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Abstract. In this paper we consider the problem of efficiently constructing geodesic
t-spanners. We consider finding spanners on the surface of a 3 dimensional polyhedron. If Steiner vertices are allowed on the surface of the polyhedron, then we
are able to construct sparse t-spanners. If no Steiner vertices are allowed, then we
establish lower bounds on the maximum node degree, depending on the spanning
ratio t and also the total number of vertices of the polyhedron surface. We also
consider the case of the surface of a convex polytope P with V vertices. Using its
vertex set P and Steiner points, we can construct a t-spanner with a constant degree and weight O(M ST (U )), where M ST (U ) is the minimum spanning tree
on the set U of vertices on convex polytope.

1 Introduction
Given an edge weighted graph G = (V, E, w), where V is the set of vertices, E is the set
of edges, and w is a weight function with w(e) be the weight of an edge e, let dG (u, v)
denote the shortest distance from node u to node v in graph G; let ω(G) be the sum of
the edge weights of edges in G. A subgraph H = (V, E ′ , w) of G, where E ′ ⊆ E, is
called a t-spanner of graph G, if for any pair of nodes u and v, dH (u, v) ≤ t · dG (u, v).
The minimum t such that H is a t-spanner of G is called the stretch factor of H with
respect to G. An Euclidean graph is a graph where the weight of every edge (u, v) is
the Euclidean distance kuvk between its end-nodes. Given a geometric region Ω and a
set V of points in Ω, a geodesic graph is a graph where the weight of each edge (u, v)
with u, v ∈ V , is the geodesic distance from u to v in the region Ω.
For the case of geodesic spanners, our domain will be a 3-dimensional simplicial
polygonal surface P that is formed of m = O(n) triangles, and a set V of n nodes
on the surface P. While spanner construction has been well studied in general graphs
and in Euclidean spaces, this is the first study of constructing geodesic spanners on a
simplicial polygonal surface with some additional properties such as minimizing the
node degree and/or total edge length. Notice that constructing a t-spanner for a polyhedral surface using Steiner points was implicitly studied in [28], in which Lanthier et
al. proposed a method with time complexity O(n3 log n). No additional properties like
degree or weight bounds are considered in that paper. Here n is the number of vertices
of the polyhedral surface. Another previous study of spanners involving geodesic distances in a 2-dimensional planar domain with obstacles can be found in [23]. Geodesic
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spanner graphs on the surface of the convex polyhedron P approximate the complete
geodesic graph on a set of nodes, U on P. The edges (u, v) have weight corresponding
to the geodesic shortest distance between u and v. Note that a number of methods were
proposed in the literature [2–4, 31, 40, 41, 43] to compute the exact, or to approximate
the geodesic distance between two nodes. In order to construct a spanner, we note that
distances on the surface of a polyhedron could be stretched due to the folds of the surface. To capture this effect we define geodesic dilation factor to measure the difference
between the distance on the geodesic surface and the Euclidean distance between two
points. We consider both non-convex and convex three dimensional polytopes (simplicial 2-complex) in this paper.
A greedy algorithm has been used to construct spanners for various graphs [11, 20–
22, 36]. Peleg and Schaffer [34] showed that, for any t > 1, there exists a graph G =
(V, E) with |V | = n and an edge weight, such that any t-spanner of this graph needs at
1
least n1+ t+2 edges. Thus there are weighted graphs such that any t-spanner has weight
1
at least Ω(n t+2 ω(MST)) by letting the weight of each edge be 1. Althofer [5] proved
2
that the greedy method produces a sparse t-spanner with at most n1+ t−1 edges; and
2
Regev [37] showed that more precisely it has at most n1+ ⌊k⌋ + n edges if ⌊k⌋ is even,
2
and at most n1+ ⌈k⌉ + n edges if ⌊k⌋ is odd. For arbitrary weighted graphs, Chandra
et al. [12] showed that the greedy algorithm constructs a t-spanner of weight at most
2+ǫ
t−1−ǫ · ω(MST) for every t > 1 and any ǫ > 0. Regev [37] proved that the t(3 + 16t
ǫ2 )n
2
spanner constructed by the greedy algorithm has weight at most 2e2 ln n·n t−1 ·ω(MST)
2
n+2 log n
when t ∈ [3, 2 log n + 1], and has weight at most (1 + 4 log
t+1−log n ) · ω(MST) when
t > 2 log n + 1, by studying the girth of the constructed t-spanner.
For the problem of minimizing the weight of a t-spanner (MWSP) when given an
arbitrary weighted graph G, it was shown in [17] that MWSP is hard to approximate
within a factor o(log n) for any constant integer t > 1. Given an arbitrary weighted
graph G, it is also NP-hard to find a t-spanner with the minimum size [19, 26], or
even approximate the minimum size t-spanner within factor O(2(1−ǫ) ln n ) for any ǫ >
0, and t > 2 [19]. Finding a t-spanner with minimum size is also NP-hard [44] for
various special graphs under some conditions of t. The problem of finding a t-spanner
with a minimum maximum node degree is also NP-hard [27]: the problem of finding
a 2-spanner with minimum maximum node degree is at least as hard to approximate
as set cover. Thus, there is no O(ln n)-approximation algorithm for minimum degree
t-spanner problem unless N P ⊂ DTIME(npolylog(n) ). A probabilistic method was
presented in [27] to find a 2-spanner whose degree is at most Õ(∆1/4 ) times of the
optimum, where ∆ is the maximum degree of original graph G.
Constructing t-spanners [1, 6–10, 12, 14–16, 21–24, 32, 33, 35, 38, 39, 42] for Euclidean graphs has been extensively studied in the literature. Arya and Smid [8] first
proposed a o(n2 ) time method (with time complexity O(n logd n) for nodes in ddimension) to construct a bounded-degree t-spanner with total edge weight O(ω(EMST)).
An O(n log n) algorithm which uses an algebraic model together with indirect addressing has been obtained in [22].
For graphs that are neither general weighted graphs nor Euclidean graphs, several
results were also proposed for constructing t-spanners. Das [13] presented a method

