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Maximum-Weighted A-Colorable Subgraph (A-MWCS)

@ Instance: G = (V,E); w: V>R AN
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@ Instance: G = (V,E);w: V>R AeN

@ Feasible solution: F =/ UhkLU---Ul,, where each /; is an
independent set (IS) of G
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Maximum-Weighted A-Colorable Subgraph (A-MWCS)

Instance: G = (V,E); w: V>R AN

Feasible solution: F =/ UhLU---UIl,, where each /; is an
independent set (IS) of G

Objective: find a feasible set F with maximum w (F) := Y cgw (v)

Applications: Maximum-weighted schedulable requests in
multi-channel wireless networks
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A-MWCS vs. MWIS

e 1-MWCS = Maximum-Weight Independent Set (MWIS): NP-hard
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A-MWCS vs. MWIS

e 1-MWCS = Maximum-Weight Independent Set (MWIS): NP-hard
@ A-MWCS is harder than MWIS:
e On split graphs, MWIS € P, A-MWCS € NP-complete

@ y-approx. alg. for MWIS = f, (p)-approx. alg. for A-MWCS,
where

hi(W) =1/ |1 - (1-1/ (1)
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A-MWCS vs. MWIS

e 1-MWCS = Maximum-Weight Independent Set (MWIS): NP-hard
@ A-MWCS is harder than MWIS:
e On split graphs, MWIS € P, A-MWCS € NP-complete

o y-approx. alg. for MWIS = f, (p)-approx. alg. for A-MWCS,
where

hi(n) =1/ [1-(1-1/ (u1)"]

o f) (i) strictly increases with A

1
ﬂ:fl(li)<fA(}l)<ﬂ+1—X
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@ <: an ordering of V
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@ <: an ordering of V

@ Backward local independence number (BLIN) B:
maximum # of non-adj. vertices in N (v) N V<, forall v € V.
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@ <: an ordering of V

e Backward local independence number (BLIN) B:
maximum # of non-adj. vertices in N (v) N V<, forall v € V.

@ —> B-approx. alg. for MWIS
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@ <: an ordering of V

e Backward local independence number (BLIN) B:
maximum # of non-adj. vertices in N (v) N V<, forall v € V.

© — p-approx. alg. for MWIS
e —> f, (B)-approx. alg. for A-MWCS
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@ D: an orientation of G
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@ D: an orientation of G

@ Inward local independence number (ILIN) 7:
maximum # of non-adj. vertices in N7 (v) for all v € V.
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@ D: an orientation of G

@ Inward local independence number (ILIN) «:
maximum # of non-adj. vertices in N (v) for all v € V.

@ — 2vy-approx. alg. for MWIS
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@ D: an orientation of G

@ Inward local independence number (ILIN) «:
maximum # of non-adj. vertices in N (v) for all v € V.

® —> 27-approx. alg. for MWIS
e —> f) (27)-approx. alg. for A-MWCS
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Motivating Questions

@ Whether and when the same approx. bound for MWIS can be
achieved for A-MWCS
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Motivating Questions

@ Whether and when the same approx. bound for MWIS can be
achieved for A-MWCS

@ Whether and when a better approx. bound may be achieved than
prior art
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Contributions of This Paper

gx (u) := min {Mt <1 - )1L> + 1}

@ an ordering with BLIN B = g, (pB)-approx. alg. for A-MWCS
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Contributions of This Paper

gx (u) := min {Mt <1 - )1L> + 1}

e an ordering with BLIN § = g, (8)-approx. alg. for A-MWCS
@ an orientation with ILIN v = g) (27)-approx. alg. for A-MWCS

e ForA<u,g\(u)=u
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Contributions of This Paper

gx (u) := min {Mt <1 - )1L> + 1}

e an ordering with BLIN § = g, (8)-approx. alg. for A-MWCS

@ an orientation with ILIN v = g) (27)-approx. alg. for A-MWCS
e ForA<u,g\(u)=u

@ For1 < A <2u, g\(u) <fy(u)
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Contributions of This Paper

e Cocomparable vertex ordering <: For any v < v/ < v/,

(vv’ ¢ E) A (v’v” ¢ E) — (vv” ¢ E) )
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Contributions of This Paper

e Cocomparable vertex ordering <: For any v < v/ < v/,
(vv' ¢ E) A (v’v” ¢ E) — (vv" ¢ E) .

o Cocomparability graph: 3 cocomparable vertex ordering
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Contributions of This Paper

e Cocomparable vertex ordering <: For any v < v/ < v/,
(vv' ¢ E) A (v’v” ¢ E) — (vv" ¢ E) .

o Cocomparability graph: 3 cocomparable vertex ordering
e Exact alg. for A-MWCS: 1 < f; (1)
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Local-Ratio Scheme

< a vertex ordering with BLIN S

@ Compute the greedy candidate subset S of V in <.
@ Compute the maximal inductively feasible subset F of S in <.
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Greedy Candidate Subset

’ greedy candidate subset S of V in < ‘

S« ©;

for each v € V in the reverse order of < do
W(v) ¢ w(v)— 31w (N(v)NS);
ifw(v) >0 S+ SU{v};

return S.
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Greedy Candidate Subset

’ greedy candidate subset S of V in < ‘

S« ©;

for each v € V in the reverse order of < do
W(v) ¢ w(v)— 31w (N(v)NS);
ifw(v) >0 S+ SU{v};

return S.

