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Abstract—In this paper, we focus on the networking-theoretic
multicast capacity bounds for both random extended networks
(REN) and random dense networks (RDN) under Gaussian Chan-
nel model, when all wireless nodes have the same constant
transmission power P. During the transmission, the power decays
along path with attenuation exponent o > 2. In REN and RDN,
n nodes are randomly distributed in the square region with side-
length /n and 1, respectively. We randomly choose ns nodes
as the sources of multicast sessions, and for each source v, we
pick uniformly at random n, nodes as the destination nodes of
v. Based on percolation theory, we propose multicast schemes
and analyze the achievable throughput taking account of all n,
and n4. As the specific case of our results, we show that for

ns = O(n), the per-session multicast capacity of RDN is @(ﬁ)
when ng; = O(m) and is 6(%) when ng = Q(@);
the per-session multicast capacity of REN is ©(——-) when

" nan
na = O(qorpyarr) and is O(;- - (logn) ) when ng = Q(

log‘n )°

Index Terms—Multicast Capacity, Percolation, Wireless ad hoc
networks, Random networks, Achievable throughput

I. INTRODUCTION

HE problem of asymptotic scalability of capacity for
wireless networks has received much attention from
the researchers, especially after the pioneer work done by
Gupta and Kumar [1]. According to the method of nodes
placement and traffic pattern, Gupta and Kumar defined two
types of networks: arbitrary networks and random networks.
The randomness contributes to the fact that the throughput of
random networks is not greater than that of arbitrary networks
in general. According to the ways of letting the number
of nodes n tend to infinity, there are two typical network
models: extended networks and dense networks. Most of the
succeeding researches follow those network models, and the
derived capacity results differ from each other because of the
diversity of analytical models and assumptions to be used.
There are generally two levels of capacity bounds. The
first level is information-theoretic bounds that are obtained by
allowing arbitrary (physical layer) cooperative relay strategies,
[2]. The issue was first addressed by Xie and Kumar [3].
The second is networking-theoretic bounds that assumes that
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the signals received from nodes other than one particular
transmitter are interference to be regarded as noise degrading
the communication link. The pioneer work [1] is just done
for this issue. It is intuitive that the optimal strategy for
networking-theoretic bounds is to confine to nearest neigh-
bor communication and maximize spatial reuse, because the
interference generated by long communication would preclude
most of the other nodes from communicating, [1], [4].

In the research of networking-theoretic capacity bounds,
there are three types of channel models in general. The first is
the threshold-based channel model under which if the value
of a given conditional expression is beyond the threshold, the
transmitter can send successfully to the receiver at a specific
constant data rate, otherwise, it can not send any, ie., the
transmission rate is assumed to be a binary function. The
protocol interference model (PrIM) and physical interference
model (PhIM) defined in [1] both belong to the threshold-
based channel model. The former’s conditional expression is
the fraction of the distances from the particular transmitter
and other transmitters to the particular receiver; the latter’s
conditional expression is SINR (signal to Interference plus
noise ratio). This model is simple thus analytically attractive,
and many works therein are based on this model, such as
[5]-[13]. The second is the probability-based channel model
[14] under which the receiver can receive packets at a specific
rate successfully if the probability that SINR is below the
threshold is less than a certain value. The third is the rate-
based channel model that determines the transmission rate
at which the transmitter can send its data to the receiver
reliably, based on a continuous function of the receiver’s SINR.
Generally, any communication pair v; and v; can establish a
direct communication link, over a channel of bandwidth B, of
rate R(v;,v;) = Blog(1+ (1/n)SINR(v;)). When 7 > 1, the
receiver can achieve the maximum rate that meets a given BER
requirement under a specific modulation and coding scheme;
When 1 = 1, the receiver achieves the Shannon’s capacity
for a wireless channel with additive Gaussian white noise, see
[15], [16]. Then, in the case of n = 1, rate-based channel
model can be called the Gaussian channel model.

In this paper, we study the networking-theoretic multicast
capacity for both random extended networks (REN) and ran-
dom dense networks (RDN) under Gaussian Channel model.
We present both improved lower bound and improved upper
bound on multicast capacity, compared with previous litera-
tures.

For studying the lower bound of multicast capacity, we
design two types of multicast schemes for REN and RDN.



In one type of scheme, we construct the routing based on
percolation theory and schedule respectively short-hops and
long-hops. In the other type, we construct the routing without
using the percolation theory in order to avoid the bottleneck on
the accessing path into highways ( [17]). Combining with the
two types of schemes, we obtain the achievable throughput as
the lower bounds of multicast capacity. A characteristics of this
paper is that we take account of all cases of ng and n4, without
any assumption of ng and ng4 as in most other literatures, which
contributes to the generality of the paper. Our lower bounds on
multicast capacity improve the previously best known results.
We design our routing and schedule schemes based on several
innovative techniques: both backbone highway system and
second highway systems based on percolation theory, and
parallel scheduling of nearby links. Using second highway
systems and parallel scheduling of nearby links, to the best
of our knowledge, are not used in previous studies.

On the other hand, using new analyzing techniques, we
derive upper bounds on multicast capacity. Our upper bounds
also rely on several new techniques. Two different approaches
are proposed in this paper to study an upper bound. The first
approach partitions the region into cells and we focus on
cells with at most a constant number of nodes, in contrast
to focusing on cells with at least a constant number of
nodes for building highway systems [17]. We then show
that some of these cells will have large load, regardless of
the routing and scheduling schemes. The second approach is
to study the bottleneck on some links. We show that there
exist some special links that will be used by many multicast
sessions (thus high load) and its own data rate is small, thus,
implying an upper bound on per-session multicast capacity.
Furthermore, we obtain the multicast capacity for both REN
and RDN. As we know, unicast and broadcast can be regarded
as two specific cases of multicast corresponding to the case
ng = 1 and ng = n — 1, respectively, where ng is the
number of destinations for each multicast session. Thus, the
capacity of multicast session can usually unify that of unicast
and broadcast under the same channel models. Indeed, some
existing results can be derived by our result as the specific
cases, such as [2], [17], [23], [25].

The rest of the paper is structured as follows. In Section
II, we propose the network model and related definitions. The
main results is presented in Section III. In Section IV, we
design the multicast schemes for random extended networks,
and analyze the achievable throughput. In Section V, we
extend the schemes to the random extended networks and
derive the lower bounds of multicast capacity for random
extended networks. In Section VI, we discuss the upper bound
of the multicast capacity. In Section VII, we present a review
of existing results on the capacity scaling of multihop wireless
networks. In Section VIII, we conclude the paper.

II. NETWORK MODEL

The asymptotic capacity is the capacity of the network as the
number of nodes n in the network goes to infinity. According
to the ways of letting n goes to infinity, there are two typical
network models. The first is the extended network model that

is to fix the node density to a given constant and increase the
area of the deployment region to infinity. The second is the
dense network model that is to fix the area of the deployment
region and increase the node density to infinity. Under the
protocol interference model (PrIM), Li et al. [11] proposed
another model called constant-range model that is to fix the
transmission range of all nodes to some constant, then increase
the node density and the deployment area to increase the
number of nodes in the networks.

In this paper, we focus on the former two typical network
models. We construct a random extended network by placing
nodes according to a Poisson point process (p.p.p.) of unit
intensity on the square A, = [0,/n] x [0,/n]. Similarly,
we construct a dense network by placing nodes according to a
Poisson point process of intensity n over a square of unit area,
ie., Ay =[0,1] x[0,1]. According to Chebyshev’s inequality,
we can easily obtain the number of nodes in A4, (or A;) is
within ((1 —eg)n, (1 +¢&¢)n). To simplify the description, we
assume that the number of nodes are n, without changing our
results in order sense, [2], [17]. We are mainly concerned with
the events that occur inside these squares with high probability
(w.h.p.); that is, with probability tending to one as n — oc.

A. Capacity Definition

In this subsection, we give the formal definition of capacity
in our model. We assume that V' = {v1,v9,--- ,v,} is the
set of nodes in the network, and S C V is the set of source
nodes of multicast, denote the number of multicast sessions as
|S| = ns. For each source nodes, we can randomly select ng
nodes as destinations from the other nodes, where ng < n—1.
Let Asn, = (As1,As8,2, -, Asn,) be the rate vector of the
multicast data rate of all multicast sessions.

Definition 1 ( Feasible Rate Vector): Multicast rate vector
Asn, = (As1,As,2, -+, As,n, ) 18 feasible if there is a spatial
and temporal scheme for scheduling transmissions such that by
operating the network in a multi-hop fashion and buffering at
intermediate nodes when awaiting transmission, the ¢th source
node denoted as vs ; can deliver data to all ny destinations at
rate of As; bit/second, where ¢ = 1,2, .-, n,. That is, there
isa T < oo such that in every time interval (with unit seconds)
[(—1)-T,i-T)], every node vs; € S can send T - Ag ; bits
to all its ng4 destinations.

Considering a multicast rate vector, we define the foral
multicast throughput capacity of such feasible rate vector as
A%, (n) = X7, As ;. define the average per-session multicast
throughput capacity as A};nd (n) = %/\Sl and define
the minimum per-session multicast throughput capacity as
Ag/{nd (n) = min,g ,es As,i-

Definition 2 (Throughput Capacity): An aggregated multi-
cast throughput Agnd(n) bits/sec is feasible for ns multicast
sessions (each session with ng destinations) if there is a
rate vector Asn, = (As1,As2, -, As,n,) that is feasible
and Ag,m (n) = X7 As,;. Similarly, we say Ag/{nd (n) =
minyg ,es As,i is a feasible per-session multicast throughput
capacity.

Definition 3 (Capacity of Random Networks): The aggre-
gated multicast capacity of a class of random networks is



of order ©(g(n)) bits/sec if there are deterministic constants
c¢>0and ¢ < ¢ < 400 such that

lim Pr(Ag, (n)=cg(n) is feasible) = 1,

n—-+oo

lim infPr(A} ny(n) = c'g(n) is feasible) < 1.

n—-+4oo

We can similarly define the per-session and minimum
capacity for random networks.