to construct a t-spanner with a bounded node degree for visibility graph, defined by
2-dimensional obstacles, in time O(n log n) without constructing the visibility graph
first. A number of results (centralized methods or distributed methods) were proposed
in the literature [29, 30] to construct various t-spanners for unit disk graph.
Our Results: For geodesic spanners, we introduce geodesic cones and partition the
space into geodesic cones. Using this space partition we get the following results:
We develop an algorithm for computing a spanner graph for a set of nodes U ⊆ P
on a 3-D polyhedral surface P. Here P is the set of vertices of P. We construct a sparse
t-spanner with Steiner vertices from P with O(γ(P)n/ǫ) edges in time O(n2 /ǫ + n3 ),
where n = |P | and ǫ > 0 is any small constant. Since this is the first result for constructing t-spanners for geodesic graphs, we have not attempted to optimize the time
complexity. Here γ(P) is the dilation factor (defined later) of the polyhedron.
We also prove that, there is a polyhedral surface P and nodes’ placement of U , such
that the maximum node degree of any t-spanner, when no Steiner vertices are used in
the spanner, is at least Ω(n1/t ), for t > 1. When t < 3, we show by example that the
maximum node degree of any t-spanner without using Steiner nodes for this example is
at least γ(P). Notice that in the worst case, γ(P) = Θ(n). We also show that traditional
greedy methods cannot build a t-spanner with degree bound o(n), for any t > 1.
For a surface P of a convex polyhedron, by using Steiner vertices, we develop an
algorithm to compute a t-spanner for a set of nodes U on the surface P with a constant
maximum degree and weight O(M ST (U )), where M ST (U ) is the geodesic minimum
spanning tree on the set U of nodes on convex polytopes, where the distance between
two nodes is the geodesic distance between them.
The rest of the paper is organized as follows. We define some necessary terms and
concepts, and then present our methods for constructing geodesic spanners for general
polyhedron surfaces in section 2 and for convex polytopes in section 3. We conclude
our paper in section 4.

2 Geodesic Spanners For Arbitrary Polyhedral Surfaces
2.1 Terminology
Assume that we are given a polyhedral surface P in three-dimension. Let P be the set
of all vertices of P and F be the set of all faces of P. For simplicity, we assume that all
faces of P are triangular faces. Let U be a set of nodes on P. In this paper, we always
assume that U ⊆ P . For any two nodes u, v ∈ U , we let ΠP (u, v) be the shortest
geodesic path on P between u and v; and let dP (u, v) denote the geodesic distance
between u and v on P. In general, given an edge weighted graph G and u, v ∈ G, let
dG (u, v) be the shortest distance between nodes u and v in G.
In this paper, we will focus on constructing spanners for the complete weighted
graph KP (U, E) on the nodes in U with weight function, dP : E → R+ . A graph
H = (V, E), with U ⊆ V , is a geodesic t-spanner for U if dH (u, v) ≤ t · dP (u, v)
for every pair of nodes u, v ∈ U . Here the weight of each edge xy in H is the geodesic
distance dP (x, y) between x and y on the surface P. The geodesic t-spanner H is said
to use Steiner vertices if U ⊂ V . The geodesic t-spanner H is said to be on U (or

without using Steiner vertices) if V = U . The geodesic t-spanner H is said to have size
η if it has at most η nodes and edges. A geodesic minimum spanning tree of a set of
vertices U on a surface P is the minimum spanning tree of graph KP (U, E).
Our algorithm to construct a geodesic t-spanner for KP (U, E) utilizes a new concept called geodesic cones. Given a point u and a region R, we let Pu (R, d) be the set
of all points p in region R that are at geodesic distance dP (u, p) = d from node u.
For example, when R is a 2-D plane R2 , then Pu (R, d) is a circle centered at u with
radius d. Geometric cones have been used widely to produce t-spanners in Euclidean
space. An important property of the geometric cone C, which was used in obtaining
t-spanners, is that for any two points p1 , p2 of Pu (C, d), kp1 − p2 k ≤ ǫd for a small
constant 0 < ǫ < 1. For example, for 2D geometric cones with angle θ, for any two
points p1 , p2 ∈ Pu (C, d), kp1 − p2 k ≤ 2 sin( θ2 ) · d.
Definition 1 (pairwise-ǫ-neighbor property). Given a surface P and the distance
metric dP , a set of points X is said to satisfy the pairwise-ǫ-neighbor property with
respect to a node u if, for any two points p1 , p2 ∈ Pu (X, d), we have dP (p1 , p2 ) ≤ ǫ·d.
Given a surface P, a set X of points on P is called an ǫ-geodesic cone with respect
to (w.r.t.) a node u, termed C(u) , if the following two conditions are satisfied:
1. Pu (X, d) satisfies the pairwise-ǫ-neighbor property with respect to a node u, and
2. if x ∈ X, then all points on a geodesic shortest path dP (u, x) are in X.
Most of our results rely on constructing some special cone partition (or more precisely, cone covering) of space around every node in P . Notice that here a geodesic
cone could be in a finite region. For any node u in the polyhedral surface P, let F (u) =
{F1 (u), F2 (u), · · · , Fp (u)} be the p triangular faces incident onto node u. For each
face Fi (u) =
P△xuy of F (u), let δi (u) be the radian value of the internal angle ∠xuy.
Let δ(u) = Fi (u)∈F (u) δi (u).
Definition 2 (Dilation Factor). The
P dilation factor γ(u) of a node u in the polyhedral
δ (u)
surface P is defined as γP (u) = i2πi . We omit the subscript P if it is clear from
the context. The geodesic dilation factor, γ(P), of the polyhedral surface P, is defined
as γ(P) = maxu∈P γ(u).
The dilation factor is a measure of the change in length of a “circle” on the surface
of the polytope as compared to its length on a planar surface. When the surface P is
planar, e.g. a single planar face, its geodesic dilation factor is γP = 1. In general the
dilation factor of a surface could be large and depends on the structure of the surface.
To determine geodesic shortest paths we need following definitions and properties:
1. Edge-adjacent faces: Two faces f1 and f2 are said to be edge-adjacent if they share
a common edge, say e. F = {f1 , f2 . . . fk ) is called a face-sequence, if for every
1 ≤ i < k, face fi is edge-adjacent to face fi+1 with ei as the edge common to fi
and fi+1 . The root of the face-sequence is the vertex in f1 that is not an endpoint
of e1 . It is referred to as root(F ).
2. Planar Unfolding: Suppose f and f ′ share an edge e. We define the planar unfolding of face f ′ onto face f as the image of f ′ , denoted as Imgf (f ′ ), when
f ′ is rotated about the line containing e onto the plane containing f such that
f ∩ Imgf (f ′ ) = e. The planar unfolding of the sequence F is the planar unfolding