1

W) = 81 (B)

opt.
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Maximal Inductively Feasible Subset

’ maximal inductively feasible subset F C S in < ‘
F + ©;
foreach a € S in < do

if [IN(v)NF|<Athen F+ FU{v};
return F
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if [IN(v)NF|<Athen F+ FU{v};
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opt.
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Fractional Local-Ratio Scheme

D: an orientation with ILIN
@ Solve an auxiliary LP
max Y, w(v)x(v)
veVv .
st. x(v)+32x (N (v)) <1,VveV
x(v) >0,VveV
@ Compute a surplus-preserving ordering < of V w.r.t. x.
© Compute the greedy candidate subset S of A in <.
@ Compute the maximal inductively feasible subset F of S in <.
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Surplus-preserving Ordering

] surplus-preserving ordering w.r.t. x
U+ V;
for i = n down to 1 do
Vi <— an x-surplus vertex in U;
//x (N™ (vi) N U) > x (N°“t (vi) N U) .
U+~ U\{v};

return (vi, va, -, Vp)
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Surplus-preserving Ordering

] surplus-preserving ordering w.r.t. x
U<+ V,
for i = n down to 1 do

Vi <— an x-surplus vertex in U;
//x (N™ (vi) N U) > x (N°“t (vi) N U) .

U+~ U\{v};
return (vi, va, -, Vp)
_ 1
w(F)>w(S) > V;/W(v)x(v) > . (2’)/)Opt'
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Exact Algorithm on Comparability Graphs

e G = (V,E): a cocomparability graph with a cocomparability ordering
<V11 V21 ] Vn>-
@ Exact algorithm: reduction to min-cost flow
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Construction of Flow Network

@ Node set:
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Construction of Flow Network

@ Node set:

o {x;,y;i}: replicas of v; for 1 < j < n.
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Construction of Flow Network

@ Node set:

o {x;, y;i}: replicas of v; for 1 < i < n.
@ s: source node
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Construction of Flow Network

@ Node set:

o {x;, y;i}: replicas of v; for 1 < i < n.
e s: source node
e t: sink node
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Construction of Flow Network

@ Node set:

o {x;, y;i}: replicas of v; for 1 < i < n.
e s: source node
e t: sink node

@ Arc set:
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Construction of Flow Network

@ Node set:

o {x;, y;i}: replicas of v; for 1 < i < n.
e s: source node
e t: sink node

@ Arc set:
{(s, %)) :1<i<n}U{(yi,t):1<i<n}U
{(xiyi):1<i<n}U
{(vi,x):1<i<j<nvy¢&E}

@ Capacity: unit capacity on each arc
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Construction of Flow Network

o Node set:
o {x;, y;i}: replicas of v; for 1 < i < n.
e s: source node
e t: sink node
@ Arc set:
{(s,x):1<i<n}U{(y,t):1<i<n}U
{(xi,yi):1<i<n}U
{(yix)):1<i<j<nvyv¢E}
@ Capacity: unit capacity on each arc

Cost: each arc (xj, y;) has a cost —w (v;), and each other arc has
cost 0.
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Reduction

@ Forany ip < ip < -+ < iy,

-~

- {Vilv Vi2v T ,Vi/} :

P = <5in1vyi11Xi21yi21 T ,Xi,:)/i,v t>
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Reduction

@ Forany ip < ip < -+ < iy,

I - {Vilv Vl'zv T 1Vi,} <:)

P = (s, Xi,, Yir, Xig: Yiy» =+ =+ Xiys Yips t)

@ cost of P = —w (/)
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@ Forany ip < ip < -+ < iy,

I - {Vilv Vl'zv T 1Vi,} <:)

P = (s, Xi,, Yir, Xig: Yiy» =+ =+ Xiys Yips t)

@ cost of P = —w (/)

@ min. cost of s-t flows of value < A = —opt
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Algorithm

@ Compute an integral min-cost flow s—t flow f of value < A in D,
@ Decompose f into s—t paths flows: # of paths < A

@ For each path P, let | be the IS induced by P. The collection of all
these IS's is returned as the output.
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Problem Description

A Finer Treatment of Conflicts
Light Requests

Heavy Requests

Summary
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Summary

@ Divide & Conquer: 6y -approximation
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Summary

e Divide & Conquer: 6y, -approximation

@ Restriction: inductive feasibility
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e Divide & Conquer: 6y, -approximation
@ Restriction: inductive feasibility

e Fractional local-ratio (primal-dual)

P.-J. Wan, H.Q. Yuan, X.F. Mao, J.L. WangMaximum-Weighted A-Colorable Subgraph: R



e Divide & Conquer: 6y, -approximation
@ Restriction: inductive feasibility
e Fractional local-ratio (primal-dual)

e optimal partial demand via LP and surplus-preserving ordering
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e Divide & Conquer: 6y, -approximation
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e Fractional local-ratio (primal-dual)

e optimal partial demand via LP and surplus-preserving ordering
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e Divide & Conquer: 6y, -approximation
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e Divide & Conquer: 6y, -approximation
@ Restriction: inductive feasibility
e Fractional local-ratio (primal-dual)

e optimal partial demand via LP and surplus-preserving ordering
o greedy candidate set
e maximal inductively feasible subset

@ Greedy channel assignment

, H.Q. Yuan, X.F. Mao, J.L. WangMaximum-Weighted A-Colorable Subgraph: k



Divide & Conquer: 64)-approximation

Restriction: inductive feasibility

Fractional local-ratio (primal-dual)

e optimal partial demand via LP and surplus-preserving ordering
o greedy candidate set
e maximal inductively feasible subset

@ Greedy channel assignment

@ First-fit transmission schedule
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