B. Rate between two nodes

We assume all nodes transmit at constant power P, and
that node v; receives the transmitted signal from node wv;
with power P - I(v;,v;), where {(v;,v;) indicates the path
loss between v; and v;. We restrict ourselves to a model
of communication where the interference at the receiver is
simply regarded as noise, i.e., we focus on the networking-
theoretic bounds instead of the information-theoretic bounds,
see [3], [18]-[22]. Hence, any two nodes can establish a direct
communication link, over a channel of unit bandwidth B, of
rate

P- Z(U,‘, Uj)
N() + kaeA(i) P . l(vk,vj)

where Ny > 0 is the ambient noise power at the receiver, and
A(%) is the set of nodes that transmit when v; is scheduled.

R(vi,vj) = Blog(1 + ) (D

C. Theory Preparations

In this section, we provide some related results to be used
in the analysis. Firstly, we recall the following useful lemma
from [17].

Lemma 1 (Upper Tail on Chernoff Bounds): For a Poisson
random variable X of parameter A\, we have

—A T
Pr(X > ) < I GV O )
:I:w

Similarly, we give the lower tail version of Chernoff bounds.
Lemma 2 (Lower Tail on Chernoff Bounds): For a Poisson
random variable X of parameter A\, we have

—A PRk
Pr(Xﬁx)ﬁ&,for0§x</\ 3)
:I;.L

Proof: For any t > 0 and 0 < z < A, by Markov-
Inequality we have

E(eftX)
e—tw
Because E(e™ ™) = "7, %e’tk = M=) and by
equation (4), we have Pr(X < z) < eMe™ DAt et t =
In(A/x) > 0 we obtain Equation (3). u

Notations: To facilitate the expression, define a function as
b(n)} = O(p(n)), if p(n) = Q(¢(n))
O(s(n)), if ¢(n) =Q(p(n))

Similarly, we define another function as

s} = {9(w(n)),

Pr(X <) =Pr(—X > —z) < )

max{p(n),

order

p(n) = 0(6(n))
O(¢(n)), if ¢(n) = O(p(n))

To simplify the description, let 8(n) : [#1(n), O2(n)] represents
that 6(n) = Q(61(n)) and 6(n) = O(02(n)).

min {¢(n),

order

III. MAIN RESULTS

Let d;; be the Euclidean distance between two nodes v;
and v;. Let the power attenuation function be [(v;,v;). We
study the throughput issue taking account of all ns and ng,
the general results have more complex forms and they are
shown in Theorem 6 and Theorem 7. In this section, we give
the results under the assumption ny, = O(n) as the specific
cases of our general results.

A. Random Extended Networks

For the random extended network model, we assume that
l(vi,v;) = min{l, d;;*} with @ > 2 and No > 0.

Theorem 1: The achievable per-session multicast through-
put for random extended networks is of order

Q

when ng :

ndn) ) (logn)a+l]

( [
Q( ) When ng : [(]ogn a+tly m]
nd(logn) (5)
Q(—a—l) when ng : [(ogn 2’@]
\/7 (logn) ™2
W) when na: [z n)

For the upper bound, we have
Theorem 2: The per-session multicast throughput for ran-
dom extended networks is at most of order

O(\/JTTE) when ng : [1, W] (6)
O(——) when ny : [i= )

From Theorem 1 and Theorem 2, we obtain that
Theorem 3: The per-session multicast capacity for random
extended networks is

{9(\/;7)
C]

when ng : [1, W]

_ 1 . (7
nd(logn)%) when ng : [

Togn "

Observe that there is a gap between the upper bound and
lower bound when ng : [W, 1Ogn] The gap would
be closed by presenting possibly new tight upper bound and

designing algorithms to achieve it.

B. Random Dense Networks

For the random dense network model, we assume that
l(vi,vj) = di;* with a > 2 and ignore near field effects
of electromagnetic propagation.

Theorem 4: The achievable per-session multicast through-
put for random extended networks is of order

1

Q( \/7%7) when ng : log n)g ]

1,
Q(—L—) wh
Q(nd(logn)g) When nd : [( logn) } )
(l/nndlogn) when ngq : [( 2’logn]
Q) when ng : [25, n]

Combining with the upper bound proposed in [23] (de-
scribed in Lemma 22), we obtain

Theorem 5: The per-session multicast capacity for random
dense networks is

O( T}dn) when ng : [1, 5]
o(;) when ng :

€))

[logn ) n}
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Fig. 1. Transmission scheduling for first-class highway phase. Gray squares
can be scheduled simultaneously. Around each gray square there is a silence
region of squares in which nodes are prohibited to transmit in a given time
slot. The layer-distance d represents that the receiver locates on the cell of
the dth layer from the transmitting cell.

Similarly, there is a gap between the upper bound and lower
bound when ny : [W, @] It is a challenging issue to
close the gap by presenting possibly new tight upper bound
and designing algorithms to achieve it.

IV. LOWER BOUND FOR RANDOM EXTENDED NETWORKS

In this section, we focus on the lower bound of the multicast
capacity. We first give a brief overview of our multicast
scheme. Subsequently, we give the detailed analysis on the
achievable throughput of the multicast scheme.

A. Overview of the multicast strategy

The strategy is based on multihop transmission, pairwise
coding and decoding at each hop, and a TDMA scheme. The
routing is a hierarchical structure that consists of two general
phases: First-class Phase and Second-class Phase. The former
is that the packet is transmitted along a multi-hop path, with
a constant distance of single-hop, called First-class highway
along which the constant rate can be achieved. The latter is
that the packet is transmitted along a multi-hop path, with
the distance of single-hop of order ©(+1/logn), called Second-
class highway along which the rate of order Q((logn)~%)
can be achieved. For the two phases, we design independently
their transmission scheduling scheme, and we call them firstz-
class transmission scheduling and second-class transmission
scheduling.

First-Class Transmission Scheduling: We use the similar
TDMA scheme as [17], [24] and [2] to schedule transmissions
in order to limit the number of simultaneous transmissions,
which in turn limits the interference. In particular, we divide
the region into cells with area O(1), called percolation-cells,
and divide the time into a sequence of K2 (K > 3 and
K > 2d + 1) successive slots, see in Fig.1. Each percolation-
cell is activated during one out of K? slots, see Fig.1. Using
this TDMA scheme, the rate between any adjacent cells
(d = 1) can achieve the rate of constant order. (See the detail

aQ
\
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activated connected- cell

ov/logn — €,

concurrent 01 log 7 links
L

Fig. 2. Transmission scheduling for second-class highway phase. Gray
connected-cells can be scheduled simultaneously. In any time slot, there are
O(logn) concurrent links initiated from every activated connected-cell.
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Fig. 3. Overview of Multicast Routing. The EMST is composed by e1 ~ e5
that are described as dashed lines. The bold solid curves represent the first-
class highways. v; drains the packet into the specific first-class highway via
the second-class highway described by the thin solid curves with arrows.

in [17]). Notice that for the transmission scheduling for First-
class highway phase, we only use the specific case as d = 1
and K = 3 of the method in [17].

Second-Class Transmission Scheduling: Unlike the first-
class transmission scheduling, we divide the region into square
cells with area ©(logn) instead of ©(1), and call these cells
connected-cells. We use 16-TDMA scheme to schedule the
transmissions in second-class phase. Each connected-cell is
activated during 1 out of 16 slots, see Fig.2. An important
technique is the parallel scheduling: In any time slot, for
each activated connected-cell, we can schedule Q(logn) links
that initiates from the connected-cell, and we guarantee that
every links can achieve the rate of ((logn)~%). The result
is proved in Lemma 7. Indeed, if we adopted the same trans-
mission schedule as the first-class transmission scheduling,
i.e., scheduled the percolation-cells, it can be only guaranteed
that each second-class highway can sustain a rate of order
Q((logn)~17%).

Multicast Routing Scheme: The multicast routing is based
on multihop scheme and uses the formation of paths percola-
tion across the network. As shown in [17], we construct the
highways , which is named First-class highways in our paper,
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Fig. 4. Bond percolation model. The bold polygonal line represents a open
path consisting of open edges. A vertical first-class highway is described as
a polygonal line whose inflexions are called first-class stations.

as the backbone of the network. Furthermore, we construct the
Second-class highways. For each multicast session My, we
firstly construct the Euclidean minimum spanning tree (EMST)
based on the set Uy = {vk, fU{vk,, Uk, -+, Uk, }, Where v,
is the source of the multicast session, and {vk,, Vk,, " -+, Vk,,, }
is the set of the destinations of the multicast session.

The routing between two vertexes of a link in the EMST,
called communication-pairs, can be divided into four consec-
utive phases ( [17]). In the first phase, nodes drain the packet
into the horizontal first-class highway(HFH) via a specific
vertical second-class highway(VSH). In the second phase, the
packet is carried along the horizontal first-class highway. node.
Similar to the second phase, the packet is carried along a
specific vertical first-class highway(VFH) in the third phase.
At last, the packet is delivered to the destination node along
a specific horizontal second-class highway (HSH). In Fig.6),
we shows the schematic representation of the routing between
two nodes. For all links of the EMST, we construct the routing
using the above scheme, eliminate the unnecessary circles, and
merge the same edges. Finally, we obtain the multicast routing
graph, see Fig. 3.

B. Multicast throughput of extended networks

Given the construction outlined above, and let all nodes
transmit with the constant power P as [17], we might expect
the longer hops in the first and last phases of the scheme
to have a lower bit-rate, due to the higher power loss along
longer distance. However, we need take into account other
components that influence the bit-rate, namely, interference,
and relay of information from other nodes. We show that
when all these components are accounted for, as ng and ng
are changing, the bottlenecks switch from highway phase to
deliver phase (and draining phase), it is different compared
with the scenario in [17].

1) First-Class Highway (FHs): We introduce the construc-
tion of the First-Class Highway (FHs) based on Percolation

Theory, and give the result of the density of FHs. Finally, we
define the notations for FHs.

Construction of First-Class Highway: We partition the
region A, into subsquares with constant side length ¢, as
depicted in Fig.4. We call these cells percolation-cells. To
simplify the description, we call the “percolation-cell” as
“cell” unless we specialize. Then there are m? subsquares,
where m = [/n/v2c] (we can adjust the value of ¢ such
that v/n/v/2c is an integer). Denote the grid graph produced
by inclined black dotted lines as C,,, see Fig.4 for illustration.
Let N(c;) denote the number of Poisson points inside cell
¢;. Thus N(c¢;) is a Poisson random variable with parameter
2, and for all 4, the probability that a square c; contains at
least one Poisson point (N(¢;) > 1)isp =1 — e~ We
say a square is open if it contains at least one point, and
closed otherwise. Then any square is open with probability p,
independently from each other.