of faces f2 , f3 . . . fk sequentially onto the face f1 . We refer the unfolded image of
an edge e, with respect to the planar unfolding of the sequence F , as U (F , e).
3. Geodesic paths: A path on P is a simple geodesic path if it is simple and cannot be shortened by slight perturbations. Furthermore, a path Π connects an edge
sequence E if Π comprises segments that join interior points of E.
We can state the following lemmas about geodesic paths:
Lemma 1. [41] If Π is a geodesic path which connects the edge-sequence E then the
unfolded image of Π along the edge sequence E is a straight line segment.
Lemma 2. [31] The general form of a geodesic path is a path which goes through an
alternating sequence of vertices and edge sequences such that the unfolded image of
the path along any edge sequence is a straight line segment and the angle of the path
passing through a vertex is greater than or equal to π. The general form of an optimal
path is the same as that of a geodesic path except that no edge can appear in more than
one edge sequence and each edge sequence must be simple.
Here the angle of the path passing through a vertex is defined as the smaller of the
angles when measured through the surfaces on the left and right sides of the path.
2.2 Constructing t-Spanner Using Steiner Vertices
In this section, given the polyhedral surface P with a set of vertices P , a set of nodes
U ⊆ P and a parameter t > 1, we first present a method to construct a t-spanner
H = (V, E) using some Steiner vertices, i.e., U ⊆ V . Notice that here we will focus
on the case V ⊆ P , i.e., Steiner vertices must be a subset of P , where P is the set of
vertices used to define the polyhedral surface.
If we can use arbitrary Steiner nodes, we can easily get a t-spanner with the maximum degree bound 3 as follows. Let H ′ be the union of |U | shortest path trees rooted
at every node of U ; for any node v, let v1 , v2 , · · · , vk be the k incident nodes of v
in the union of shortest path trees. We then define a complete binary tree T (v) with
at least k leaf nodes and at most 2k leaf nodes, rooted at v, whose edge lengths are
arbitrarily small. This tree T (v) can be formed by at least 2k (and at most 4k) Steiner
vertices. We then replace the star of each node v in H ′ , i.e., {(v, vi ) | i ∈ [1, k]} by
T (v) ∪ {(si , vi ) | i ∈ [1, k]}, where si is the ith leaf node of tree T (v). Clearly, such
modification will result a structure with degree at most 3, and it only increase the distance between any pair of nodes by an arbitrarily small value δ > 0. Obviously, the
total weight of the constructed spanner is almost optimum since the extra edges added
in T (v) have weight almost 0. In addition, the number of edges added is at most 4k
for a node with degree k. Thus, the new spanner has edges O(1) times the number of
edges of H ′ . Obviously, the number of Steiner nodes used in this approach is at most
O(m), where m is the number of edges in the polytopes. Thus, in the rest of the paper,
we always assume that the Steiner vertices in a t-spanner are restricted to the set P of
vertices of the polytope.
Observe that when we compute the shortest geodesic path between a pair of nodes
u and v, the path found, often uses multiple line segments from different faces of the
surface P. We would like to clarify that the end-points of these segments are not considered as Steiner nodes in this paper, although they are not from P .

Our method is to partition the space near every vertex u ∈ P by some ǫ-geodesic
cones. Consider a vertex u ∈ P and all the triangular faces, FP (u) = {F1 (u), F2 (u), · · · , Fp (u)},
where Fi (u) is a triangle vi uvi+1 , where vp+1 is v1 . We define ⌈δ(u)/ǫ⌉ cones CP (u) =
{C1 (u), C2 (u), · · · , C⌈δ(u)/ǫ⌉ (u)}, where each of the cones has an angle at most ǫ <
π/3, where t(ǫ) = 1−21sin ǫ is the spanning ratio that can be achieved by the first phase
2
of our method. For the set of faces F (u), imagine that we cut the faces F1 (u) and
Fp (u) along the segment uv1 and “unfold” all faces in F (u) sequentially on F1 (u),
using successively the edges uvi , i = 1 . . . p − 1. To construct the required cones we
desire to construct rays with apex u on the faces F (u) such that when we unfold these
faces, the angle between any two consecutive rays on the unfolded plane is at most ǫ.
Using the unfolding, the cones in C(u) are produced in the unfolded 2-d space by dividing the surrounding unfolded region δ(u) (which could have angle arbitrarily larger
than 2π for non-convex polyhedron, and smaller than 2π for convex polyhedron) using planar cones (sectors) with an angle at most ǫ, i.e., a cone, when unfolded, has a
shape of a sector. Observe that here a cone Ci (u) may contain several triangular faces
of F (u) inside. We can then fold the faces back and this will give us ⌈δ(u)/ǫ⌉ rays: two
consecutive rays define a cone. It is easy to show that (1) for any point x from F (u),
dP (x, u) = d(x, u); (2) for any two points x and y from F (u) that fall inside the same
cone and dP (x, u) < dP (y, u), we have dP (x, u) + t(ǫ) · dP (x, y) ≤ t(ǫ) · dP (y, u)
for t(ǫ) = 1−21sin ǫ when ǫ < π/3.
2

Note that here a cone Ci (u) only contains points from F (u) now. We later will
show how to extend the cones to other triangular faces on P by propagating each cone.
We next present our method to construct a geodesic t-spanner, without using Steiner
vertices, in phases:
1. Phase 1: t(ǫ1 )-Spanner Construction First, for every node u ∈ U , we construct
a geodesic cone partition, ΛP (u). The cone partition is achieved by a propagation
method which develops the cones starting with ⌈ δ(u)
ǫ1 ⌉ cones CP (u) on the faces
F (u) containing u. The process is detailed in procedure PropagateCones(u)
for each node u ∈ U . The process is also repeated for Steiner vertices S of the
polyhedron encountered during the cone expansion from nodes in U , i.e., we run
procedure PropagateCones(u) for every node u of S and update S accordingly:
adding the encountered node v ∈ P to S if v 6∈ U . These new vertices are termed
Steiner vertices, denoted as S. Let U ′ be the union of U and S.
For each ǫ-geodesic cone with apex node u, we add a (directed) edge uv if v is
the closest node from P , i.e., first encountered node in P . This phase results in a
graph H ′ (U ∪ S, A′ ) where A′ is the set of edges added. We will prove that H ′ is
a t(ǫ1 )-spanner for U .
2. Optional Phase 2: Further Degree Reduction The process described in this paragraph is used to possibly further reduce the node degree. Again, we partition the
space around each node v, by cones of angle at most ǫ2 .
Repeat the following step for each node v ∈ U ∪S. In H ′ (U ∪S, A′ ), for each node
v, let I(v) be the set of incoming neighbors of node v. For all nodes in I(v), build a
tree rooted at node v. Let I0 (v) be the set of nodes that already has been processed.
Initially, I0 (v) = {v}. A directed edge (u, v), where u ∈ I(v), is retained if u is
the closest node in some cone of node v, and we add u to the set I0 (v). For each

