strategy

Adversary: At the end of each round,

cumulative profit of a = g (a)

cumulative loss of a > A )~ £ (a).
Jelk]
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Profits/Losses Generation In Each Round

| < a y-weighted IS in Z output by A;
Vj € [k], Pj < a shortest j-path w.r.t. y;

. y() )
A min {/\' Yiclk diy (P}) }'
0 «— L

maxaea| {2301 -A Ty d{atnPy]]

e profit of a € A: §|{a} N /|
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Profits/Losses Generation In Each Round

| < a y-weighted IS in Z output by A;
Vj € [k], Pj < a shortest j-path w.r.t. y;

. y() )
A min {/\' Yiclk diy (P}) }'
0 «— L

maxaea| {2301 -A Ty d{atnPy]]

e profit of a € A: §|{a} N /|
o loss of a € A: SA Y[ d;[{a} N P;|
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Profits/Losses Generation In Each Round

| < a y-weighted IS in Z output by A;
Vj € [k], Pj < a shortest j-path w.r.t. y;

. y() )
A min {/\' Yiclk diy (P}) }'
0 «— L

maxaea| {2301 -A Ty d{atnPy]]

e profit of a € A: §|{a} N /|
o loss of a € A: A Y[, dj|[{a} N Pj|
@ o is determined by the Normalization Rule
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Generalized Zero-Sum Rule

Y.y (a) <5\{a}ﬂ’!—52\ ) djl{a}ﬂPj\>

acA J€E[K]
:5( Ay |{a}ﬁl\—7\z;‘y ;dj|{a}ﬁpj|>
:a(y Agd Yy (a |{a}m°j|>

(5<y Azdj}/t 1 P))
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Algorithm Analysis

@ hj: the hop number of a min-hop path of the j-th request for each
Jj€ K

@ «: the size of a maximum-sized independent set of A

Theorem
The algorithm CMF-LS(e) runs in

O [ £72 max 1,# [Inm | .
mlnje[k]hj

iterations and has an approximation bound (1 + 2¢) 1.
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Invariant Properties

Claim 1: In each iteration, the deficit of each link is at most In('l"i#
and hence I
V< %
In(1—¢)
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Invariant Properties

Claim 1: In each iteration, the deficit of each link is at most In('l"i#
and hence I
V< %
In(1—¢)
Claim 2: In each iteration
opt <i< %
H Zje[k] djhj
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Invariant Properties

Claim 1: In each iteration, the deficit of each link is at most Ilnim

n(l—g)™ 1’
and hence I
V< %
In(1—¢)
Claim 2: In each iteration
opt <i< %
H Zje[k] djhj
Claim 3: In each iteration
o> L
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Proof of Claim 3

For each g,

k
I{a}ﬁ/I—A;djl{a}ﬂle

< max{\{a}ﬂ/’,}\zdea}ﬁPﬂ}

j=1

k
< max 1,)\2(11-}
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Number of Iterations

Claim 4: The number of iterations is at most

maxq1l, —2—>5/Inm
{ J

! minje[k] hj

(14+2e)In(1+¢)+In(1l—¢)

= € 2 max 1,# IInm| .
m'njE[k]hj

t =
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Number of Iterations

Claim 4: The number of iterations is at most

44
maX{l,W}llnm
(I14+2)In(1+¢)+In(1—¢)

= 0| e ?max 1,# Ilnm ] .
mlnje[k]hj

The primary schedule T" in the iteration t would have length

1 IInm
> >
= “ 129 m(lte) Lin(l—e)
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Roadmap

Introduction
Weak Dualities
An Adaptive Coupled Game

Maximum Concurrent Multiflow

Maximum Multiflow
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Outline of Algorithm Design

| Algorithm MF-LS(¢): ‘

// initialization

repeat forever
// primary schedule and flow augmentation

// complementary schedule computation

// test of termination
if ¢/ < &'l then return -1 In(1+e) ;f and

L+0 |y In(1— ) €+£’
//MWU

(TUT).
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Augmentation And MWU

| < a y-weighted IS in Z output by A;
Vj € [k], Pj < a shortest j-path w.r.t. y;
Jj o arg m'nje[k y (Pp)i //**
/\<—m|n{/\ ). } //**

0 maxaeA||{a}n1/|—A|{a}ij|\ //*

I —TU{(l,6)}, £ —L+6;

Vael, g(a)—g(a)+54;

Va e Py fi(a) < fj(a) +6d;; //**
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Augmentation And MWU

| < a y-weighted IS in Z output by A;
Vj € [k], Pj < a shortest j-path w.r.t. y;
Jj—arg mmje[k y (P //**
/\<—m|n{/\ s0). } //**

0 maxaeA||{a}ﬁl| A{afnP ] L/

T —TU{(l,&)} £— 0+

Vael, g(a) — g(a)+9;

Va e P;, fj(a) «— fi(a) + dd;; //**

[ VacA y(a) —y(a)(1—es({a}n!]—Al{a} 0N PF])://** |
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Algorithm Analysis

The algorithm MF-LS(¢) runs in

O [ £72 max 1,# IInm | .
mlnje[k]hj

iterations and has an approximation bound (1 + 2¢) .
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Invariant Properties

Claim 1: In each iteration, the deficit of each link is at most M(Z:T]—%
and hence /|
U< *_1
In(1—¢)
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Invariant Properties

Claim 1: In each iteration, the deficit of each link is at most M(Z:T]—%
and hence i
U< *_1
In(1—¢)
Claim 2: In each iteration
opt <i<*
]l mlnje[k] hj
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Invariant Properties

Claim 1: In each iteration, the deficit of each link is at most I'”i’”

n(l—e) '’
and hence i
YA < *1
In(1—¢)"
Claim 2: In each iteration
Sﬁfg,xggigﬂggf_
]l mlnje[k] hj
Claim 3: In each iteration
o> 1
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Proof of Claim 3

For each a,

Peng-Jun Wan (wan@cs.iit.edu)

[{a}t N 1] = A{a} NPl
< max{|[{a} NI|,A|{a} N P;|}
<max{l,A}

14
maxX 1, —_——
{ mlnje[k] hj}

IN
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Number of Iterations

Claim 4: The number of iterations is at most

maxq1l, —2—>5/Inm
{ J

! minje[k] hj

(1+2e)In(1+¢)+In(1l—¢)

= 0| e 2 max 1,# IInm| .
mlnje[k]hj

t =
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