We map this model into a discrete edge-percolation model
on the square grid. We draw an horizontal edge across half of
the squares, and a vertical edge across the others, as shown
in Fig.4. In this way we obtain a grid graph D,,, described
as the dotted grid with horizontal and vertical edges in Fig.4.
We say a given edge & in D, is open if the inclined subquare
in C,, crossed by h, is open, and call a path comprised of
edges of subsquares in D, open if it contains only open
edges. Based on a open crossing path connecting the left side
of A, with its right side (or connecting the up side of A,
with its bottom side), depicted in Fig.4, Choosing a node
from each cell in C,, corresponding to the open edges of the
open path and connecting those nodes, we finally obtain a
routing crossing path. We call those nodes stations and call
those routing crossing paths First-Class Highways (FHs). It is
obvious that the distance between any two adjacent nodes in
the routing crossing path is at most 2v/2c.

Rate of First-Class Highway: For the rate along First-
Class Highways (FHs) including HFHs and VFHs, we first
give some definition.

For a grid square like Fig.1, we denote any cell by a 2-
dimension coordinates (z,y), where = and y are the row and
column indexes of the cell respectively.

Definition 4 ( Layer-Distance): We say the layer-distance
between the subsquare (x1, y1) and (2, y2) is d when

d = max{|zy — xa|, |y1 — y2|}

Recall Theorem 3 proposed in [17], as a specific case (for
~ = 0) of that theorem 3, we have

Lemma 3: For any integer d, there exists an constant R(d),
such that in each percolation-cell c; there is a node that can
transmit w.h.p.at rate R(d) to any destination located in the
cell within layer-distance d. Furthermore, as d — oo, we have
R(d) = Q(d—>72).

Since the Euclidean distances between any two adjacent
nodes on FHs are at most 2v/2c, i.e., d = 1, we have the
following result as a straightforward corollary of lemma 3.

Corollary 1: The rate along the First-Class Highways can
achieve the order of (1).

Density of First-Class Highways: Next we consider the
density of First-Class Highways, that is, the number of high-



ways in unit area. For a given x > 0, we partition the grid
graph C,, into horizontal (vertical) rectangle slabs with the
horizontal (vertical) width of m subsquares and the vertical
(horizontal) width of xlogm — €, subsquares, denoted as R?
(). Note that we can choose €, as the smallest value such
that the number of rectangle slabs m/(x log m—e,, ) in the par-
tition is an integer. It is easy to see that €, = o(1) as m — oo
[17]. Denote the number of disjoint open paths within slab R?
(R}), i.e., the number of disjoint horizontal (vertical) first-class
highways, as N* (N?). Let N* = min N/', NV = min N}.
We have ' '
Lemma 4: ( [17]) For all x and p € (5/6,1) satisfying
2 + klog(6(1 — p)) < 0, there exists a d(k,p) such that
mlgréo Pr(N" > §logm) = 1;mli§looPr(NU >dlogm) =1.

According to the constraints of Lemma 4, we have
1—e < 5/6 and 2 + k(log6 — %) < 0.

To satisfy the conditions, it holds £ > 0 and ¢? > log 6+2/x.

We scale the width of slabs as ©(logm) in order to ensure
the slabs are wide enough to contain a whole highway. Notice
that ©(logm) is just the threshold satisfying the condition,
which can be proved straightforwardly based on the results of
[17].

Notations for FHs: To simplify description, we assume
that there are  logm horizontal (vertical) highways in each
horizontal (vertical) slab, which does’t decrease the derived
throughput in order sense. According to lemma 4, we can
subdivide every slab into & logm slices with width [, where
I = (klogm — e,,)/0 log m. Hence, we can define a bijective
mapping from horizontal slices to horizontal first-class high-
ways, denoted as ¢" : S — H" where S” represents the
set of all horizontal slices and H” represents the set of all
horizontal first-class highways. Similarly, we can define the
bijective mapping from vertical slices to vertical first-class
highways, denoted as g : S¥ — HY, where S represents
the set of all vertical slices and H" represents the set of all
vertical first-class highways. Notice that any slice can and only
can project to the first-class highway contained by the slab
that posses the slice, which ensures that the distance from any
points in the slice to the corresponding highway is at most
klogm — &,,,. Based on the two mappings, we can define two
functions as " : V — H" and f":V — HV, where V is the
set of all nodes in region A, = [0,/n] x [0,+/n]. The two
functions satisfy the condition that, for a node v and horizontal
slice s € S" (or vertical slice s? € S°), if v belongs to
region s? (or s?), then f*(v) = g"(sh) (or f?(v) = g¥(s?)).
Furthermore, we define two function ¢® : H* — R" and
Yv : HY — RV, where R" (RV) is the set of all horizontal
(vertical) slabs. " (") (4)¥(h)) represents the horizontal
(vertical) slab containing the horizontal (vertical) first-class
highway " (§").

2) Second-Class Highway (SHs): We firstly propose the
construction of the second-class highway (SHs) based on
the method called connected-cell scheduling, and analyze the
density of SHs. Finally, we define the notations of SHs.

Construction of SHs: We partition the region .4, into
subsquares of a side length o+/logn — ¢,, as depicted in

0y logn even vertical second-class highways

0y log n odd horizontal second-class highways/| | °

Fig. 5. Construction of second-class highways.

Fig.5, where ¢ > 0 is a constant and we choose ¢, > 0
as the smallest value such that \/n/(ov/logn — €,) is an
integer. It is obvious that ¢, = o(1l). We denote these
subsquares as ¢; and call them connected-cells. Then there
are n/(o+/logn —e,)? connected-cells. Denote the grid graph
consisting of the connected-cells as &,, see Fig.5. Let N(¢;)
be the number of Poisson points inside the connected-cell
¢;. Thus N(¢;) is a Poisson random variable with parameter
(oy/logn — €,)2. Furthermore, we define the uniform lower
bound of N(¢;) as Nz.

To ensure the feasibility of the method to construct SHs,
we give the following lemma.

Lemma 5: For any p, 20 > 1 + logo and o, 0% >
m)_é#_l), each connected-cell contains w.h.p no less than
01 log n nodes, where 6, is a constant and 6 = 5o

Proof: Since (0y/logn — €,)? > 102logn, as n — oo,
According to Lemma 2 and Union Bounds, we have

0_2

(7'2'0 n n = 0'2'0 n
Pr(N; < 25281 < 2 PrgN(cj)g%)

— o2.logn 0
a2 2
2n  n2e %
< o2.logn % n ¢ (10)
n

1
o2 _,_(tloge)o?
o2-logn-n 2 2o

Thus, when we choose o, 20 > 1+ logp and o, 02 >

2
il it holds that Pr(N; < ZJ%%) — 0, when
n — oQ. n

Consider the grid graph &,,, we call each row (column) of &,
Row-Slab(Column-Slab), denoted as R? (Rf) To simplify the
description, in each Row-Slab(Column-Slab), we give a order
index with a natural number for each connected-cells. Without
the generality, we assign the order index to each connected-
cell in a Row-Slab(Column-Slab) by the sequence of “top to
bottom”(”left to right”), see Fig. 5 for illustration. We call
the connected-cells with odd (even)indexes odd-order (even-
order) connected-cells.

According to Lemma 5, each connected-cell contains
w.h.p.at least 6, - logn nodes, then we can construct the
horizontal second-class highways in R using the following
operations: Firstly, for the \/n/(c+/logn—e,) connected-cells



in R", choose a node from each connected-cell. Secondly,
connect the nodes in odd-order connected-cells to derive
a path called odd horizontal second-class highway(OHSH),
connect the nodes, named second-class stations, in even-order
connected-cells to derive a path called even horizontal second-
class highway(EHSH). In a similar way, we can construct the
odd vertical second-class highway(OVSH) and even vertical
second-class highway (EVSH).

Density of SHs: We say two second-class highways are
disjoint if there is common node contained in them. Next,
we consider the density of second-class highways, that is,
the number of the disjoint second-class highways in unit
area. Denote the number of disjoint second-class highways
within a row-slab (column-slab) R? (R;’) as Nih (Ni”). Let
N" = inf N*, N* = inf N!. According to Lemma 5,
each connected-cell contains at least 6; logn nodes. Since
the second-class highways include odd second-class highways
and even second-class highways, the following lemma is a
straightforward result.

Lemma 6: For any o, 20 >
4o
(20-log o-1)’

L+ logo and o, o? >

there exists a 61 = ‘2’—9 such that

lim Pr(N" > 26, logn) = 1; lim Pr(NV > 26, logn) = 1.

n—oo

Parallel Scheduling of SHs: We adopt 16-TDMA scheme
to schedule the transmissions in second-class highways. The
main trick here is: Instead of scheduling only one link in
each activated cell in each time slot, we consider scheduling
a set of links which initiate from the same connected-cell
together. Specially, after we partition the deployment region
into connected-cells, we further divide time into a sequence
of 16 successive slots. In each time slot, we consider disjoint
sets of connected-cells that are allowed to be activated simul-
taneously, as depicted in Fig. 2. Notice that if a connected-cell
is activated, 260, logn links that initiates from the connected-
cell can transmit simultaneously. Obviously, compared with
only scheduling one link in each connected cell, this mod-
ification increase the total bit-rate by order of logn if the
total interference is still bounded. So can we prove that the
total interference is still bounded? Fortunately, the proof of the
following lemma give us a positive answer. We further prove
that, the data rate of any second-class highway can achieve
the order of Q((logn)~%).

Rate of SHs: It is easy to see that the distances of every hop
in the second-class highways are at most /10-(ov/logn —¢,,)
and at least o+/logn — €,,. For the rate along the second-class
highway, we give the following lemma.

Lemma 7: Along each second-class highway, the achiev-
able rate is of order Q(1/(logn)~%).