Algorithm 1 PropagateCones(u)
.
1: Let CP (u) be ⌈δ(u)/ǫ1 ⌉ cones around u on the faces f ∈ F(u) containing u (each
cone has an angle at most ǫ1 ).
2: for each cone C in CP (u) do
3:
For each face f = uvw inside the cone C, let uv ′ w′ be the portion of the face
that is completely contained inside C. Notice that here v ′ w′ could be a segment
of vw. Let x(f ) be the point on the segment v ′ w′ that is closest from u, i.e.,
dP (x(f ), u) = d(x(f ), u) ≤ d(y, u) for any point y on the segment v ′ w′ .
Let d = minf intersected by cone C,f ∈F (u) dP (u, x(f )). Let f (C, u) (or simply f if
no confusion) be the face that has the point x(f ) such that dP (u, x(f )) is minimized among all faces intersected by C, i.e., dP (u, x(f (C, u))) = d.
4:
if x(f (C, u)) is a vertex v from P then
5:
Add v to S and add a directed edge (u, v) to the structure H ′ (U ∪ S, A′ ).
6:
If v is not marked processed, run procedure PropagateCones(v).
7:
else
8:
Let e be the edge that contains the point x(f (C, u)) and f be the face f (C, u).
Extend cone C across face f , adjacent along e and unfolded onto the sequence
FU of unfolded faces by procedure Unfold. Note: In this procedure we keep
unfolding faces until the closest point to u among all points on segments defining polyhedral surface P, say x(C, d), is a vertex z from P . Then add an edge
uz and update geodesic distance to z.
9:
end if
10: end for
11: Mark node u processed.

newly added node u in I0 (v), recursively add directed edges xu where x 6∈ I0 (v)
is the closest node to u in some cone of u.
Let the final structure be H ′ (U ∪ S, E ′ ).
3. Optional Phase 3: Further Edge Reduction In this phase, edges in H ′ (U ∪S, A′ )
(or H ′ (U ∪ S, E ′ )) are pruned to create the graph H(U ∪ S, E) as follows: (1)
Sort the edges A′ in H ′ (U ∪ S, A′ ) in decreasing order of the geodesic length,
e1 , e2 . . . em′ . Let E = A′ . (2) Eliminate edge ei from E if the edges in E \ ei
provide a path of length at most t · dP (u, v) for every pair of nodes u and v from
U , where t > 1 is the spanning ratio. (3) Eliminate unnecessary Steiner vertices,
where a Steiner vertex is unnecessary if it is not on the shortest path in H between
any pair of nodes in U .
The construction of the Geodesic Cone partition is given in Algorithm 1.
Observe that, in Algorithm 1, clearly point x(f (C, u)) has only two choices: either
it is some node v from P defining the original polyhedral surface, or it is inside some
segment vw where uvw is a face incident on u. Note that even if cone C contains
multiple triangular faces of F (u) inside, it is still possible that x(f (C, u)) is not one of
the vertices in faces F (u). See Figure 3 for illustration of these two cases.

Additionally, in Algorithm 1, the sequence FU of unfolding is not necessarily unique,
and we have to test all necessary sequences of unfolding. For the example illustrated
by Figure 3 (a), after we unfold the triangle vwz, we should unfold both triangle vyz
along the edge vz, and the triangle zwq along the edge zw to find the closest vertex
from P that is inside the (extended) cone C. Here in the example illustrated by Figure
3 (a), either the vertex y or the vertex q, or both could be closer to u than the vertex z.
The actual unfolding of faces will use the continuous Dijkstra method [31] as follows to
define the procedure Unfold. For each cone C and each vertex u, we maintain an event
heap: the event is the edge e of face f that has a point, denoted as x(f, c), that is closest
to the node u. When we unfold a face f represented by three vertices u, v, w along some
edge, e = (u, v), it will possibly introduce two new edges e1 and e2 . We then add these
two new edges to the heap based on the distance dP (ei , u) to node u. We also add the
distance to the vertex w. The top element of the heap is always the edge or vertex that
is closest to the vertex u. Let e be the element in the top of the heap. We process the top
event represented by e by unfolding the face adjacent to e as defined above. If the top
element of the heap is a vertex v of P such that the distance dP (u, v) ≤ dP (u, e′ ) for
every element e′ in the heap, the procedure returns v.
2.3 Performance Bounds and Time Complexity
See appendix for proof of the following lemmas.
Lemma 3. The graph H(U ∪ S, E) is a t-spanner for nodes in U .
Lemma 4. The graph H ′ (U ∪S, A′ ) is a t-spanner with a maximum out-degree O(γ(P)/ǫ1 )
1
where t = 1−2 sin
ǫ1 .
2

By choosing ǫ1 = ǫ2 = ǫ for some small value ǫ, we have the following lemma.
Lemma 5. The graph H ′ (U ∪ S, E ′ ) after degree-reduction procedure is a t-spanner
1
with a maximum node degree O(min(n, (γ(P)/ǫ)2 )) where t = ( 1−2 sin(ǫ/2)
)2 .
Lemma 6. Our algorithm constructs H(U ∪ S, E) in O(n2 /ǫ + n3 ) time.

u0

We can construct an example surface and nodes
placement (see Figure 1 for illustration) such that for
some small enough t, a t-spanner (for some constant
t) will have the maximum degree Ω(γ(P)) where
γ(P) = Θ(n) is the dilation factor of the surface.
The basic idea of the example is as follows: There is a
ui
vi set U of n nodes u1 , u2 , · · · , un . There are two trianui+1gular faces ui u0 vi and vi u0 ui+1 between ui and ui+1
such that the geodesic distance between ui and ui+1
is larger than (t−1)·d+η, for t < 3, i ∈ [1, n−1], for
a small constant η > 0. Actually, we can place these
two triangular faces ui u0 vi and vi u0 ui+1 such that
the geodesic distance between ui and ui+1 is 2d − δ
for any 0 ≤ δ < 2d. A node u0 at distance d from

Fig. 1. An example of a surface and the set of nodes U =
{u0 , u1 , · · · , un }. Here u0 vi
defines a valley between u0 ui
and u0 ui+1 , d = dP (ui , u0 ).

these nodes will then have to be connected directly to
all these nodes to ensure that it is a t-spanner. Observe
that, when t ≥ 3, the preceding example does not imply that we have to connect u0 with every node ui ,
i ≥ 1. This is because the geodesic distance between
ui and uj is at most dP (ui , u0 ) + dP (u0 , uj ) ≤ 2d.
In this case, we can omit some edges u0 ui without
violating the t-spanner property for t ≥ 3.
We further study reducing the weight of the structure. Chandra et al. [11] proved
that for any metric space M , and every n-vertex complete graph G on this metric, if
(1) there is an O(g(n)) time algorithm that builds a t-spanner for G with O(f (n))
edges, where f (m)/2 ≥ f (m/2) and g(m)/2 ≥ g(m/2) for any m > 0, and (2)
there exists an O(h(n)) time algorithm that can build a spanning tree T for G with
weight O(1)ω(MST), then there exists an O(max(g(n), h(n), n log n)) time method
which builds a (t + ǫ)-spanner with O(f (n)) edges and weight O( f (n)
n log n)ω(MST).
Notice that for geodesic metric, we have methods with f (n) = O(γ(P)n) and g(n) =
O(n3 +n2 /ǫ). Our method for constructing a structure H ′ implies the following lemma.
Lemma 7. We can construct a geodesic t-spanner for any polyhedral surface P such
that the total weight of the structure is O(γ(P) log n)ω(MST) in time g(n) = O(n2 /ǫ).
Observe that with the optional degree-reduction phase 2, the running time of the
method becomes g(n) = O(n3 +n2 /ǫ). Notice that the method by Chandra [11] cannot
preserve the degree bound of the final structure. We leave it as a future work to design a
t-spanner structure with bounded degree O(γ(P)), and total weight O(γ(P) log n)ω(MST),
or study whether it is possible to construct a t-spanner with weight O(γ(P)+log n)ω(MST).
2.4 Geodesic Spanners Without Using Steiner Vertices
We now study, given the polyhedral surface P (and its set of vertices P ), a set of nodes
U ⊆ P , and a number t > 1, how to construct a t-spanner H = (U, E) without using Steiner vertices. Our objective is to construct a t-spanner with small node degree
and small total edge weight. A more general question is following: given a complete
weighted graph G with positive edge weights satisfying the triangular inequality, construct a t-spanner H ⊆ G with small maximum degree and small total edge weight
ω(H). Surprisingly, we could not find any results, except [27], in the literature that
provide any degree bound on a t-spanner for an arbitrarily weighted graph.
We first show by example that, for any algorithm that constructs a t-spanner, there
are inputs such that the constructed t-spanner will have a maximum degree at least
1
Ω(n t ) for nodes placed on a surface, where n is the size of U .
Lemma 8. For any t > 1, there is a surface P on a set of nodes P , and a set of nodes
U ⊆ P , such that the maximum node degree in any t-spanner H = (U, E) without
1
using Steiner vertices is at least ( n2 ) t , where n = |U |. For any t > 1, there is a surface
P on a set of nodes P , and a set of nodes U ⊆ P , such that the weight of any t-spanner
1
is at least n t+2 /2 times of MST.

When t < 3, the placement the triangles ui u0 vi , 1 ≤ i ≤ n− 1, and triangles vi u0 ui+1 ,
1 ≤ i ≤ n − 1, ensures that the geodesic distance dP (ui , ui+1 ) is 2dP (u0 , ui ) − δ (for
small 0 < δ < (3 − t)dP (u0 , ui )) and dP (u0 , ui ) = dP (u0 , uj ) for i 6= j. Thus, we
have to connect u0 to every node ui since dP (u0 , uj )+dP (uj , ui ) ≥ 3dP (u0 , ui )−δ >
tdP (u0 , ui ) for every node uj and t < 3.
Lemma 9. For any t with 1 < t < 3, there is a surface P on a set of nodes P , and a
set of nodes U ⊆ P , such that the maximum node degree in any t-spanner H = (U, E),
without using Steiner vertices or all Steiner vertices are restricted to P , is at least
γ(P) = Θ(n), where n = |U |.
Thus, generally, to get a t-spanner, which does not use any Steiner vertices or can
only use Steiner vertices from P , with a maximum node degree o(n), we must focus on
1
t ≥ 3. In this case, Lemma 8 shows that the maximum degree is at least Ω(n t ).
Notice that the traditional greedy method (sorting edges in increasing order as
e1 , e2 , · · · , em and adding an edge ei = (u, v) only if the added edges from e1 , e2 , · · · , ei−1
do not have a t-spanner path connecting u and v) will still produce a structure with maximum node degree n for the example illustrated in the proof of Lemma 8.
We also show that the following greedy method cannot produce a t-spanner with
a bounded degree ∆ at all. The method is as follows: Let A be the final added edges
and A = ∅ initially; We sort edges in the complete graph on U in increasing order,
and we add an edge ei = (u, v) to A only if (1) there is a t-spanner path connecting
u and v using previously added edges A, and (2) the degrees of u and v in the partial
graph formed by edges in A are at most ∆ − 1. We construct a network example as
follows: U is formed of two sets U1 and U2 , both have ∆ + 1 nodes and is a copy of the
node placement illustrated by Figure 1. The distance between U1 and U2 is very large
compared with the radius of U1 and U2 . Then this simple greedy method will not build
any edges between U1 and U2 . Thus the final structure is disconnected.
Bounds on total edge weight: The preceding lemmas build lower bounds on the maximum node degree and total edge weight that we can achieve for an arbitrary input of
polyhedral surface P and a set of nodes U . It is hard to approximate the minimum
weight t-spanner (i.e., finding a t-spanner with the minimum total edge weight) within
a factor o(log n) for a general weighted graph [17] for any integer t > 1. Thus, it is
hard to construct a t-spanner with total weight o(log n)ω(MST).
A simple greedy algorithm can construct a t-spanner whose total edge weight is
2
at most O(ln n · n t−1 ) · ω(MST) when t ∈ [3, 2 log n + 1] [37]. This currently best
known result is still far from the previous lower bound we knew: the ratio of the best
known achievable upper bound on weight over the best known lower bound on weight is
t+3
ln n·n (t−1)(t+2) for t ∈ [3, 2 log n+1]. For arbitrary t > 1, results by Khuller [25] show
that we can construct a t-spanner in time O(n2 ), when we already have the geodesic
2
distances between every pair of nodes in U , with weight at most n(1 + t−1
)ω(M ST ).
Observe that for arbitrary weighted graph, when t < 2, in the case of a complete graph
where each edge has a weight 1, any t-spanner must be the complete graph itself. The
spanner thus has total edge weight n · ω(M ST ). Unfortunately, it is not clear how to
design a geodesic graph such that the weight of each edge is 1.