Proof: Considering any link in the second-class highway
in any time slot, since the length of the link is at least
o/logn — €,, we obtain the sum of interferences to the
receivers as:

I(n) < P-(01logn —1)-l(o+/Iogn — €,)

n

+ 3 8iP(61 logn) - 1((4i — 3) - (0v/Tog 1 — €,))

=1

P-290,0-*(logn)~ % - (1 + lim 3 (41813)“)

n—oo

IN

— h
n 00121

Algorithm 1 Construction of EMST
Input: The set of nodes Uy,
Output: EM ST (Uy).
1: In the initial state, all nodes of U}, are isolated, then there
are nq + 1 connected components.
2: Fort=1:ny4
(1) Partition the deployment region A, = [0,/n] X
[0,+/n] into at most ng + 1 — i square cells, each with
side length /n/|[v/ng+1—1;
(2) Find a cell that contains two nodes of Uy, that are from
two different connected components. By connecting the
pair of nodes, we merge the two connected components.

The latest limitation is obviously converges to a constant when
a > 2. On the other hand, since the length of the link is at
most v/10(ov/Togn — €,,), the signal S(n) at the receiver can
be bounded as

S(n) > PI(V10(o\/logn — €,)) > P- 10" %0~ *(logn) ™

Then, by Equation (1) and the 16-TDMA scheme, we have
that the achievable rate along the second-class highway is

_ 1 S(n)
R = —1 1+ —=—
(") =15 Og( +N0+I(n)>
By a > 2 and Ny > 0, we have NUS_SEH) — 0, as n — oo.

Hence, R(n) = Q((logn)~%). [ |

Notations for SHs: To simplify description, we assume that
there are 26, log n horizontal (vertical) second-class highways
in each R;TL (R;?) that include 61 log n odd horizontal (vertical)
second-class highways and 61 logn even horizontal (vertical)
second-class highways, which does’t decrease the derived
throughput in order sense. According to Lemma 6, we can
subdivide every row-slab (column-slab) R! (RY) into 20, log n
slices with width [ and length \/n, where | = o/(201+/log n).
We call these derived slices as row-slices (column-slices).
Hence, we can define a bijective mapping from row slices to
horizontal second-class highways, denoted as g : S* — H",
where S" represents the set of all row slices and H" represents
the set of all horizontal second-class highways. Similarly, we
can define the bijective mapping from column slices to vertical
second-class highways, denoted as g¥ : S — HY, where
S represents the set of all vertical slices and H" represents
the set of all vertical second-class highways. Notice that any
slice can and only can project to the highway contained by
the slab that passes the slice, which ensures that the distance
from any points in the slice to the corresponding highway is
at most o+/logn. Based on the two mappings, we can define
two functions as f* : V — H" and f¥: V — H", where V is
the set of all nodes in region A,, = [0, \/n| X [0, v/n]. The two
functions satisfy the condition that, for a node v and horizontal
slice 5% € S (or vertical slice 5¢¥ € SV), if v belongs to region
5t (or 5%), then F(v) = g (3" (or F*(v) = §(50).

3) Multicast Routing Scheme: Considering the multicast
session My, k = 1,2,---ng, we denote the set of nodes as
Uk = {0k, }U{ky , Vky - - - U, , }, Where vy, is the source node
and {Vg,, Vk,, Uk, } is the set of destinations. We firstly
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Fig. 6. Routing between the communication-pairs. Two bold solid curves
represent the first-class highways f™(v;) and f¥(v;). Two thin solid curves

represent the second-class highways f*(v;) and f"(v;). The path consisting
of the solid curves with arrows represents the real routing of v; — v;. Ti}?'.
and T denote the horizontal and vertical edges of the right-angled triangle
T;;(vivijv;), they just serve as the auxiliaries for the proof of lemma 9.

construct the EMST spanning the set of nodes Uj using the
similar method in [11](Algorithm 1). Based on EM ST (Uy),
we propose Algorithm 2 to construct the multicast routing
graph G(Uy). To simplify the notation, we denote the multicast
session My, as U, = {vo} U {v1,v2, - v,,} and reaffirm
that HSH (VSH) and HFH (VFH) are respectively the abbre-
viations of Horizontal (Vertical) Second-Class Highway and
Horizontal (Vertical) First-Class Highway in the following
Algorithm 2.

During the realization of the routing between each
communication-pairs (denoted as v; — v;) in EMST, there
are seven phases that v; transmits the packet to v; (Step 1 of
Algorithm 2):

1) Second-Class Draining Phase-(SDr-Phase)

In this phase, v; drains the packet to the SVH f¥(v;) by a
single hop with distance of O(y/logn).

2) Vertical Second-Class Highway Phase -(VSH-Phase)

In this phase, packet is transmitted to the HFH f"(v;) along
the SVH £V (v;).

3) Horizontal First-Class Highway Phase -(HFH-Phase)

In this phase, the packet is transmitted along the HFH f" (v;).
4) First-Class Turning Phase -(FTu-Phase)

In this phase, the packet is carried from the HFH f”(v;) to the
VFH f"(v;) by a single short hop with a constant distance.
5) Vertical First-Class Highway Phase -(VFH-Phase)

In this phase, the packet is transmitted along the VFH f¥(v;);
6) Horizontal Second-Class Highway Phase -(HSH-Phase)
In this phase, the packet is delivered into the HSH f"(v;).
7) Second-Class Deliver Phase -(SDe-Phase)

In this phase, the packet is delivered from the HSH f"(v;) to
v; by a single hop with distance of ©(y/logn).

Intuitively, when the bottleneck of the whole routing locates
in VSH-Phase and HSH-Phase, the not poorer performance of
throughput can be derived by the scheme only based on the

Algorithm 2 Multicast Routing Scheme [

Input: The multicast session My, and EM ST (Uy,).
Output: A multicast routing graph G(Uy).

1: For each link v; — v; of EMST(Uy), implement the
following sub-steps to realize the routing v; — v;.

(1) By a single hop, v; drains the packet into the VSH
f?(v;) via w? that is the closest second-class station in
f?(v;) with the distance of |v;w}| = O(y/logn))to v;.
(2) Along the VSH fV(v;), the packet is drained to the
HFH f"(v;) via w! that is the closest first-class station
(Fig. 4) to the intersection point of fV(v;) and f"(v;).
(3) The packet is transmitted along f”(v;) to u; that is
the closest station on f"(v;) to u;j, where u;; denotes the
intersection point of f"(v;) and f*(v;);

(4) By a single short hop, the packet is transported from
uﬁ’] to ug; that is the closest station on f*(v;) to u;.
(5) The packet is transmitted along f"(v;) to w} that is
the closest first-class station to the intersection point of
the HSH f"(v;) and the VFH f*(v;).

(6) Along the HSH f"(v;), the packet is delivered to @/
that is the closest second-class station in f"(v;) with the
distance of |vjw;?\ = O(y/lIogn) to v;.

(7) By a single hop, YI);L delivers the packet to v;.

2: Consider the next link of EM ST (Uy) (go to step 1), until
all the links in EM ST (Uy,) are checked.

3: Considering the resulted routing graph, we merge the
same edges (hops), remove those circles which have no
impact on the connectivity of the communications for
EMST(Uy). Finally, we obtain the multicast routing
graph G(Uy).

second-class highways system. At this point, we need only
adopt the second-class transmission scheduling. The multicast
routing scheme, denoted as f’, is described in Algorithm 3.

C. Analysis of multicast throughput

For the seven phases in Algorithm 2, we successively
analyze the achievable total rate and relay burden of each
percolation-cell in every phase. In Phase 3 and Phase 5 (HFH-
Phase and VFH-Phase), the packet is both transmitted along
the first-class highways (FHs) . From Lemma 9, we know a
constant rate can be achieved along FHs. For Phase 4 (FTu-
Phase), the analysis of rate and relay burden is similar to that
of Phase 3 and Phase 5, because the single hop in Phase 4 has
no difference from the hops in the HFH and VFH. Thus, we
do not individually analyze Phase 3, and call generally Phases
3,4 and 5 as first-class highway phase (FH-Phase). For these
three phases, we state the Lemma 9. Before stating the lemma,
we recall a result proposed in [11] and [24].

Lemma 8: For EMST produced by Algorithm 1, we have

|EMST(Uy)|| < 2v2y/nav/n

where & = 1,2,--- ns and ||[EMST(Uy)|| is the total
distance of all links in EM ST (Uy,).

To facilitate the expression, we define a sequence of directed
edges sets II, = {e;;| e;;j = viv; € EMST(Uy)}, where



TABLE 1
DEFINED EVENTS AND RANDOM VARIABLES

Events  Events Definition Variables ~ Variables Definition
A(k,t) During FH-Phase, multicast session M, passes through a I(A)  The indicator function of the event A. Namely, it takes
given first-class station vy . value 1 if A happens and O otherwise.
A?j(k,t) During HFH-Phase, the routing from v; to v; passes by a X¢  The number of multicast sessions routed through a given
given first-class station vy . Sfirst- class station v} during first-class highway phase.
A’L’] (k,t)  During VFH-Phase, the routing from v; to v; passes by v} X The uniform upper bound of X;.
B(k,t) a given poisson node is in a region with area Y; Zil I(B(k,t)).
min{n, ||S(k,t)||} (see Equation (17)). -
Al(k,t)  During HSH-Phase, multicast session M, passes through a Y;  The upper bound of Y;.
given second-class station Uy .
AV(k,t)  During VSH-Phase, multicast session M, passes through a Xf The number of multicast sessions routed through a given
given second-class station,tab-events-variables Ty . B second- class station v} during VSH Phase.
A?(k,t) During HSH-Phase, the routing of the link in EM ST (Uy) Xh  The uniform upper bound of X/*.
B initiated from v; passes through oy . B B
AY (k,t)  During VSH-Phase, the routing of the link in EM ST (Uy) XV The uniform upper bound of X

intended to v; passes through v;.

Algorithm 3 Multicast Routing Scheme F’

Input: The multicast session My, and EM ST (Uy,).
Output: A multicast routing graph G(Uy,).

1: For each link v; — v; of EMST(Uy), implement the
following sub-steps to realize the routing v; — v;.
(1) By a single hop, v; drains the packet into the VSH
f?(v;) via w? that is the closest second-class station to
v; on f¥(v;) with [v;w?| = ©(1/logn)).
(2) The packet is transmitted along f(v;) to uy; that is
the closest second-class station on f(v;) to @;;, where
u;; denotes the intersection point of f¥(v;) and f"(v;);
(3) By a single hop, the packet is transported from «;; to
uf} that is the closest station on f"(v;) to ;.
(4)The packet is transmitted along HSH f”(v;) to w/ that
is the closest second-class station to v; on f"(v;) with
|vjﬁ;]h| = O(y/logn).
(5) By a single hop, 711;-” delivers the packet to v;.

2: Consider the next link of EM ST (Uy) (go to step 1), until
all the links in EM ST (Uy,) are checked.

3: Use the same method as step 3 of / to obtain the multicast
routing graph G(Uy).

k= 1,2,-- ns.
Lemma 9: Along the first-class highway, packets can be
relayed at rate w.h.p.,

Q(n/(nsT'(n,ng))) when nL'(n,ng)/n = Qlogn)

{ Q(1/logn) when n,I'(n,nq)/n = O(logn)
1D
where I'(n,ng) = ming,der{1/nna + nqlogn, n}.

Proof: According to Corollary 1, the rate along the
highways can be achieved of a constant order. So we need
only to prove the maximum relay burden of the first-class
stations on first-class highways is w.h.p.,

{ O(nsT'(n,ng)/n) when ns'(n,ng)/n = Qlogn) (12)

O(logn) when n I'(n,nq)/n = O(logn)

with T'(n,ng) = mingrger{/nnq + nqlogn, n}.
Given a first-class station vy passed by a horizontal first-
class highway §9 or a vertical highway {°, we define a random

1
o(logn)2 + V2¢

V2¢(klogm — €m) :<l—

Fig. 7. The horizontal span distance and vertical span distance of v; — v;

are denoted as |LH;;| and |[L£V;;| respectively, where |LH;;| = |wfuzhj|h

and [LVi;] = [w]uj;[v. Here [who;|n, lwivilv < oy/logn + V2e.

variable X; as Table I. Note that we finally consider the
uniform upper bound of X; for stations, denoted as X.

1. Firstly, we define an event A(k,t), and for any edge
eij € 1l, define event A?j(k,t) and Af;(k,t) as in Table L
Obviously, we have

Pr(A(k,t)) =Pr( (] (Al(k,t) U A} (k1))

e;j€lly
From union bounds, we obtain

Pr(A(k,t)) < Y (Pr(Aly(k, 1) + Pr(AY(k,1)) (13)

€ij elly

2. Secondly, we consider the bounds of Pr(A?j(k,t)) and
Pr(A7;(k, 1))

Considering the first-class highway phase (FH-Phase) of
routing for v; — wv;, we denote the maximum horizontal
distance (called horizontal span distance) that data are trans-
mitted, i.e., [w]u|n, as [LH;|. Similarly, we define [wiul],
the |£V;;|, where | - |, and | - | represent respectively the
horizontal and vertical Euclid distance that are defined as:
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Fig. 8. The slice (¢")~1(f%) and region Sihj(k:7 t). Here (g")~1(f") is
the horizontal slice that corresponds to the first-class highway 9. Sfj(k, t)
is the shadowed region with width of [ and length of 2LZ., where Lfll =

|TL.}JL.\ +v2¢(klogm — em) + o+ /log n + v/2¢. Obviously, |[LH;j| < LZ

In the 2-dimension plane, for any two nodes wu; and wuo
denoting by the coordinates (x1,y;) and (22, y2) respectively,
lurugln = |21 — 22| and |uiusly = Y1 — yal.

Recall that the station vy is passed by the horizontal
highway {7 or the vertical highway §°.

Project the station v} vertically on the two horizontal bound-
aries of the slice (¢")~1(f%), and we obtain two projections
vy, and vy, see in Fig.8. Let

h _ ph
Ly =T + V2¢(klogm — &,,) + o/logn +V2¢ (14)

where | - | represents the Euclid length of a line segment or
Euclid distance between two nodes. Then, From the illustration
in Fig. 7, It is obvious that |LH;;| < ij Consider the region
S/ (k,t) (See in Fig.8), and since |LH;;| < L}, we have

Proposition 1: If Afj(k, t) happens, then the poisson point
v; locates in the region Sfj(k, t).

In a similar way, based on the highway §° and the first-class
slice (") (f°), we construct the region S} (k,t), and obtain

that [LV;;| < Lj; where

LY =Ty + V2e(klogm — e,,) + o/logn 4+ V2¢  (15)

hence, we have the following result,

Proposition 2: If A};(k,t) happens, then the poisson point
v; locates in the region S} (k. 1).

Define two events as ij(k,t): A given poisson node is
in the region Si’}(k, t)(See Fig. 8 for illustration). By (k,?): A
given poisson node is in the region S}’ (k, t). From proposition
1 and 2, we obtain

h h . v v
Pr(Aj;(k,t)) < Pr(Bj(k,t)); Pr(A};(k,t)) < Pr(Bij(kEfg;
3. Finally, we consider the upper bounds of X; and X.
Define a region S(k,t) C A,, with area of

IStk )l = > (ISH R, Ol + 1185 (k, )1}

ei; €Ml

a7

where A, is the global deployment region and ||S|| represents
the area of the region S.

Accordingly, we can define event B(k,t): a given poisson
node locates in a region with area min{n, ||S(k,?)||}.

By the inequality (16) and the definition of B(k,t), we have

Pr(A(k,t)) < Pr(B(k,t)) (18)

For events A(k,t) and B(k,t), define their indicator variables
as I(A(k,t)) and I(B(k,t)), where the random variables I(A)
takes value 1 if A happens and 0 otherwise.

Recall the definition of X4, it holds that

X, = Zk:l I(A(k,t)).
Let Y; = Y 72, I(B(k,t), By inequality (18) we have
Pr(X; > z) <Pr(Y; > z), forany z >0 (19)

The random variable Y; represents the number of nodes
located in the region with area min{n, ||S(k,t)||} according
to a p.p.p of density “=. So it follows Poisson distribution
with the expectation of

A= % min{n, ||S(k, )|/}

Next, we consider the upper bound of [|S(k,t)||. Recall
Equations (14) and (15) and (17), we have

ISk, DI = Xe,,en, (IS5 B Ol + 1185 (R, 1))}
= Yo, em, 20(LY; + L)
=23, en, (ITH +IT5) + @

where @ = 4+/2lc(klogm — e, +1)ng+4longy/Tog n. Since
m = n/ﬂ, we have as n — 00,

(20)

3
w < 4V 2l - ng - imlogn = 3v2lck - ng - logn 20
Then, Equation (20) turns into,
ISk, t)|| < 38V2lck-ng-logn+20 > (|Th+|T5]) (22)
€ij elly

Since | T3 +|T| < v/2|v;v;| and by inequality (22), we have
|S(k,t)|| < 3v2lcknglogn + 2V2I(|EMST(Uy)|  (23)
From lemma 8, we get |[EM ST (Uy)|| < 2v/2,/ng\/n. Thus,
|S(k, )| < 8ly/nng+3v2lcknglogn < C1(v/nng+nglogn)
(24)

where C; = max{8l,3+/2lck} is a constant.

From the inequality (24), we obtain the uniform upper
bound of ||S(k,t)||, independent of &k and ¢, denoted as
I'(n,ng). That is,

(IS(E, )| < ¢ =T (n,ng) = min{C1(/nng + nqglogn), n}

Hence, an upper bound of Y;, denoted as fft, follows Poisson
distribution with parameter A = “=.
Case 1 When n,p/n = Q(logn), by lemma 1, we get

Pr(Y; > 2ny0/n) < Pr(Y; > 2n.p/n)
e*nsw/n(enﬁtp/n)Qnﬂ;/n
Cnap/n) s e/m

(4/e) "l

Recall the inequality (19), we obtain
Pr(X; > 2nsp/n) < Pr(Y; > 2nsp/n) < (4/e) "¢/

IA

(25)

By union bounds and the fact that there are at most n first-class
stations, we have,

Pr(X > 2ngsp/n) < nPr(X; > 2nsp/n)

< n(e/4)me/m -0, (n— o0). (26
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Fig. 9.  The region 5;’(k,t) is the intersection of the column-slice
(%)~ (f*) and the horizontal slab " (™ (v;)).

Case 2 When nsp/n = O(logn), and

. nep . .
nlgl;o rlogn = f1, f1 is a nonnegative constant.
Let z; = e?max{fi, 1}, by union bounds, the inequality

(19) and lemma 1, we have, as n — oo,

Pr(X > z logn) < (e1=f)/ztly /pyzleen g (27)

To sum up case 1 and case 2, we prove Equation (12) and
complete the proof of the lemma. |

Subsequently, we consider the Vertical Second-Class Phase
and Horizontal Second-Class Phase, i.e., Phase 2 and Phase 6.
Note that the Vertical Second-Class Phase is not symmetrical
with the Horizontal Second-Class Phase due to the tree
structure of EM ST. Generally, we call these two phases as
second-class phase.

Lemma 10: Invertical second-class phase, each session can
transmit packets with rate of order

Q(——2——=1) when ngng = Q(ny/logn)

nsng(logn) 2
L when ngng = O(ny/logn)

(28)

(logn)'* 2

Proof: According to Lemma 7, we know that, the achiev-

able rate is of order Q((logn)~ %) along the second-class

highways. So we only need to prove the maximum relay bur-

den of the second-class stations during second-class highway
phase is w.h.p.,

O(Rmalosn Q(ny/Togn)

O(ny/logn

when nyng =

29
when nyng =

n

O(logn)

Given a second-class station v; passed by a vertical second-
class highway f°, we define a random variable X7 as Table .
Note that we finally consider the uniform upper bound of X}
for all second-class stations, denoted as XV.

For any v; € Uy, we define an event AY(k,t) as Table
L. Denote the intersection of the column-slice (g”)~*(§°) and
the horizontal slab " (f"(v;)) as SP(k,t), then the area of

S?(k,t) equals to

|8 (k. t)|| = ml"w~(ﬁlogm—8m)
= 45 Viogn — W(nlog%—l—sm).

To simplify the description, we can denote ||SP(k,t)| as
n(n) = ©O(y/logn). Obviously, the following proposition
holds.

Proposition 3: The poisson node v; locates in the region
SP(k,t) if the event AY(k,t) happens.