3 Geodesic Spanners for Convex Polytopes
In this section, we study constructing geodesic spanners for a set of nodes on a convex
polytope, and the distance is measured by geodesic distance. Our approach is to approximate a convex polytope by a constant number of 2D planar patches, similar to [18].
Let P be a convex polytope, with a set of polygonal faces F . For any subset F ⊆ F
of faces, let N (F ) = {Nf | f ∈ F } be the set of normals to the faces where Nf is the
normal to face f . Consider the angular representation of the normals: each normal N is
represented by a pair (θN , φN ) in the Spherical coordinates system, where θN , φN ∈
[0, 2π] are the angle of the normal vector from the z-axis (called the colatitude or zenith)
and the angle from the x-axis. The basic idea of our method for building the spanner is
to partition the convex polygonal surface P into a constant number of convex patches
such that each patch is almost flat (i.e., the difference between the normals of any two
faces in the patch is a small constant). Note that the patches we construct may overlap.
Definition 3. A δ-patch of P is a set of faces, F ⊆ F such that (1) F forms a continuous region; (2) the patch is flat, i.e., Ψ (F ) = supf,g∈F max |θNf − θNg |, |φNf − φNg ) ≤
δ, i.e., the difference between any two normals is bounded by a constant.
A δ-partition of P, denoted as ∆P , is a partition of the set of faces F such that each
partition is a δ-patch. Here a δ-patch is not necessarily convex.
Definition 4. A δ-planar projection, Ξ(F ) of a δ-patch F is the projection of points in
F onto a plane, P , with normal NP such that NP ∈ N (F ).
A linear convex patch G is a connected closed subset of points with a piecewise
linear boundary such that its δ-planar projection Ξ(G) is convex.
Definition 5. A convex extension E(F ) of a δ-patch F is a minimal piece-wise linear
convex patch, a collection of polygonal faces, that contains F with the property that
Ψ (E(F )) − Ψ (F ) ≤ ǫ.
It is not difficult to show that the following property holds for a convex surface P.
Property 1. Low-distortion projection property: Let u and v be two points on a δ-patch,
F . Then dP (u, v) ≥ d(u, v) ≥ dP (u, v)/(1 + 2 · δ) where d(u, v) is the Euclidean
distance between u and v on Ξ(F ) and dP (u, v) is the geodesic distance on F .
3.1 Algorithm
Our method for constructing a spanner for convex polytope is as follows:
1. Find a δ-partition, denoted as ∆P = {F1 , F2 , · · · Fp }, of P. Here Fi ⊆ F is a
subset of faces that form a δ-patch. Then we construct a convex-extension E(∆P )
as follows. For each δ-patch Fi in the δ-partition, we perform the following steps:
(a) Find a δ-planar projection, Ξ(Fi ) of Fi to some plane with a normal N ∈
N (Fi ).
(b) Find the convex hull CH(Ξ(Fi )) of Ξ(Fi ).

(c) Find the inverse of the projection, i.e., find E(Ξ(Fi )) such that its δ-planar
projection is CH(Ξ(Fi )).
2. For every δ-patch in ∆P do the following
(a) For each u ∈ UF , construct a ǫ-cone partition of the surface as in the previous
section 2. Let C(u) be the cone partition produced. Note that since the difference between normals is small, a simple method of projecting cone partitions
of a plane suffices in this case.
(b) Let UF be the set of all nodes in F For node u ∈ F , let I(u) be the set
of the intersection segments of all cones with the boundary ∂E(F ). In each
intersection region C ∩ ∂E(F ) where C ∈ C(u), we add a Steiner point if
the cone C that created the region contains a shortest path from the apex, say
u, of the cone to some other node v 6∈ UF , i.e., outside of the δ-patch. Note
that this Steiner point is also added to the neighboring δ-patch, which the cone
C intersects. Let the set of added Steiner points be SF (u). Let the set of all
Steiner points on F be SF = ∪u∈UF SF (u).
(c) Find a projection Ξ(F ) of F to some hyperplane perpendicular to the normal
of a face in F .
(d) Find an Euclidean t-spanner graph HF (Ξ(VF ), Ξ(AF )) of a constant maximum degree and of weight O(M ST (VF )) for the set of vertices, Ξ(VF ), in
Ξ(F ) where VF = UF ∪ SF . Ξ(AF ) is the set of edges created in the spanner
graph. This can be done by several methods in the literature [9].
3. Let the spanner be H(U, A) = ∪F ∈∆P HF (VF , AF ), where each edge (u, v) in AF
corresponds to an edge (Ξ(u), Ξ(v)) and is weighted by shortest geodesic distance
between u and v.
It remains to determine a δ-partition and the convex extensions. Given the range of
angles θ and φ we do the following
1. Partition the domain [0, 2π] of θ and φ equally into 2π/ǫ ranges of size ǫ, indexed
by (i, j), 1 ≤ i, j ≤ 2π/ǫ which indicates that θ ∈ [(i − 1) · ǫ, i · ǫ] and φ ∈
[(j − 1) · ǫ, j · ǫ].
2. For every tuple of ranges (i, j) let F = ∪f such that θNf ∈ [(i − 1) · ǫ, i · ǫ] and
φNf ∈ [(j − 1) · ǫ, j · ǫ].
The preceding approach clearly creates a constant number of δ-patches because of
the monotonicity of the normals for a convex polytope. The δ-patch F is obtained from
the convex hull of points on F on the polyhedron P.
Lemma 10. The convex extension of a δ-patch F is also a δ-patch.
Note that our spanner uses Steiner points.
Lemma 11. H(U, A) is a t-spanner of the set of nodes U on P.
We now compare the weight of the spanner with the minimum spanning tree M ST (U )
of the set of points U on the surface of P.
Lemma 12. H(U, A) has a constant maximum degree and weight O(M ST (U )).
Lemma 13. The construction of the t-spanner H(U, A) requires O((1/ǫ)2 (n2 log n +
TE (n))) steps where TE (n) is the time required by any algorithm to compute a 2dimensional t-spanner.

Notice that TE (n) = O(n log n) for any d-dimensional nodes. We also observe that
our method of constructing t-spanner also works for any d-dimensional convex surface
(where the cone must be small enough with an angle O(ǫ) with (1 + ǫ)d < t).