Denote the set of leaf nodes in EMST(Uy) as Uy, and
denote the set U, — Uk as Up. So, we have

Pr(A"(k,0) = Pr(, p, A1) <Pr(,

From union bounds, we obtain

AV 1)

Pr(A¥(k,t)) < ZPr (k1)) (30)
=1

Accordingly, we define event BY(k,t): a given poisson node
locates in the region SY (k,t). Hence,
Pr(A (k. 1)) < Pr(B} (k. 1)) €1V

Let BY(k,t) = U,,cv, Bi(k,t). Then, the event B"(k,t)
means that a poisson node locates in a region with area
ng - n(n), and by Equation (31) we have

ZPr (BY(k,t))

According to the definition of X7, we know that Xt” =
2 I(AY(k,t). Let Ty = > 72 1(BY(k,t)), by inequality
(32) we have

Pr(Xf >x) < Pr(Y; > ),

Pr(AY(k,t)) < Pr(B(k,t)) (32)

for any z > 0 (33)

The random variable Y; represents the number of nodes
located in the region with area ny-7(n) according to a p.p.p of
intensity ns/n. So it follows Poisson with A = nsngn(n)/n.

Case 1 When nyngn(n)/n = Q(logn), From lemma 1 and
union bounds, we obtain

Pr(X? > 2ngngn(n)/n) < n - Pr(XyY > 2nsngan(n)/n)
<n-(ef4)rsman(m/m (0 as n — oco.

Case 2 When ngyngn(n)/n = O(logn), and

ngn n
lim nenan(n) _ fa, f2 is a nonnegtive constant.
n—oo nlogn

2

Let 2o = e? max{ fo, 1}, we have

Pr(X” > zlogn) <n- (e(l—fz)/22+1f2/22)m logn _,

To sum up case 1 and case 2, we prove the result (29) and
complete the proof of the lemma. |

With similar but indifferent way to Lemma 10, we consider
the Horizontal Second-Class Phase.

Lemma 11: In horizontal second-class phase, each session
can transmit packets with rate of order described in Equation
(28).

Proof: Above all, notice that, unlike unicast case, the
deliver phase is not symmetrical with the draining phase due



to the tree structure of EM ST. We define the events A" (k, t)
and A (k,t) for any v; € Uy, as Table I. Let Uy, = U —{v, }»

we have
- PT(UUJ.GU,; Al (k) < Pr(lJ

Pr(A"(k,t))

By union bounds, Pr(A"(k,t)) < Y7 Pr(A?(k,t)). Here-
after, we can adopt the similar way to Lemma 10 to complete
the proof for this lemma. |

In the second-class draining phase and second-class deliver
phase, i.e., Phase 1 and Phase 7, like the Phases 2 and 6, we
use 16-TDMA scheme to schedule the links with distance of
O(y/logn) in parallel, by which we make every link achieve
the rate of Q((logn)~2). On the other hand, There is no relay
burden for the nodes in Phase 1 and Phase 7 due to the method
of single-hop, thus, it is easy to obtain the following result.

Lemma 12: For all seven phases, it holds that Phases 1 and
7 must not be the bottleneck of the whole routing as long as
Phases 2 and 6 are not the bottleneck.

We consider the bottleneck of the whole routing scheme
that can be regarded as the per-session multicast throughput.
For the Horizontal (Vertical) First-Class Highway Phase and
First-Class Turning Phase (Phases 3, 4 and 5), we have the
result described in Lemma 9. For the Vertical Second-Class
Draining Phase and Horizontal Second-Class Highway Phase
(Phases 2 and 6), we have the result described in Lemma 10
and Lemma 11. For the Second-Class Draining Phase and
Second-Class Deliver Phase (Phases 1 and 7), we have the
result described in Lemma 12.

Consider all phases of routing f, we obtain,

Lemma 13: By the multicast routing / combining with the
first-class and second-class transmission schedulings, the per-
session throughput is achieved of order

Al (k1))

v; €U

If ng = O(n/Vlogn),
1 . nlogn
U gy when n, : [L, %5
n 1
Qmin (A, o)) when n, : 2o 2/
Q(min { nr ——2——+}) when n, : [n\/@,n]
order s nsng(logn) 2 ftd
If ng = Q(n/v/logn),

Q(————57) when n, : [1,ny/logn/ng)

nsndgog n)" 2

) when ng : [ny/logn/ng, n]

where I' is defined as Equation (35).

As mentioned above, when the bottleneck of the whole
routing locates in VSH-Phase and HSH-Phase in multicast
routing f, better performance of throughput can be derived
by routing £’ than that derived by routing F. Subsequently,
we consider the throughput achieved by F’.

Lemma 14: By the multicast routing f’ and second-
class transmission scheduling, the per-session throughput is
achieved of order

(logn) ]

) when ng - ¢(n,ng)/n = Qlogn)

UY—a—
( (log n) 2 ns-p(n,ma)

Q(1/(logn)t2)  when n, - ¢(n,ng)/n = O(logn)
= Mingpger{y/nnq/v0ogn + ng, n}.

where ¢(n,ng)

TABLE 11
PER-SESSION THROUGHPUT FOR Random Extended Networks

Range of ng Order of A(n)

A1(n) if ns:[1, ”log noeR]

[, Goasys] min {A1(n), Az2(n)} if 7 : ["logn nlogn|
min {A2(n), A3(n)} if ng @[22 logn n]
order
A1(n) if ns 1, nlogn}

n n 1 - if . nlogn nlogn

[l goigz) { amin (), Aa(m)} if o | ogn]
m(}n {A2(n),A3(n)} if ng: [nl\l}g_n n]
order

[—2s 7] A1(n) if ng:[1, %}

(logn)2’ )\4(71) if ng : [711‘?%771]

Proof: Similar to routing scheme [, the throughput in
SDr-Phase and SDe-Phase is not less than that in VSH-Phase
and VSH-Phase, which means that the bottleneck of the whole
routing locates on VSH-Phase and VSH-Phase. According
to Lemma 7, the rate along the second-class highways can
be achieved of ((logn)~%). On the other hand, using the
similar way to the proof of Lemma 9, we can obtain that the
maximum relay burden of the second-class stations on second-
class highways is w.h.p.,

O(n(n,na) /n) when n,d(n, na)/n = logn) 3
O(logn) when ns¢(n,ng)/n = O(logn)
O(,/4) wh =0(%
with ¢(n,ng) = (/ fogm) When na = O(5557)
O(nq) when nq = Q(2)
Considering both sides, we complete the proof. |

D. General Result for Extended Networks

Combining Lemma 13 with Lemma 14, we obtain the
general result in Theorem 6. To simplify the description, let

Ai(n) == m Aa(n) == 775
Ag(n) = nsnd(logn)O(T+1 A4(n) = (logn)%nstb

and let ¥ := ny

O(y/an)

when ng : [1, ﬁ]

I':= < O(nqglogn) when ng : [W, Togr )
(C] h : 1 ,
(n) when ng : [n/logn,n] 35)
o O( 12;’;) when ng : [1,n/logn]
O(ng) when ng : [n/logn,n)

Theorem 6: The achievable per-session throughput for ran-
dom extended networks is of order Q2(A(n)) as in Table II

Based on Theorem 6, we get Theorem 1 by assuming that
ns = O(n).

V. LOWER BOUND FOR RANDOM DENSE NETWORKS

In this section, we consider the model where nodes are
distributed according to a Poisson point process of intensity
n over a square of unit area .4;. Similar to the case of the
random extended network model (RenM), the routing is also



hierarchical structure that consists of two general phases: First-
class Phase and Second-class Phase. The former is that the
packet is transmitted along the first-class highways(FHs). The
latter is that the packet is drained into the first-class highways
along the second-class highways(SHs). The results in First-
class Phase are similar to that derived under (RenM), while the
results in Second-class Phase are different to that of (RenM).

A. First-class Phase

In order to build FHs and implement the first-class trans-
mission scheduling, we set edge of the percolation-cell as
the width ¢//n, by which we obtain the same number of
percolation-cells as in the Random extended network. The
average number of nodes in each percolation-cell is also the
same, namely ¢2. Therefore, all the percolation results above
still hold for this model, and we can find as many first-class
highways as above. That is, the density of FHs is the same
as that in extended network model (described in Lemma 4).
Recall Theorem 4 in [17], we obtain the rate along FHs as
follows.

Lemma 15: For any integer d > 0, there exists an constant
R(d) > 0, such that in each percolation-cell ¢; there is a node
that can transmit w.h.p.at rate R(d) to any destination located
in the cell within layer-distance d. Furthermore, as d — oo,
we have R(d) = Q(d~2).

From Lemma 15, we obtain easily that the rate along the
first-class highways can is achieved as the order of Q(1). Then,
with a similar proof to Lemma 9 under the extended network
case, we have

Lemma 16: In the random dense network, packets can be
relayed along FHs at rate w.h.p.,

Q(n/(nsT)) when ns'/n = Q(logn)
{ Q(1/logn) when n,I'/n = O(logn) (36)

where I' = miny,ger-{1/nng + nglogn, n}.

B. Second-class Phase

Under the random dense network model (RdnM), we set
edge of the connected-cell as the width (ov/n — €,)//n.
Then, we obtain the same number of connected-cells and the
same average number of nodes in each connected-cells as
that in the random extended network. We construct the Row-
Slabs(or Column-Slabs), denoted as Rﬁl (or R;’), by using the
similar method under RenM. Next, we demonstrate whether
the technique of parallel scheduling in RenM can improve the
performance of throughput under the RdnM. Let the number
of parallel links initiated from each connected-cell in any slot
as an integer w(n) > 1, where w(n) = O(logn) because
the number of SHs in each Row-Slab(or Column-Slab) is of
order O(logn). We call the scheme 7 (n)-parallel transmission
scheduling. Then, we have

Lemma 17: Using 7(n)-parallel transmission scheduling,
the achievable rate along each SH is of order Q(1/7(n)).