4 Conclusion
In this paper, we studied the spanner construction for geodesic graphs for a set of nodes
U placed on a 3-dimensional surface P, and for geodesic graphs on convex polytopes.
Our main contributions are
1. a polynomial-time algorithm to build a sparse t-spanner H(U ∪S, E) with O(γ(P)n)
edges when we can use Steiner vertices. We also present some methods to reduce
the node degree. For the case when the use of Steiner vertices is restricted, we show
lower bounds on the maximum node degree of any t-spanner.
2. a polynomial-time algorithm that builds a bounded degree t-spanner with weight
O(ω(M ST )) for geodesic graphs on convex polytopes. The spanner uses steiner
vertices.
For general polygonal surfaces, it is interesting to design an efficient method to construct a sparse t-spanner without using Steiner vertices such that it can achieve a nontrivial degree bound when t ≥ 3. Given a weighted graph with edge weights satisfying
the triangular inequality and constant t ≥ 3, we would like to construct a t-spanner
whose maximum node degree is asymptotically minimum (in the order of O(n1/t ) or
O(nO(1/t) )).
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Appendix
Proof of lemma 3
P ROOF. Order all the edges in the complete graph KP (U, E) in the increasing order
of the geodesic shortest distances between the end-points. The proof is by induction
on the distances. Let u and v be two vertices from U with shortest geodesic distance
dP (u, v) = d. Assume that the geodesic path ΠP (u, v) = u ! v1 ! v2 !
· · · ! va where vi , 1 ≤ i ≤ a are vertices of P , and va is v. Here vi ! vi+1 is the
shortest geodesic path connecting nodes vi and vi+1 , which is a piece-wise linear path
passing through a number of triangular faces. Suppose that v1 ∈ C where C ∈ C(u),
i.e., the starting segment u ! v1 of the geodesic shortest path ΠP (u, v) from u to
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v lies in the cone C. Let w be the closest, in order of geodesic distance, to u, from
amongst all other nodes in the cone. Then our algorithm will add the edge uw. It is
easy to show that dP (w, v1 ) < dP (u, v1 ) ≤ dP (u, v). Then by induction there is
a path in H ′ (U ∪ S, A′ ) between u and w and between w and v1 of geodesic length
at most dP (u, w) and t(ǫ1 ) · dP (w, v1 ), respectively. It is not difficult to show that
this path has length at most dP (u, w) + t(ǫ1 ) · dP (w, v1 ) ≤ t(ǫ1 ) · dP (u, v1 ), where
1
t(ǫ1 ) = 1−2 sin(ǫ
. Similarly, we can prove that there is a path in H ′ (U ∪ S, A′ )
1 /2)
between vi and vi+1 with length at most t(ǫ1 ) · dP (vi , vi+1 ).
Consequently, the shortest path P (u, v) in H ′ (U ∪ S, A′ ) from u to v that uses w
Pa−1
has length at most dH (u, v) ≤ i=0 t · dP (vi , vi+1 ) = t(ǫ1 )dP (u, v) where v0 is u.
Observe that if the graph H ′ (U ∪ S, A′ ) has a path of length at most t(ǫ1 )dP (u, v), the
graph H(U ∪ S, E) will obviously also preserve at least one such path. In other words,
graph H(U ∪ S, E) is a t(ǫ1 )-spanner. We can choose ǫ1 such that t(ǫ1 ) = t if Phase 2
is not executed.
Note that, if we run the optional procedure to further reduce the node degree, a
directed edge uv in H ′ (U ∪ S, A′ ) may now be replaced by a path with geodesic length
1
at most t(ǫ2 ) = 1−2 sin
ǫ2 dP (u, v), depending on the angle ǫ2 of the cones. In this case,
2
to ensure the final structure as a t-spanner, we have to choose the angle ǫ1 and ǫ2 of the
cones to satisfy t = t(ǫ1 ) · t(ǫ2 ). This finishes the proof.
Proof of Lemma 4
P ROOF. To show the degree bound, consider the edges in H ′ (U ∪ S, A′ ). Our t-spanner
construction method (Algorithm 1) will add at most 1 directed edge in each cone C(u)
for every node u. Thus the total number of directed outgoing edges incident on u is
bounded by the number of cones in C(u), which is O(γ(P)/ǫ1 ).
Proof of Lemma 5
P ROOF. Observe that in the degree-reduction procedure, each node u will participate
in the degree-reduction steps of a node v if and only if we have a directed edge (u, v),
thus u will participate in at most degree-reduction of O(γ(P)/ǫ1 ) nodes. Note that, for
each degree reduction procedure, we will add at most O(γ(P)/ǫ2 ) additional edges to
node u. By choosing ǫ1 = ǫ2 = ǫ for some small value ǫ, we have the lemma.
Proof of lemma 6
P ROOF. The first phase of the algorithm constructs O(1/ǫ) cones from each vertex in
P. Propagation of these cones requires maintenance of 1/ǫ intervals on each edge of
the polyhedral surface P. Extending the cone requires O(1) steps at each edge. Thus,
it will take time O(n2 /ǫ) to construct graph H ′ (U ∪ S, A′ ). The second phase of the
algorithm requires computing shortest paths for every pair of vertices and removing
redundant nodes. This can be done in time O(n3 ) using all pairs shortest path method.

Proof of lemma 8
P ROOF. Notice that Peleg and Schaffer [34] showed that any t-spanner of some arbi1
trary weighted graph needs at least n1+ t+2 edges. Thus, for arbitrary weighted graph,
1
the maximum degree node degree of any t-spanner is at least n t+2 /2. Unfortunately,
their example (the weight of each edge is 1) cannot be realized using geodesic distance. Here we construct an example in 3-dimension as follows. Figure 1 illustrates
such an example. There is a node u0 at the origin and n other nodes ui with coordinate (sin((i − 1)α), cos((i − 1)α), 0). Additional n − 1 nodes vi with coordinate
(sin((i − 1 + 1/2)α), cos((i − 1 + 1/2)α), 1) are placed also. The polyhedral surface P is composed of nodes ui , 0 ≤ i ≤ n and vi , 1 ≤ i ≤ n − 1, and triangles
ui u0 vi 1 ≤ i ≤ n − 1 and triangles vi u0 ui+1 , 1 ≤ i ≤ n − 1. We want to construct a t-spanner for the set of nodes U = {u0 , u1 , u2 , · · · , un }. It is not difficult
to show that the geodesic distance dP (ui , uj ) satisfies 1 ≤ dP (ui , uj ) ≤ 2 for every pair of nodes ui and uj . Assume that we have t-spanner H = (U, E) for U with
the maximum degree D + 1. Then consider the breadth-first-spanning tree rooted at
Ph
node u0 . Clearly, the depth h of the BFS tree should satisfy that j=0 Dj ≥ n, i.e.,
Dh+1 −1
D−1