Proof: Considering any link in the second-class highway
in any time slot, since the length of the link is at least

(o0+/logn — €,)/+/n, we obtain the sum of interferences to
the receivers as:

In) < P (x(n) ~ 1) H(o /087~ €0) V)
+ > 8P -m(n)-1((4i—3)- (a\/logn —€n)/\/1)

< 295—ap.
77,4)00

The latest limitation is obviously converges to a constant when
a > 2. On the other hand, since the length of the link is at
most v/10((o+/Tog n—e,,)/+/n), the signal S(n) at the receiver
can be bounded as S(n) > P-10"20-%(n/logn)%. Then,
by Equation (1) and the 16-TDMA scheme, we have that the
achievable rate along the second-class highway is

5 S(n)
B(n) = 161 g( TN+ 1)
Hence, R(n) = Q(1/7(n)) which completes the proof.  m
From Lemma 17, we know although the traffic burden
of each horizontal second-class highway (HSF) (or vertical
second-class highway (VSH)) is linear inverse ratio to the
number of HSHs (or VSHSs) constructed in each Row-Slab(or
Column-Slab), there is indeed a linear proportion by inversion
between the rate along each HSH (or VSHs) and the number
of parallel links to be scheduled in each connected-cell during
any time slot, which means no improvement in throughput
can be derived by the parallel scheduling. Hence, unlike in
RenM, we only build one HSH (or VSH) in each Row-Slab
(or Column-Slab ) by choosing randomly one node from each
connected-cell and connecting them. Likewise, we call those
nodes second-class stations. We denote the HSH (or VSH) in
the Row-Slab R! (or Column-Slab RY) as f!' (or f?). Then,
the packets to be transmitted (or received) by any node v
in R? (or R;’) are all drained into (or delivered from) the
first-class highway f"(v) (or fV(v)) along VSH f! (or HSH
f1). Subsequently, we first show that each SH can sustain
a constant aggregated rate (Lemma 18), which is used in
conjunction with the burden of each SH to obtain the per-
session throughput during second-class phase in Lemma 19.
Lemma 18: Using a 9-TDMA scheme and setting every
node only directly communicate with the node in its adjacent
connected-cell, each SH can sustain a aggregated rate of Q(1).
Proof: Firstly, we obtain the sum of interferences to the
receivers as:

) — Qlog(1 + ——))

m(n)

ol

I(n) < 328i-P-1U((3i = 2) - (0vlogn — €)/v/n)

Qa0 —ap . <1+ lim Z G 2)Q> (o)

1

[N)

IN

n~>oo

The latest limitation is obviously converges.

Secondly, we get the signal at the receiver can be bounded as
S(n) > P-5-%30~%(n/logn)?, because the length of the link
is at most v/5((o+/logn—e,)/+/n), Then, by Equation (1) and
the 9-TDMA scheme, we have that the achievable rate along
the second-class highway is R(n) = %log (1 + Nf_ﬁ?gn))
Q(1). The proof is completed. [ |




Lemma 19: In second-class phase, each session can trans-
mit packets along the SHs with rate of order

) when n, = Q(™oen)

nsng(logn)2 a
Qi) when n, = O(%25%)

logn Uy

(37)

where Wy = ng(logn)?.

Proof: According to Lemma 18, we know that, the
achievable aggregated rate along the second-class highways
is of order Q(1). So we only need to prove the maximum
relay burden of the second-class stations during second-class
highway phase is w.h.p.,

{ O(W%W) when ngng = Q(n/Vlogn)  (3g)

O(logn) when ngng = O(n/+/logn)

Because the density of SHs in RdnM is sparser than that in
RenM with a factor ©(logn), it holds that there is naturally
a factor O(logn) between the maximum relay burden of
the second-class stations during second-class highway phase
under RdnM and that under RenM. According to the similar
routing schemes of two models and Equation (29), we obtain
the result of Equation (38) which completes the proof. |

Combining Lemma 16 and Lemma 19, we obtain the
following result.

Lemma 20: By the multicast scheme combining on first-
class phase and second-class phase, the per-session throughput
for random extended networks is achieve of order

N 1/logn if ng: [1,”10%]

It na = O(sgmys ). {Q(ns.jm) if ;[ )
1/logn if ng:[1, %f"}
Ifna = Uiy | Q(—n—) if m, : [2le82 )

nsng(logn)2
Similar to the case of RenM, when the bottleneck of the

whole routing locates in VSH-Phase and HSH-Phase, better
performance of throughput can be derived by the routing only
based on second-class highway system, denoted as f”, than
that derived by routing combining second-class phase and
first-class phase. In F", the routing of each link in EMST
is constructed based on one corresponding VSH and HSH.
Subsequently, we consider the throughput achieved by £ .

Lemma 21: By the multicast routing F” and second-
class transmission scheduling, the per-session throughput is
achieved of order

{ Q(n:fpd) when n, - &4 = Q(nlogn)

Q(1/logn) when ng - &4 = O(nlogn)
where ®; = min,,4er-{vn - nq - logn, n}.

Proof: From Lemma 18, the rate along the second-class
highways can be achieved of £2(1). On the other hand, because
there is only one SH in each column-slab or row-slab, using
the similar but more simple process to the proof of Lemma 9,
we can obtain that the maximum relay burden of second-class
stations on second-class highways is w.h.p.,

O(ns®y/n) when ng - 4 = Q(nlogn)
O(logn)  when ng - 4 = O(nlogn)

Hence, we complete the proof. |

C. General Result for Dense Networks

Let &, = { O(v/n - ng-logn) when ng = O(n/logn)

O(n) when ng = Q(n/logn)

and U, = ng(logn)?. Combining Lemma 20 with Lemma
21, we obtain the following general result.

Theorem 7: The achievable per-session throughput for ran-
dom dense networks is of order 2(Aq(n)) described in Table
I1I.

TABLE III
PER-SESSION THROUGHPUT FOR Random Dense Networks

Range of ng Order of A\g(n)
. T
i | Q(1/logn) if ng: [1, 2552]
> (logn)3 Q(in”"nnd) if ng: [nlgfn, ]
. . Q(1/logn) if ng:[1, ng’#]
[(logn)S’ (logn)? Q(%) if ng : [711;@;717 ]
nsng(logn)?2 °
Q(1/logn) if ng:[1, m]
[ n n NG 1 Vg
a2 n . . rnlogn
(log n) logn Q(inS s logn) if mg 1| \I/i ,n|
[ | Q(1/logn) if nss[l,nl\;’in]
s N . .
log Qo) i ne: PRS0

Based on Theorem 7, we obtain Theorem 4 by assuming
that ny = O(n).

VI. UPPER BOUND FOR MULTICAST CAPACITY

In this section, we consider the upper bound both for ran-
dom extended networks and random dense networks with the
assumption ns, = ©(n) under Gaussian channel model. Notice
that we revoke the representative meaning of all variables and
number labels in above sections, unless we explicitly use them.

A. Random Dense Networks

Based on the technique called arena exploited in [25],
Keshavarz-Haddad et al. have proposed the upper bound of
the multicast capacity for dense networks in [23]. That is,

Lemma 22: The per-session multicast capacity for dense
networks is at most of order

O( ﬁln) when ng : [1, g5t57]
O(ogs) When ng : |
O(3)

:

—n __ _n
(logmn)?’ logn

when ng : [525, 7]

B. Random Extended Networks

In this subsection, we give an upper bound for multicast
capacity for extended networks.

Firstly, by partitioning the region A,, = [0,/n] X [0, /n]
into cells with a constant side length g, we obtain a grid graph
F, consisting of ;—; cells. Based on the grid graph F,,, we
propose a result for arbitrary multicast trees.

Lemma 23: Given multicast session My, let T} be the
multicast tree for M}, and C(T}) denote the number of cells
used in 7}, then we have

1
C(Tx) = Q(; |EM ST, |)

when ng = O({z), where |[EM ST, | denotes the length of
Euclidean Minimum Spanning Tree spanning M.



I
<
\ . . JOIN

\ A . :

. BNE N
L P { R ./.
'\ \ (| o
SR AN
I AN
. O/ 1 7

(a) quasi-closed cut (b) quasi-closed net

Fig. 10. Grey cells are the quasi-closed cells which contain at most A nodes.

Proof: We prove this lemma using some existing results
under protocol model, especially the area argument [11].
For the sake of our proof, assume that every node has an
artificial “transmission radius” r such that each node v can
only communicate with other nodes in its transmission range (a
transmitting disk with its center at v and radius 7). In addition,
we define the area covered by a tree T' as the union of its
nodes’ transmitting disks. Then by showing a lower bound on
the area of the region covered by any multicast tree 7', we can
give the desired lower bound on the number of cells it crosses.

The result of Lemma 11 in [24] applies for the constant
range network model, it can be implemented a straightforward
extension for the extended network model as following: In
protocol model, the area of the region D(T") = Q(r\/ngn),
when ng = O(5). Here 7 denotes the transmission range of
each node in protocol model and D(7T') denotes the region
covered by all transmitting disks of all transmitting nodes (in-
ternal nodes of T') in the any multicast tree 7. Unfortunately,
this result can not help us directly, since in our model, each
node has no fixed transmission range r. Instead, any pair of
nodes can communicate with each other even though the data
rate may be very small. Based on the original network under
Gaussian channel model, we construct a new network under
protocol model as follows.

1) Set the transmission range of each node as g, i.e., the
side length of the cell in F,,.

2) Add some artificial “additional relay nodes” v, such that
any pair of nodes have enough relay nodes along its
link to make sure that the minimum number of cells the
routing path crosses under protocol model is no more than
the number of cells the direct link will cross in Gaussian
channel model. Notice that v, cannot be selected as
source or receivers, they can only act as relay nodes.

Let T" be any multicast tree in original network under Gaussian
channel model and 7}, denote the corresponding multicast
tree( spanning the same multicast session) constructed on
this network under protocol model. We have two important
observations here:

1) Our preceding two modifications will not affect the proof
for Lemma 11 in [24]. In other words, the lower bound
on |D(T,)]| still holds,

2) Furthermore, any link in Gaussian channel model can
be simulated by using these artificial “additional relay
nodes” in the protocol model such that the number of

cells it will cross is not increased. So the lower bound of
C(T) is no smaller than the lower bound of C(T}).
By Lemma 11 in [24], we get D(T},) = Q(g+/nqn) for g = r.
Since one transmitting disk can cover no more than 4 cells.
We have C(T),) = Q(@) Hence,

o) = ()

, When ng = O(%)
By |[EMST| = O(,/nng), the proof is completed. [ |

We partition the region A,, into cells with constant side
length ¢, we obtain a grid graph C,, consisting of m? = =
cells. We focus on those cells containing only a constant
number of nodes, and give the following definition.