≥ n. Further, consider any node v with depth h in H, then the hop-distance
between u0 and v in H is at least h. Thus, the distance h ≤ dH (u0 , v) ≤ 2h. Since
H is a t-spanner, we have dH (u0 , v) ≤ tdP (u0 , v) = t. Thus, h ≤ t. Consequently,
1
1
Dt+1 ≥ Dh+1 ≥ n(D − 1) + 1. Thus, D > ( n2 ) t , i.e., D = Ω(n t ).
The result by Peleg and Schaffer [34] also implied that the total edge weight of any
1
t-spanner for the example constructed above is at least n t+2 /2 times of the weight of
minimum spanning tree for any t > 1 since the weight of MST is at least n here and
1
any t-spanner H has at least n1+ t+2 edges.

Proof of property Low-distortion projection property
Property 2. Low-distortion projection property: Let u and v be two points on a δ-patch,
F . Then dP (u, v) ≥ d(u, v) ≥ dP (u, v)/(1 + 2 · δ) where d(u, v) is the Euclidean
distance between u and v on Ξ(F ) and dP (u, v) is the geodesic distance on F .
P ROOF. Consider the geodesic path between the two points u and v. We first provide
an upper bound on its length. Consider the planes, orthogonal to the normals N (u) and
N (v), at the points u and v, termed T (u) and T (v), respectively. The shortest geodesic
path from u to v when unfolded onto the plane T (u) is a straight line. Let v ′ be the
unfolded image of v. Consider the length of the straight line uv ′ in comparison to |uv|
Since the faces reside on a δ-patch, the angle between uv and uv ′ is almost δ. Thus
|uv| ≥ |uv ′ |(1 − δ). Comparing with the projection of uv onto the plane gives an error
with factor (1 + 2 · δ).

Proof of Lemma 10
P ROOF. W.l.o.g assume that the faces of P are triangles. Let u and v be two vertices
on the convex hull of the δ-patch. Let the straight line-segment (u, v) lie on a face A on
the convex extension but which is not part of the δ-patch. Let B and C be the faces on
the δ-patch on which the vertices u and v reside. Since P is convex the normal to A is
a vector with angle α whose value lies in the cone defined by the vectors β and β ′ , the
normals to the faces B and C, respectively.

Proof of lemma 11
P ROOF. Because of the Low-distortion projection property, the spanner on Ξ(F ) defines a spanner on F also: the spanning ratio on F depending on the spanning ratio of
the spanner on Ξ(F ). It suffices to show that the spanner property is true for u ∈ F1 and
v ∈ F2 , where F1 and F2 are two different patches. Consider the shortest path between
nodes u and v, residing in a cone in C(u). For this cone a Steiner vertex, p, is added to
the boundary , ∂E(F ). This Steiner point is also present in the neighboring patch. Using
standard arguments, a (1 + ǫ) approximate path can be obtained from the path between
u and p and then from p to v. By induction on the rank of geodesic distances between
pairs of vertices, both these paths are within a factor t = (1 + ǫ) of the optimum. The
combined path is also a t-factor path between u and v, since p is contained in the (1 + ǫ)
cone with apex u. Then the constructed subgraph is a spanner. Observe that our spanner
does use Steiner points.

Proof of lemma 12
P ROOF.
The degree bound follows from the degree bound provided by the Euclidean spanner
construction.
To bound the weight, consider a δ-patch, F , comprising a set of points V = UF ∪
SF . Let the spanner edges, restricted to F , be HF (VF , AF ). First, construct a TSP
tour, T , from M ST (U ) on the surface of P using a shortcut of the Eulerian tour of
the MST. Shortcut the tour to obtain TF , a tour restricted to the patch F . The weight
of the Euclidean spanner HF (VF , AF ) on Ξ(F ) is O(M ST (Ξ(VF )). Furthermore,
M ST (VF ) ≤ M ST (Ξ(VF ))(1 + δ).
We now need to relate M ST (VF ) to TF where VF = UF ∪SF . Clearly, M ST (VF ) ≤
M ST (UF ) + M ST (SF ) + w(E) where E is some special edge joining some point u
in UF to the corresponding Steiner node SF (added due to u) and M ST (UF ) ≤ TF .
The Steiner points all lie on the boundary of F and are constructed by adding a point in
each cone C ∈ C(u). There are O(γ/ǫ) cones in C(u).
Consider a cone C. The geodesic distances within F are closely related to the
straight line distance between two points and so for ease of understanding we will consider the cones as defined by straight lines and the δ-patch a planar surface. Consider
the set of Steiner points, SF (u, α) generated by the set of cones
{C(u) | u ∈ UF , cone C(u) in one single direction α, each cone of angle ǫ}
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Fig. 4. We bound the length of minimum spanning tree of nodes in UF ∪ SF . Here the
nodes si on the boundary of Ξ(F ) are Steiner nodes. Here x is the longest distance
between Steiner nodes on boundary and the original input nodes, denoted as UF , inside
the patch Ξ(F ); y is the longest distance between nodes UF .

Let the set UF be of diameter y and let the maximum distance of points in UF from
the set of Steiner points be x. Since the Steiner points, SF , are generated from points in
UF using the cone, the points in SF are at most y + (y + x) · ǫ ≤ (y + x)(1 + ǫ) distance
apart. Consider the spanning tree of SF obtained by joining the points in sequence
along the boundary of F . This distance is bounded by O(y + x) from the fact that the
boundary of the patch is convex. Moreover let E be an edge obtained from joining a
node u in UF to a corresponding Steiner point in SF generated by a shortest path from
u to a node w ∈
/ F . This implies that w(E) ≤ M ST (TF ). Moreover, x ≤ y + w(E).
Thus M ST (VF ) ≤ M ST (UF ) + M ST (SF ) + w(E) = O(TF ) = O(M ST (U )).

Proof of Lemma 13
P ROOF. The algorithm constructs the cone partition in (n/ǫ)2 steps. Computation of
the shortest path between each pair of vertices requires O(n2 log n) steps [40]. Further,
for each of the 1/ǫ2 δ-patches, the algorithm requires TE (n) steps where TE (n) is the
time required by any algorithm to compute a planar t-spanner. Note that finding the
convex extensions and the projections can be performed within the time bounds stated.