Definition 5: We say a cell is quasi-closed cell if it contains
at most A nodes, here A is some constant. As illustrated in
Figure 10, we call a path of cells quasi-closed cut if it contains
only quasi-closed cells and crosses from left to right side of
A,,. Furthermore, we define the length of a quasi-closed cut
as the total number of cells it contains.
According to the results in [17] and Lemma 2, we can choose
¢ large enough such that 2(m) quasi-closed cuts can be par-
titioned into a number of disjoint groups each with [§logm]
disjoint quasi-closed cuts, and each group is constraint in a
slab of size m X (klogm—e,,), for all kK > 0, 6 small enough,
and a non-zero small ¢,, such that the side length of each slab
is an integer. The same is true when we partition the square
into vertical slabs with side length m x (k logm —€,,). Notice
that all of the horizontal and vertical stripes together partition
A, into super-cells with side length ¢ - (klogm — €y,).

Lemma 24: When ng = O(ﬁ%g) and ns, = O(n), with
probability at least 1 — 2e~"+¢3/32 the per-session data rate
that can be supported using any routing strategy, due to the
congestion in some quasi-closed cell, is O(-- - —‘/fd)

Proof: Our proof is to analyze the load of some cells. We

use L to denote the total load of all cells. By Lemma 23, we
have, there exist a constant ¢; such that

L>3e [EMSTM)
C
i=1

klogm — e,
Since Pr(>°12, [EMST(My)| > nscay/nng/2) > 1 —
26*”562/32, from Lemma 23, we get

Pr(L > nscz/ng mn

for some constant c3. Here we use IL to denote the total number
of flows crossing some super-cell. Notice that here “crossing”
means visiting and leaving. We get,

) >1-— 26_”'562/32.
logm’™ —

PI’(IL, Z L —NgNg = L m _nsnd) 2 1 _26777,562/32.
2logm

We can easily obtain that any multicast routing tree will cross
at least [0logm] quasi-closed cuts if it crosses three super-
cells. Denoted by L’ the total number of flows crossing some
quasi-closed cut. We have L/ > % x [61logm]. Tt follows that,
with probability at least 1 — 2e=":¢"/32 the total load of all
quasi-closed cell is at least

NsC3+/MNq 10g”m/2 — ngNg

3

x [dlogm].



Then by pigeonhole principle, with probability at least 1 —
2e~™:¢"/32 there is at least one quasi-closed cell, that will be
used by at least

n503\/ndm{;¢m/2—n5nd

. x [61logm]
m2
S Ns\/Nd _ m_\2
flows which is of order Q(iﬁ ) when ng = O((;35,)°)-

Then with probability at least 1 — 2e~":¢"/32_ the per-session
data rate that can be supported using any routing strategy, due
to the congestion in some quasi-closed cell, is at most

Vi oL

O(m = =), (39)

Ns  \/Nd
when the number of receivers ng per-session is at most
O(longn)‘ This finishes the proof of the theorem. [ ]

Furthermore, we will derive another upper bound on multi-
cast capacity using other arguments approaches similar to [23].
The basic idea is to show that, for a random network topology,
a cluster of nodes exists, that is relatively isolated from the
rest of the nodes. The separation distance is at the same order
of the size of the isolated cluster of nodes. Consequently, the
average rate of the information that can be sent/received by
the nodes of the cluster is limited. Specifically, we can extend
the result of Theorem 2 in [23] from dense networks case into
extended networks case.

Lemma 25: Under Gaussian channel model, the per-session
multicast capacity for extended networks is at most of order

Ol ogm) %), ifna=0(z2) 0
O(L (logn)1=%),  if ny = Q(25)

Proof: As in [23], it holds that there exists w.h.p., a cluster
of ©(logn) nodes inside a cell of size h = %\/log n, and the
cluster is separated from the rest of nodes with distance at
least %\/ logn. Let p be the probability that at least one node
in this isolated cluster is a source or terminal (destination) of
a multicast session. We can show that

p_{@(wlgg”) when ng = O(=2)

(41)

ogn
O(1) when ng = Q(i555)
Obviously, the maximum link rate that can be supported for
any link wv with v inside this isolated cluster and v outside
of this cluster is at most log(1 + %) = O(h™%) since
h — oo when n — oo. Notice that there are O(logn)
nodes inside this isolated cluster. Consequently, the total data
rate that can be transmitted from/to this cluster is at most
O(logn) - O(h~*) = O((logn)*~%) since each node inside
the cluster can not receive from multiple nodes. Define the
number of flows that have receivers inside this isolated cluster
as a random variable ¢J. Since there are ny = w(1), ¥ follows a
Poisson distribution with an expectation of pn,. Using Lemma
1 and the similar method to Lemma 5 we can prove that
with high probability, there are pns/2 flows that will have
receivers inside this isolated cluster. Hence, we obtain that the
minimum per-session multicast data rate is at most of order
O((logn)'~% /(pns)). Combining with (41), we complete the
proof. |

The preceding upper bound on multicast is derived by ana-
lyzing an isolated cluster of nodes. For the random extended
network, by the result in [26], the nearest neighbor graph has
w.h.p., an edge of length ©(y/logn). By exploring this long
edge, we can derive another upper bound on multicast capacity.

Lemma 26: Under Gaussian channel model, the per-session
multicast capacity for extended networks is at most of order
O(i (logn)~%) when ng = w(y/n).

Proof: Assume that the longest edge in the nearest
neighbor graph of the random network is uv. Then for node
v, the probability p that it is chosen as a terminal of a given
multicast flow is p = “4. It is easy to show that, with high
probability, the number of multicast flows that will choose the
node v as a terminal is at least nyp/2 when ng = w(y/n).
Observe that the total data rate that node v can receive is at
most R(v) = O((log n)ffy) since the shortest link incident at
node v is at least ©(y/logn). Then we have the minimum per-
session multicast data rate is at most of order O(R(v)/(nsp)),
which completes the proof. |

Combining Lemma 24, Lemma 25, Lemma 26 and the
assumption n; = O(n), we obtain Theorem 2.

VII. LITERATURE REVIEWS

In this section, we mainly review the networking—theoretic
capacity bounds for wireless network. We classify them in
terms to the diversity of sessions.

Unicast Sessions: Gupta and Kumar [1] studied the unicast
capacity for dense network under the threshold-based channel
model. They show that classical multihop architectures with
conventional single-user decoding and forwarding of packets
can achieve the per-session throughput at most of order
O(1/+/n), and that a scheme of nearest neighbor communica-
tion can achieve a throughput of order ©(1/y/nlogn). Later,
Franceschetti et al. [17] showed the per-session throughput
for random extended networks and random dense networks
can both be achieved of order O(1/4/n). Note that their
results are derived under the Gaussian Channel model. The
interesting is that Xie and Kumar [3] have shown that the
information-theoretic upper bound of unicast capacity for
extended networks is also of order O(1/y/n) when the power
path loss exponent o > 6, which means that the classic
multihop scheme is in fact order-optimal for o« > 6. In fact,
Xie and Kumar [18] successively improved the threshold on
« for which multihop is order-optimal from 6 to 4.

Broadcast Sessions: Under the threshold-based channel
model, Keshavarz-Haddad et al. [12] studied the broadcast
capacity of an arbitrary network. They showed that the per-
session broadcast capacity is only of ©(1/n). The same bound
is proposed in [27]. In [28], Keshavarz-Haddad et al. studied
the broadcast capacity with dynamic power adjustment for
physical model. Under the Gaussian Channel model, Zheng
[2], [29] proved that the per-session broadcast capacity for
extended networks is = (logn)~ 2. The gap between the results
of [2] and that of [12] means that for extended networks the
assumption of the threshold-based channel model that each
successful transmission can sustain a constant rate W is over-
optimistic, because the value of W is dependent on n under



the more reasonable and realistic channel models. The same
effect could occur in unicast and multicast sessions.

Multicast Sessions: Earlier, Jacquet and Rodolakis [30]
studied the scaling properties of multicast for random wireless
networks. They showed that the maximum rate at which a node
can transmit multicast data at rate of O(1/y/ngnlogn) order.
Recently, Li et al. [11] and Shakkottai et al. [13] proposed
results for multicast throughput of networks, respectively. Li
et al. showed that, assuming that the number of multicast
sessions is ng = Q(logng - \/nlogn/ng) ( [24]), for random
networks, the per-session capacity of n, multicast session is
O(1/v/ngnlogn) when ngy = O(n/logn), and is ©(1/n)
when ng = Q(n/logn). Shakkottai’s result can be regarded
as a specific case of Li’s ( [24]). They studied the multicast
capacity of random networks when the number of multicast
sources is n¢ for some ¢ > 0, and the number of receivers
per multicast session is n!~¢.All above results for multicast
capacity is derived under the threshold-based channel model.
Most recently, Li et al. ( [31]) studied the multicast capacity
of random networks under Gaussian Channel Model. They
show that, when ng = O({5pjzess) and 1, = Q(nzt9),
the per- session multicast throughput can be achieved of or-
der Q( nd), where §# > 0 is any positive real number.
Keshavarz-Haddad et al. [25] proposed a technique called
arena that is a novel tool to study the upper bounds of
capacity for wireless networks. Successively, they [23] studied
the multicast capacity for dense networks. They also sketched
schemes and estimated that the capacity achieved by their
method.

VIII. CONCLUSION

In this paper, we focus on the networking-theoretic multicast
capacity bounds for both random extended networks (REN)
and random dense networks (RDN) under Gaussian Channel
Model. Based on percolation theory, we propose two multicast
schemes for REN and derive the achievable throughput taking
account of all ny; and ny. We show that under the assumption
of ng = ©(n), the per-session multicast throughput derived by
our scheme is order-optimal when ng = O(W) orng =
(g7 )- When the schemes are extended to random dense
networks, we analyze the difference between REN and RDN
in terms of capacity and adapt the schemes for RDN. We show
that for RDN, the per-session multicast throughput derived
by our scheme is order-optimal when ng = O(#n)g) or
na = Q555 ). There are still gaps between the lower bounds
and upper bounds of multicast capacity for some ranges of n,
ie, ng: [W’ logn] for RDN and ngq : [W, Toam)
for REN. An interesting and challenging issue is to close the
gaps on multicast capacity by presenting possibly new tighter
upper bounds, and lower bounds, and designing corresponding
algorithms to achieve the asymptotic multicast capacity.
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